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PREFACE. 



The following p^s contain the substance of 
an B^lementary Course of Lectures given in St. Jt^'s 
College, and originaUy drami up ftr ^e use of a 
portioR of the students of that sodetj. The want of 
some treatise, to serve as a Text Book, having been 
finmd to discourage the pupil and frequently to cause 
this brandi of philosophy to be neglected, occasioned 
a iecominendati<m from some friends- engaged in the 
tuition, to commit this to the press. It is, therefore, 
now snbuntted, with diffidence, to the judgement of 
the public; and should it be found to fedlitate ^e 
pr<^ress of the students, for whose use it is piin- 
dpdly intended, the porpose of its publication will 
be answered. 

In explaining the principles aad elements «f 
any branch of (diilosophy, originality cannot be ex- 
pected. To arrange and elucidate the discoveries of 
others, and in some cases to supply defidences, will 
genoally be the aim of tJiose who are engaged in 
ittstmctaon. But to ensure success* it is peculiaily 
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important that the principles should be fixed in the 
memory by their application to Examples and Prob- 
lems; and with the hope of effecting this a consid^able 
Jiumber have been here introduced. 

The term Hydrostatics, in its proper acceptation, 
signifies that division of the sdence which treats of 
the equilibrium of non-«lastic fluids; and Hydro- 
dynamics that which relates to their forces and 
motion: in this respect the terms correspond with 
those of Statics and Dynamics as applied to solid 
bodies. But it is not unusual to include the whole 
doctrine under the general term Hydrodynamics, 
and to denote the divisions relative to their equili- 
brium and motion by the terms Hydrostatics and 
Hydraulics. That part of the sdence which treats 
of the mechanical propraties of air and the different 
elastic fluids, is called Pneumatics. These divisions 
are h&e comprehended uuda the general name 
Hyth-ostatics ; and it is adopted partly because it is 
the name in common use, and partly because the 
scientific distinctions are not closely observed in the 
arrangement, which has been r^ulated by considera- 
tions of convenience, and what experience has taught 
to be the easiest mode of instruction. 

The first Section contains general prinraples and 
such propositions as serve to explain the nature of 
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spedfic gravity. The second treats of the pressure of 
fluids ; and the third of float^g bodies and the modes 
of thence deducing the spedfic gravities of solids and' 
fluids. The fourth is occupied with the motion of 
fluids issuing through the orifices of vessels. To this 
section' it was intended to annex the general equations 
which have been deduced: but the motion of fluids is a 
subject involved in such difficulties, and so complicated 
are the formulae, when the necessary considerations 
are introduced, that in a treatise intended for be^- 
neis, it has been deemed expedient to omit them 
altogether. — In the fifUi Section will be found the 
common principles of resistances ; followed in the sixth 
by the motion of wheels, &c. impelled by water, the 
screw of Archimedes, and the motion of water in 
canals. The seventh treats of the nature and proper- 
ties of elastic fluids ; the eighth of the thermometer; 
and the ninth of the expansion and contraction of fluids 
and solids, and the corrections thereby afibrded to the 
methods of determining specific gravities. In the 
tenth are explained the effects of the air's pressure in 
the case of the barometer, pumps, &c. In the eleventh, 
the motion of elastic fluids, particularly the air; and 
in the twelfth, the theory of capillary tubes. 

It has not been deemed necessary to enumerate 
all the authors from whom assistance has been 
derived, or whose observations have been adopted 
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or altered to Suit the plan of the ^^sent woxk. 
Sbjould it &11 into Urn hands of piofidents in the 
science, they will eanly discover them: and to the 
mere b^innex it can be of no service to quote x 
list of names. But so. much has been taken ftom.> 
the " Trut6 d'Hydiiodynamique" of Bossut, and the 
" Tmte de Physique" of Biot, that the obligation 
cannot be passed over without particular acknow- 



To the Syndics of the University Press, this 
opportunity is taken of gratefully acknowled^ng 
the liberality with which, ficom the funds at their 
disposd, they have defrayed a conuderable portion 
of the expence of printmg. 
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HYDROSTATICS. 



Sect. I. 



I. Dbf. a -f/ui'fj ia a collection of very minute material 
particles, which cohere so slightly tt^ether, that they yield 
to the smallest force, and by yielding are put in motion 
amongst each other in every direction. 

3. The extreme facility with which the particles move 
amongst each other in every direction, has generally been sup- 
posed to arise from their spherical form, and- from the repul- 
sive power exerted by each on all sides. But how this facility 
of moving is affected under different circumstances, and under 
different degrees of compression, cannot be ascertained. 

3. That the facility with which the component particles 
move amongst each other is different in different fluids, is 
evident ; or, th^t different fluids have different degrees of 
fluidity : and hence they have sometimes been divided into 
perfect and imperfect: the former of which are those, be- 
tween whose component particles there is no sensible cohe- 
sion; and the latter, such as oil, Slc. where the cohesion is 
sensible, lliis division, however, is arbitrary j there being no 
body which possesses the character of perfect fluidity, that is, 
whose parts are wholly free from friction, cohesion, and tena- 
city. Mercury and water are reckoned amongst those which 
approach moat nearly to perfect: and boiling water is nearer 
to a state of perfect fluidity, than water in any other state ; 
A 
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iu viscidity increasiog as the temperature decreasea. Water 
aod mercuiy also, when mixed with heterogeneous substances, 
become' less fluid. 

4. Fluids have also been divided into compremble and 
incompressible: the former of which are diminished in mag- 
nitude by pressure, as air, steam, 8cc. : and the latter are 
not affected in magnitude by any increase or diminution of 
pressure. They may assume an infinite variety of figure ; 
but under all forms die magnitude remains the same. 

From the Florentine experiment, water had been sup- 
posed incompressible, as well as wine and mercury : they are, 
however, found to be sensible of heat and cold : and experi- 
ments have clearly shewn that water is more compressible in 
winter than summer; though (he contrary is the case in 
spirits of wine, and oil of olives. 

5, All bodies have pores more or less minute. These 
are easily distinguishable in solids ; and though in fluids they 
cannot be made perceptible to the eye, the fact may be 
proved by experiments. But what ratio exists between the 
quantity of empty space and the quantity of matter in any 
body, cannot be ascertained. Perfectly dense matter being 
unknown, we can only compare with each other the densities 
of diff^erent bodies. 

It seems by no means unreasonable to infer, that no fluids 
are absolutely incompressible -. for all bodies being porous, 
their parts may be brought nearer to each other ; and there- 
fore a fluid, which is a collection of material particles, be 
compressible. Hence, the common division of fluids into 
compressible and incompressible, is, strictly speaking, inac- 
curate. But it is sometimes necessary to examine extreme 
cases, in order to determine the relative effects of the qua- 
lities of bodies, and to assign to each its proper functions. 
And as the compression of several fluids is very small, respect 
being had to their mass, in practical cases it may generally 
be neglected; and they may still be considered as incom- 
pressible, in common investigations. 
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6. The parts of « fluid have we^ht, and by tbeir weight 
press upon each other, and upon other bodies. 

For if an empty vessel in one scale be balanced by a 
weight in the opposite scale, upon pouring some fluid into 
the vessel it preponderates ; the fluid therefore has weight. 
The parts also press upon each other: for if a vessel, con- 
taining a portion of fluid, be balanced ; upon pouring more 
fluid into the vessel, it preponderates : the parts therefore of 
the fluid press upon each other. They also press upon other 
bodies: for in either of the preceding experiments it is evident 
that the fluid presses upon the base of the vessel which con- 
tains it, 

7. Fluids gravitate in propria loco ; that is, they possess 
the same weight in fluids similar to themselves, that they do 
in air. 

For let a vessel when exhausted be weighed in air, and 
again when filled with water ; the difference of these weights 
will be the weight of so much water in air. Again, let the 
vessel when exhausted be weighed in water, and also when 
filled with water and freely communicating with the surround- 
ing fluid : the difference of these weights is the weight of the 
same qaantily of water in water. Now, it is found that the 
last difference is equal to the former : water therefore pos- 
sesses the same weight in water as in air. And the same expe- 
riment may be applied to other fluids. 

8. Def. The Specific Gravity of a body is the relation 
of its weight, compared with the weight of some other body 
of the sam^ magnitude. 

Thus, brass is said to have 6 times the specific gravity of 
water, because one cubic inch of firass contains 8 limes the 
quantity of matter, or is 6 limes heavier than a cubic inch of 
water. And the specific gravities of gold and silver are as 
19 : 11, because, if equal magnitudes of the two metals be 
taken, dieir weights are as 19 : 1 1- 
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Alao, if a vesselwhen empty weighs w, when filled with 
water nf, and when filled with any other fluid w" ; the weight 
of the water is w'— w, and of the fluid «/' — to, and the mag- 
nitudes being the same, the ratio of the specific gravities is 
v)' — w : v/'—w; and if the specific gravity of water be I, 



9- The density and specific gravity of a body are severally 
us its quantity of matter, when its magnitude is given. 
In general, (by mechanics,) Dx M oe Q, 

therefore, when M is given, D oc Q. 
Also from the definiUon, M Being given, Soc W; and the 
accelerating force of gravity being constant at the same place. 
Woe a; .-. SocQ. 
If the accelerating force of gravity be not given; Woe 
the moving force ocQx F, F being the accelerating force, 
.-. S-xQxF, 
10. Cob 1, The specific gravity varies as the density: 
since each varies as the quantity of matter, when the magni- 
tude IS given. 

If the accelerating force of gravity is not given, 5oc2>x F. 

U. Cor. 2. TTie weight varies as the magnitude and 
specific gravity jointly. 

For, Q<xMxD; but Woe Q, and SocD (10).j 

.-. WocMxS. 
Ex. Let the diameters of two globes be as ■£ : S, and 
their specific gravities as I : 3. To compare their weights. 

The magnitudes of globes being as the cubes of their dia- 
meters, 

M : m :: 8 : 27, 
' and S : s :: 1 : 3; 
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1 3. Cob. 3. Hence, S 



5 



lie weight of a body, atrictly speaking, cannot be divided 
by its magnitude, the two quantities not being similar, and 
therefore not capable of comparison. -But if the weights and 
magnitudes of different bodies be referred to similar units, and 
expressed numerically, viz. the former to the weight, and the 
latter to the magnitude of a cubic inch of water ; any number 
in the one being divided by a corresponding number in the 
other, the quotient will represent the specific gravity of the 
body to which the number belongs. 

Ex. 1. Let the diameters of two globes be as 2 : S, and 
their weights as 1 : 5. To compare their specific gravities. 

W w \ 5 
S ; s :: T7 :-::-:—:: 27 : 40. 
M m 8 37 

Ex. 2. If their weights are as 10 : I, and their specific 
gravities as 5 : 4. To compare their diameters. 

Here Mx~-- .-. 3f : »i :: — : - :: 8 : 1, 
and i> : <f :: 2 : 1. 

13. Cob. 4. The specific gravities of bodies are in- 
versely as their magnitudes, when the weights are equal. 

JV I 
For 5 oc — oc —, when W is given. 
MM 

Ex. 1. If the specific gravities of two bodies, ^ and B, 
are as 14 : 1, aud a cylinder of A, of a certain weight, is SO 
inches high ; a cylinder of B, of equal base, and having the 
same weight must be 14 times as lai^e, that is, 14 times at 
high; or its height must be 35 feet. ,. 

Ex. 2. A globe and a cylinder that would circumscribe 
it, are each formed of a different substance; what is the 
ratio of their specific gravities, the weight of the two being 
the same. 
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SiDce the magnitudes are as 2 : 3, the specific gravities, 
which are inversely as the magnitudes, will be as 3 : 2. 

14. Cor. 5. The weights of bodies are proportional to 
their magnitudes, when their specific gravity is the same. 

For(U), W-xMx So^Sf, when Sis given. 

Ex. A mass of gold immersed in a cylinder of water 
causes it to rise (a) inches ; a mass of silver of the same 
weight causes it to rise (£) inches ; and a mixture of gold and 
silver of the same weight (c) inches. Find the proportion of 
gold and silver in the compound. 

Let X and y be the magnitudes of gold and silver in the 
compound ; then 

c : a :: x+y : Uie magnitude of the gold mass = - . (x +y). 

b 

In the same way, the magnitude of the silver mass = ~.{x -f-^). 
Let the weight of each of these bodies be represented by W, 
then - ■(x+tf) : X :: W : the weight of gold in die compound 
cWx 



a.{x+y) 

and in the same manner, the weight of silver in the compound 

cWy 

W, 



" a.ix+y) t.{x+y) 
whence, bcx-i-acy = ab.(_x+y), 

and {bc — ba),x = {ab — ac).i/; 
.*. J : y :: 0.(6 — c) : A.(c — fl). 
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15. Having given the magnitudes and specific gravi^i 
of two bodies ; to find the specific gravity of the compound 
formed by dieir mixture. 

Let M and M' represent the magnitudes, <S and S' the 
specific gravities respective); of the simples, and <r the specific 
gravity of the compound. Since (11) W ok M x S, suppose 
it = c . M X S, (c being some constant quantity. Algebra 
200); the weight of M=c.Mx Si and the weight of 
M' = c.M'xS'; and of the compound=c.(Ar+itf').ff; 
whence, the sum of the weights of the simples : the weight of 
the compound 

:: c.Mx S + c.M'xS' : c.{M+St).a- 
:: MxS + M'xS' : {M + M').it, 
but the first term id the proportion being equal to die second, 
MS + M'S'=:(,M+M'}.tr; 

Ms+M'sr 

■"■'^" M+M' ■ 

16. Cos. 1. If two bodies be mixed together, the mag- 
nitude of the heavier is to that of the lighter, as the difference 
between the specific gravities of the compound and die lighteP, 
is to the difference between the specific gravi^es of the heavier 
and the compound. 

Forsince(15), MS + M'S' =(.M + M').ff, 
M.(S'-(t) = M'.(<t-S'); 
and .-. M i M' :: <T - S' : S-a. 

Ex. In an heterogeneous body consisting of two parts, 
let the specific gravities of those parts and of the whole, be 
as S, 3, 7 ; compare the magnitudes of the parts, 
M : M" r. 7-3 : 8-7 :: 4 : 1. 

17- Cob. 8. Also the magnitude of the compound it 
to the magnitude of either body, as the difference between 
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the specific ^vities of the two bodies, is to the difierence 
between (he specific gravities of the compound and of the 
other. 

For since (16), M : M' :: a - S' : S~<t; 

.-. (Jlf+M' = )P : M:: S~S' : a~S', 
and P : M' :: S—S' : S-tr. 

IS. If the weights and spticific gravities of two bodies 
be given ; to determine the specific gravity of the compound 
formed by their mixture. 

Let W and W represent the weights, and S and S' the 
specific gravities of the simptes, and <t that of the compound ; 
then as in Art. 15, it may be shewn that 



w 
s 


*f 


XW+W).SS' 




ws'-\- ws 



s + s' 

but if equal magnitudes (15), <r = — - — , being in the first 

case an harmonic, in the second an arithmetic mean between 
S and S'. 

20. Cor. S. To determine the weights of each of the 
bodies in the mixture, supposed to be known. 

From (18), it appears that WS' .{S-a)=:W'S .(jr — S'); 
': .-. W : W :: S.^a-S") : S'.(S-<r), 

and W I fV+W :: S.(fT~S') ■.ff.i.S-S'). 
also W : fV+W :: S'.(S-<r): tr.(5-S'>. 

21. It has here been taken for granted, that the. magni- 
tude of the compound is exactly equal to the sum of the 
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magnitudes of the two ingredieDta. This, however, is not 
universally the case; an increase or diminution of magnitude 
often attending the combination of two different ingredients: 
thus a cubical inch of alcohol, combined with a cubical inch 
of water, forms a compound which will measure less than two 
cubical inches: and a cubical inch of tin in a fluid state, mixed 
with one of lead, forms a compound exceeding two cubical 
inches in magnitude. But this consideration belongs rather 
to chemblry. 

22. That the specific gravities of bodies may be more 
readily compared, it is expedient to assume the specific gra- 
vity of some substance as a standard. That of any fluid or 
solid might be made use of, for this purpose : but in order 
that the comparison should be made under the same circum- 
stances, it is necessary that the substance should be always the 
same in respect of its nature and density. Distilled water 
has been generally taken, at a temperature of 39" Fahrenheit, 
(a certain temperature being necessary, since heat causes a vari- 
ation in magnitude) ; or where this cannot readily be procured, 
rain water, which has sensibly the same degree of purity, 
and of which we have every reason to believe the density, when 
at the same temperature, invariable. It is also particularly 
convenient for the purpose, as a cubic foot of it weighs 1000 
ounces avoirdupois. 

Let the specific gravity therefore of water be considered 
as a standard, and represented by 1000 ; to determine, on the 
same scale, the specific gravity S of any other body, whose 
weight in avoirdupois ounces is fV, and magnitude in cubic 
feet M. 

Since (11), WocMS, 1000 : W :: I X 1000 : MS; 
.-. W=MS, 
from which equation the specific gravity may be found. 

If, as is the case in tables of specific gravities, that of 
water be assumed = 1, those of other bodies will be determined 
by moving the decimal point three places farther to the left. 
B 
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tv 

2d. Cob. Hflnce 3f=— ; todthereforehoweva'irreglilxr 

(be shape of a body may be, if the weight and specific gra- 
vity be known, the magnitude in cubic feet may be determined 
by dividing the weight in avoirdupois ounces by the specific 
gravity. 

Pros. Hi^ values of an ounce of pUlina, gold and silver 
being p, g, », and their specific gravities a, b,c\ compare the 
value of a coin made of platina and silver, and which is equal 
to a guinea in weight and magnitude, with the value of a 
guinea. 

Let X and y be the weights of platina and silver respec- 
tively in the coin, and Z the weight of a guinea ; 

■'■■r M-y" z. 

Also (23), the m^nitudes of platina and silver respectively 

In ttie coin will be - and ^ , and that of a (tninea - ; 



•■• -+- = !) 



whence {ab — bc).x =(,ab~ac).z, 

. a .(b-c) 

and X = - — ■ 7 . 2. 

b.{a-c) 

c.(A-b) 



In the same manner ^ = - 

■ • \" ~ t-7 

in in tKrfk i^Ain ^ ^_, 

6.(o-t) ' 



Hence, the value of the platina in the coin = — ^- .p t. 
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.. , .. , ,. a.(^b-c).pz+c.(:a-b).sz 

tner«ior« the value of the coin = r~~. — r , 

A.(o-c) 

and the value of a guiuea = gz; 

dwiwfore the vtiau of the coin Wl() gumea «re 

:: o.(4 — c).j>z+c. (0 — 6). S2 : b.(a— c).g» 

:; ap.(b-c)+cs.(,a-b-i : bg.ia-c). 

24. If with a constant magnitude of water small equal 
quantities of a lighter fluid be mixed ; to determine the varia- 
tions in the specific gravity of the compound. 

Let ^ represent {he weight of the conitant quantity of 
water, and w the weight of the small addition of the lighter 
fluid, then W will represent the magnitude of tb»t quantity of 
water (29), let m represent that of the fluid. 

The weight of the mixture is H'+tf, and its magnitu.do 
ff+Nfi therefore (22), its specific gravity 
W-f- w «i -T- 1» 

~W+^~ ^ ''" W+m' 

When the second portion of fluid is added, the weight is 
W-^^W; fmd supppsiDf; the fluid to retain its density, iu 
magnitude is W+2m'; 

fV+^w ?.(w-r-m) 

yj^B^fore.its sppcihc gravity = J ^^^^ = • + 'W+im' 

and after (n) additions, the specific gravity will be 
a.(w--m) 

35. Cor. 1. If the denominator were conalanl, lhe 
successive spedfic gravities would have equal diflerejocfiB; 

eadi = -==- — '—, to and m being coastant. But W-t-sm 
W+nm 
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decreaseB. 

36. Cor. 2. ' Hence the gradual diminution of the iucre- 
meiits or decrements of spedfic gravity by equal additions of 
one ingredienl to a constant measure of the other, does not, 
of itself, indicate a change of density of either of the ingredi- 
ents ; nor prove that b very diluted mixtures a greater pro- 
portion of one ingredient is absorbed, or lodged in the inter- 
stices of the other. 



W + nm ' " 71.(1 + 5) ' 

Now n> is the weight of the added ingredient ; and therefore 
if S, the variable part of the specific gravity be observed, 
it may be ascertained whether the magnitude of the added 
ingredient suffers any change. 

26. It is frequently necessary to estimate the weights of 
bodies in troy ounces, and to refer their magnitudes to a 
cubic inch as a standard. 

Now an oz. troy ; anoz. avoirdupois :: 480 : 437.5; 
437.5 
480 

Also 1728 : 1 :: 1000 '. the weight avoirdupois of a 
cubic inch of water, which therefore is = 0.5787 oz. ; there- 
fore the weight troy of a cubic inch 

= 0.9 1 1 458 X 0.5787 = 0.52746 : 

whence, estimated in troy ounces, W = 0.52746 x MS, or 
in troy grains W= 853.1808 x MS; JIf being Uie mag- 
nitude in cubic inches, and the specific gravity of water 
being I. 

PsoB. To determbe the magnitude of a small irregular 
solid of known substance, 
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Let S = its specific gravity, and let its weight in grains ss to. 

.'. its magnitude in cubic inches = — ^ . 

Fbob: To determine the capacity of an irregular vessel. 

Let the vessel be filled with water, and the weight of 

the water be (a) ounces, then 0.62746 : a :: 1 : the capacity 

of the vessel in cubic inches = . 

0.52746 

Prob. To determine the diameter of any small sphere, 
whose specific gravity is s, its weight in grains being known. 
The content of a sphere whose diameter is I, =0.523598 ; 
.-. 1 : 0.523598 :: 253.1808 (grains in one cubic inch 
of water) : the weight of a globe of water whose diameter 
is one inch, which .". ^ 132.5648 grains. Now (11) 
Woe MS, and spheres are as the cubes of their diameters, 
.'. w^O.1325648 x s!P, the specific gravity of water being 1, 



and ^=0.19612 



</^, 



or if the specific gravity of water ^ 1000, 

•*' M = 1.9612 (/-. 

s 

Prob. To find the diameter of an uniform capillary tube. 

Weigh the tube when 6mpty, and wheu tilled with mercury ; 
and let w ^ the difference of the weights in troy grains, 
/ — the length of the tube, and taking 13.568 for the spe- 
cific gravity of mercury, a cubic inch will weigh S435.16 
grains very nearly, and 

1 : S^lx 0.785439 :: 3435. 16 : tB ; 

whence S = 0.019252 \/— . 
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14 

Sect. II. 



99' EvEBY particle of fluid presses equally id all direc- 
Uoaa. 

For the establishmest of this property we must have 
recourse to experiments ; but it is the only case where th«y 
are necessary in order yj explain the equilibrium of fluids. 

<l) If jo an en^pty vessel aqy number f>f lubes be placed, 
and mercury be poured into their lower orifices till it rises in 
the longer stems to a level with those orifices ; upon fllling 
the vessel wilb any fluid, it will be seen that the mercury is 
• gradually pressed from the lower towards the higher orifices, 
which are above the surface of the fluid. Hence the angles, 
9t which the stems are inclined, being of alt degrees of mag- 
nitude, the pressure of the superincumbent fluid does not 
depend upon the direction in which it is eserted, that is, it is 
propagated in every direction. 

(2) It is props^stfd equally in every diriiption. Fw, if 
any nnmjier of cylindrical tubes of equal diameters, each 
coDsisUog 9f a longer and a shorter stem, iacUned at different 
angles, be so immersed in a vessel of fluid that the longer 
stems may have IJwir bases at the same perpwdiciular d^plfa, 
and diejr -Other exti'emities above the surface, the fluid will 
be found to stand at tbe same aliitude in e^ch, yiz, tfie aljtitude 
4^ th^ flqid in the vessel. Now the diarPBt^rs of (he tubes 
heins ^^ Wffie, as also their altitude, tji? qganlities of flwicl 
supported must be the same in all the tubes ; tbe causes of 
support therefore are the same; that is, the pressure of the 
fluid in the direction of the shorter stem is the same in each 
tube ; therefore, iqdepenident of tbe angle formed by tbe 
stems, or equal in all directions. 

(S) If an orifice be made in the surface of any vessel, 
either horizontal or inclined at any angle, a piston placed in it 
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i6 pttveut fhe dirid from rutmiag out, would bt Jtnidaed bj'tlte 
sanle force, if the perpendlCuW deptb hi the satne. 

30. "this property coBstitutes a remarkable distinctioD be- 
tween fluids asd solids : the latter pressing with their whole 
weight in the direction of gravity alone. 

31. Cofi. Hence the lalei^l pressure of a fluid is eifii&l 
to its pei^fedijcular pressure. 

This is one of the most estraordinary properlSes of fluids, 
8n<} can be con'ceived to arise only from the exU^me facility 
with which the component particles move amongst each other. 
It is not easy to imagine bow this can take place, if the par- 
ttetes be supposed to be in numediate contact : they are there- 
fore probably k6pt at a distance from each dther by sotte 
fepufeive' fOree. 

32. Every particle of a fluid at rest is pressed equally 
in all directions. 

For if possible, let tile particle be more pressed m one 
dkecdon than in andther : then, since the particles of a fluM 
yield to the smallest pressure, and are easily moveable amOngH 
each othef (I), motion will ensue in that direcboa in vfhich 
the pressure is greatest, or the fluid will not be at rest, which 
■8 contrary to the supposition ; therefore it is equally pressed 
in all directions. 

33. Cor. 1. Hence appears the difference between the 
equilibrium of solids and fluids. 

In solid bodies, if a force be applied at dnry point, it will, 
from the connexion of the parts, impel Iht whole mass in 
a direction parallel to that io which ibe force acts ; and H 
to this force an equal one be applied in an opposite direc* 
tion, there will be an equilibrium. But in fluidi, if each 
drop taken separately be not pressed on every point of hg 
surface equally in all directions, it will extend iUelf towards 
those parts where the pressure is least. Thus^ if to a ikof ai 
fluid two equal forces he Applied in opposite dlrectiiiHn cM 
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opposite points of its sur&ce, and each of these be lepre- 
sented by 1, and two equal forces, each represented by 2, 
be similarly applied at right angles to the former^ the drop 
will not be in equilibrio ; but will be lengthened on the parts 
where the forces 1 arc applied, and flattened where the forces 
2 are applied; and its particles will escape through the 
spaces between the points of application of die forces. 

34. Cor. 2. If any number of pistons A, B, C, &c. be 
applied to ori6ces of different magnitudes in the sides of a 
vessel full of water, the forces acting on the pistons to main- 
lain an equilibrium will be proportional to the respective ori- 
fices. 

Since the pressure of every part of the piston A is com- 
municated to the adjacent particles of fluid, and by thena 
transmitted to every part of B, and vice vend, it follows that 
these pressures will be in equilibrio, if thej are equal. But 
the sum of the pressures propagated by A is proportional to 
the area of the orifice A ; and the sum of the pressures pro- 
pagated by B is proportional to the area of JB; therefore 
there must be an equilibrium between these pressures when 
the force on A : the force on B- :: the area of j1 : the area 
of B: The same is true whatever be the number of orifices. 

35. Cor. 3. Hence by means of an incompressible fluid, 
we may, witli a small power P, produce a pressure as great as 
we please, by taking the areas A and £ in a proper ratio. 

For P : P" :: A : B, r. P' = P - . 
A 

. 36. Upon this principle Brah- 
niah's HydrosUtic Press is con- 
structed, by which the power of one 
part of a machine is communicated bU 
to another ; or that of one machine 
to another, where circumstances pre- 
vent their being easily connected. 
This is done by means of forcing an incompressible fluid 
through a tube of small diameter into a larger in which is a 
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moveable piston made watertight. Thus let JB be a strong 
ciflinder furnished with a solid piston C ; into which is in- 
serted a small tube DGE communicating with a small forcing- 
pump whose piston is E ; and at D a valve opening 

upwards. The pressure against C = ~ x the pressure ap- 
plied at £. 

If the diameter of E be equal to die diameter of C, and a 
force of lOlbs. be applied to force E down, then C will be 
elevated with a force of lOlbs. If the diameter of E be half 
that of C, C will be raised with a force of 40lbB. And in 
general, if D and 4 be the diameters, and F the force at E, 

the force on C = J" X -rj-. Let rf = 2 inches, and D = 24. 
F = lOlbs. then the force on C = 10 . — = I440lbs. 



= 10.— = 

2| 



Since this force oe f x --^, there is no limit to the power 

of the et^ine ^ for D may be increased and d diminished 
without limit. 

The force F may also be increased by lengthening the 
lever applied at E. 

If the diameter of C = 12 inches, and of £ = | inch, 
and a force of 56\bs. could be applied downwards, which 
may be increased tenfold by the lever, the pressure on C will 
become 144 tons; and nearly all this is actually exerted. 
There is no friction except that occasioned by the pistons, 
which is small in comparison of the common cases of friction. 

37* The pressure exerted by the particles of fluid at rest, 
against the surface of the vessel which contains it, is perpendi- 
cular to that surface. 

For if the pressure be not perpendicular to the surface, it 

cannot be destroyed by the reaction of the surface. Let it 

therefore be resolved into two, one perpendicular and the other 

parallel to the surface : the former will be destroyed bv the 

C 
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reaction, and the latter, conlinuiDg (o act on the particles of 
the fluid, will be transmitted in every direction; whence motion 
will ensue, which is contrary to the supposition ; theref(»« tbe 
pressure must be perpendicular to the surface. 

38. When A fluid is at rest, its surface is horizontal. 

Let P and Q be two contiguous equal particles, 
equally distant from the horizon; if they are not 
equally distant from the upper surface of the fluid, 
the pressures on them in the direction of gravity being the 
weights of the incumbent columns Pa, Qb, wilt be unequal. 
Hence the pressures of these particles in opposite direcijong 
will be unequal, and motion will ensue which is contrary 
to the supposition. P and Q therefore are equally distant 
from the upper surface. And the same being true of every 
other two contiguous particles in the same horizontal plane, 
the upper surface must be horizontal. 

39- Cor. 1. If a communication be made between a 
fluid in one vessel, and a similar fluid in another, the surface . 
of each will be at the same level, before the fluid is at rest : 
or if there be not sufficient to reduce them to a level, the 
whole will flow into the lowest. 

40, Cor. 2. If into a vessel con- 
taining a quantity of fluid a solid be 
inserted, ihc surface will remain hori- 
zontal. I m merge, therefore, succes- 
sively into the fluid the solid bodies 
Ja, Bb, Cc, Dd, &c. then after each immersion the surface 
will still be horizontal ; and when all are immerged, the vessel 
will become a system. of communicating vessels in which the 
surface of the fluid will be horizontal. 

This is often demonstrated by supposing the parts Ja, 
Bb, Cc, Dd, Blc. converted into ice without changing their 
former magnitude. When this happens, the equilibrium not 
being disturbed by supposing any part to become fixed, the 
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tilid inaas, whose surface was proved to be horizoDtal, will 
continue in the aame state after the congelation of some of its 
parts ; that is, the surface of the fluid in the communicating 
vessels will be horizontal. 

41. Cor. 3. As the direction of gravity is in lines which 
are perpendicular to the surface of the earth, and it appears 
from the proposition that the surfaces of Huids are perpendi- 
cular to that direction, their surface will be a portion of a 
spheroid similar tc that of the earth. When the surface is of 
no great extent, it may be considered as a plane : otherwise 
the curvature of the earth must be taken into the account. 

Let SA be the arc of a circle whose centre is . 
Cj and let it represent a small portion of the cur- , 
vature of the earth, alt the points of it will cut the 
directions of gravity every where at right angles, 
that is, will be on a level. Draw the horizontal 
line St> to meet the vertical CA in D. This line will 
be the apparent level of B, and D^ will be the depression of 
the true level. DA therefore must be taken from the observed 
height in order to obtain the real diflTerence of the levels. 

43. To determine AD. 

Let CB= R,AB = a, 
Since DB^ = DA .{DA + ^R), and AB being small 
compared with CB or CA, DA may be neglected compared 
with 2 R, 

.-. iR X DA = DB* = AB" v6ry nearly, = a' 



43. Cor. The elevation of the apparent above the true 
level is proportional to the square of the distance. 

This supposes (he visual ray to be a straight line : if greater 
accuracy be required, the effect of refraction must be taken 
into the account; since in consequence of the unequal den.' 
sides of the air'at different altitudes from the earth, the rays 
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of light are contiDually bent out of tbeir course.' And from 
the mean of a number of experiments it has been inferred that 
the depression arising from the effect of refraction is -^ of the 
elevaUon of the apparent above the true level. The correc- 
tion, dierefore, for the spherical figure of the earth and for 

6 a" 
refraction is = ■l-~n- 

44. The common surface of two fluids which do not 
mix, is hoiizontal. 



The upper surface AD of the lighter fluid (38) 



is horizontal. Let EF be the comqioQ surface of ^ '^ 
the two fluids, and P and Q two contiguous equal 
particles of the heavier fluid equally distant from the horizon, 
and therefore from jlD : if they are not equally distant from 
EF, the vertical pressures oa them will be unequal, being the 
weights of two columnscontaining different quantities Pc, Qd 
of the heavier, and ca, db of the lighter fluids ; the pressures 
therefore iu opposite directions will be unequal, and motion 
will ensue, contrary to the supposition. P and Q, therefore 
are equally distant from EF ; and the same being true of 
every other two contiguous particles in the same horizontal 
plane, EF will also he horizontal. 

45. Cob. 1. The proposition is true whatever be the 
number of fluids : or the common surfaces are all horizontal. 
If therefore the number be infinite, or the density of the fluid 
vary according to any law, the surface of each will still be 
horizontal, and the equilibrium will not be disturbed. 

46. Cos. 2. Hence the surfaces of fluids continue hori- 
zontal, when they are acted on by the pressure of the atmo- 
sphere. 

Pbob. To determine the nature of the curve which the 
surface of the fluid would assume, supposing it to be acted 
upon by gravity in the direction (XN ; and also by another 
force in the direction PM, which at every point P is propor- 
tional to PAf its distance from a given line. 
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Suppose JB to be the aurfoce of the fluid, 
and produce NP to meet it in Q. Let gravity 
= g, DN ~ x,NQ = y. The point Q is 
act^ upon by g in the direcUon Q,N, and by ^ 
a force = my in the direction Q,F. Let Q£ 
be the compound force, and therefore perpendicular -Jo the 
surftce at Q. 

Now QN : N£ :: g : «iy ; 



a 




M 



or y : - 



.¥% . 



ii.^ = -dx, 



and if DB = 0, ^ . hyp. log. ^ = 



or y = ae ' the equation to the curve. 

Pbob. If a cylindrical vessel containing any fluid be 
whirled round its axis perpendicular to the horizon with a 
given angular velocity ; to determine the form which the sur- 
lace of the fluid will assume. 

Suppose AHPD the form which the surface assumes. 
From any point P draw PAT an ordinate to the axis EH, 
and PN the normal. Then P is acted upon by three forces, 
gravity in the direction NM, the centrifugal force in the direction 
MPj and the reaction of the fluid in the direc- 
tion PN ; and therefore the sides of the tri- 
angle PMNf taken in order, will represent 
these forces. Let a = the angular velocity, 
g = gravity ; 

the centrifugal force = — = — ^ = o'v ; 

y y 

also, NM : MP :: gravity*: the centrifugal force; 
or, NM '■ y "• g '■ *^y\ 
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therefore die subnormal NM = — ^ > or is constant ; whence 

the curve la a parabola vbose latus rectum is — | . 

Cob. If any nttmber of fluids of different densiUes Ut the 
same cylindrical vessel are made to revolve round a vertical 
asis, their several surfaces will assume the form of para- 
boloids. 

Pegs. To ^termme:the angular velocity so that a given 
quantity may be thrown out before there is an equilibrium. 

Let £!> = r, then EH = — , 
,* *^ 

and the content = 4- w r*. EH = = Q by the supposition. 

4g 

Wh.™. «' = ^, .„da=4.\/Si. 
irr^ r ir 

Pros. A vessel of given dimensions in the form of a pa- 
raboloid is £lled with fluid, and revolves uniformly round an 
axis perpendicular lo the horizon. To determine the time of 
rotation that it may just be emptied. 

The surface forms a paraboloid such that 

NM : MP i: g : c?y where a is the angular velocity, 
or- 1/ : y :: g : a*y ; .'. a =-f - 
and in die present case / =: the latus rectum of the given 



V¥. 



and the time of revolution 



=»\/r. 



Pbob. If the revolving cylindrical vessel be not full, the 
vertes of the paraboloid will sink as much below the level of 
the quiescent surface, as the water at the highest point rises 
above it. 
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Lei Gl be the level of the quiescent sur- 
facCj and AHD the paraboloid formed by the 
revolution. Then since no water is thrown f 
oat, AGa + Did = aHd. 

Let He = i, JE = r, EH =: h, and the 
latus rectum = /; .'. ea' = lx, 
andthesolidflH<i = f TT^j*. and AHD =}»*/, 
and AGID = irt'.(.k-x); 
but AadD=iw.ir%-li^); 
.-. JGa + DId = iirT'k-irr*x+^vlx'.vihichis =ivl^; 
whence irr'x = Jirr'Ai; 
eod"Xis{A. 

4J. Particles at equal perpendicular depths are equally 
pressed, when the fluid is at rest. 

Let P and Q be tno contiguous equal particles at equal 
perpendicular depths, or in the same horizontidr plane; then: 
if they are not equally affected by the surrounding medium* 
the pressures on them will be unequal : whence their pressures 
in opposite directions will be unequal, and motion will ensue, 
contrary to the supposition ; P and Q therefore are equally 
pressed. 

48. The pressure on a particle, wherever situated, is 
equal to the we^ht of a line of fluid particles whose length is 
the perpendicular depth of the particle pressed. 

If the particle P be situated immediately 
b^w the upper surface ^B of the fluid, 
the pressure upon it is manifestly equal i 
the weight of the incumbent line of fluid 
particles cP. And if Q be any other par- 
ticle in the same horizontal plane, and Qd be drawn perpen- 
dicular to that plane, meeting S^ produced in d ; then since 
(47) particles at equal perpendicular depths are equally 
pressed, the pressure on Q is equal to that on P, that is, (since 
Qd = Pc) equal to the weight of a line of fluid particles. 
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whose length is equal to the perpendicular depth of the par- 
ticle pressed*. 

49' Cor. 1. The pressure on an; particle varies as its 
perpendicular depth. 

For the Buid being of uniform density, the weight of a 
line of fluid particles will be proportional to its length (14). 

50. Cob. 2. In any vessel, those parts that are deepest 
sustain the greatest pressure. 

In forming vertical pipes, therefore, to coovey water or any 
other fluid, and in constructing banks, in order that each part 
may be equally able to support the pressure against it, it la 
necessary that the lower parts should be the stronger. 

If ABCD be a vessel of water, and A^e!3^B 

there be taken, in the base produced, y^ 

DE to . represent the pressure at the p''^ ' 
bottom ; joining A£, and drawing GF, /^ *" 

IH, parallel to the base ; ¥G will re- c u c 

present the pressure at the depth AG, and HI the pressure 
at the depth A/ (49). 

51. If the sides of a vessel be perpendicular, and its base 
parallel to the horizon, the pressure of the fluid on its base is 
die. whole weight of the fluid. 

The whole pressure of the fluid is sustained by the base 
and sides together ; and the sides, being in the direction of 

• \IACE be a curve supporting a fluid, its nature may be deter- 

Let I)£=j, £P=3^, CP=r. Then since the a_ 
pressure of the fluid is as its perpendicular depth, the 
pressure perpendicular to the curve P-xy. This 
therefore is proportional to the curvature, or inveraely 
as the radius of curvature; if therefore (fi beconstant, 

d*« 
y oc . ■ ; from which the nature of the curve may be determined. 
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graviljr, sustain no part of that which is exerted perpendicu- 
larly downwards; the whole weight therefore of the fluid ia 
sustained by the base ; that is, the pressure on the base ia 
equal to the weight of the fluid. 

52. Cob. I. If J — the area of the base, z the depth, 
and s the specific gravity ; at a given place the pressure on 
the base may be represented by s^z. If therefore diflterent 
vessels of this description be filled with difl'erent fluids, the 
pressures on the bases are as the areas of the bases, the 
perpendicular depths and the specific gravities of the fliuds 
jointly. 

53. CoE. 2. At any other place, where the force of gra- 
vity is altered in the ratia of g : I, the pressure on the base 
will be =igAz(fi). 

54. Cob. 3. If ii = Ihe radius of the earth, and g 
and g' be the forces of gravity at any altitudes a and a, 

^= (« + «)! 

observed at an altitude a would exert a pressure equal to that 

exerted by one whose length is / . ( „ - , j observed at an 

altitude a ; or since the distances from the surface are small, 
at which observations can be made, compared viilh R, the 
third terms in the expansion may be ueglected, and the length 

or /. |l + j^ j nearly. 

55. If the sides of a vessel be not perpendicular to' the 
horizon, the pressure on the basej supposing it horizontal, 
may be greater or less than the weight of the fluid in the 
vessel. 

. The pressure on a particle of fluid P contiguous to the 
base is (48) the weight of a line of fluid particles whose 
D 
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length is the deptli of P : and since every particle presses in 
all directions with the same force with which it is pressed, the 
pressure on the base is equal to the weight of such a column. 
And as this may be proved for every point in the base, the 
whole pressure upon it is equal to the weight of a column 
whose base is the base of the vessel, and altitude the per- 
pendicular depth. ' 

Now if the sides of the vessel abed converge ' 
ftotn the extremities of the base towards each 
other, it is manifest that the weight of such 
a column of fluid edcf will be greater than ''^ 
the weight of the fluid in the vessel. But if 
the aides diverge, the weight of the column „^ 
edcf will be less than the weight of the fluid 
in the vessel. The pressure therefore on the 
base will be greater or less than the weight of 
the fluid in the vessel, according as the sides converge or 
diverge from the estretnities of the base. 

If the sides of the vessel converge, and therefore the pres- 
sure on its base be greater than the weight of the fluid, the 
additional pressure arises from the re-action of the sides. If 
the sides diverge, and the pressure on the base be therefore 
less than the weight of the fluid, the remaining weight is sus- 
tained by the sides. 

Ex. The pressure against the base of a cone, when the 
base is downwards, is the same as that of a cylinder of the 
same base and altitude : and as the content of the cylinder is 
treble that of the cone, the upward pressure against the sides 
of the cone is ■§- of the u'eight of such a cylinder ; and the base 
of the cone sustains a pressure equal to three times the weight 
of the fluid which it contains. 

b6. It may be proper here to remark, with respect to the 
pressures upon the horizontal bases of vessels, that it b 
necessary to distinguish between the pressure which the plane 
cd, (see Fig. above) the base of the vessel abed, would 
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sustain from the fluid only, and that wliicli.it sustains in sup- 
porting the vessel and the fluid it contains. If the bottom cd 
were detached from the vessel, to prevent the escape of the 
water it must be pressed upwards with a force equal to ihe 
weight of the cylinder edcf of the fluid : but in order to sup- 
port the vessel, a force will be required equal to the weight 
both of the vessel and Ihe fluid it contains. Thus when the 
vessel is narrowest at the base, it will require more force to 
support the vessel, than to keep its base from falling : but if 
widest at the base, leas. 

PsoB. A hollow cone resting with its base on a horizon- 
tal plane, water is poured in at the top. How high will the 
water rise, before it raises the cone, and by that means 
escapes ? 

\jet E be the point to which it rises 
just before it lifts the cone. Now when the 
equilibrium is just maintained, the weight 
of the conical shell is equal to the action 
of the water against the sides, that is, is 
equal to the re-action of FC, or to the 
weight of water in HFC. 

Let AB = a, BC = b, AE = x. The solid content of 
the cone = -^irb^a, and of the cone JEF = ^irb*a.-gi 

.-. the content of the frustum BJSFC = ■^ . «■ 6* a . M j[, 

and the weight of water in BEFC = j . -n-b^a . i I — jJ, 
if the specific gravity of water = 1. 

Let m = the thickness of the conical shell, and s its 
specific gravity, 

then the surface of the cone = ■rb^a*-{-b^, 
and the weight of the cone = msirb^a^ + bi', 
ud the content of the cylinder BH — irA'. (a — x); 
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.'. msn-Jv a* + i* = ir6* .(o — x) — -^jri'a • I 1 — "3)1 
whence by the solution of a cubic equation x may be found. 

5f. Upon these principles also is explained the Hydro- 
statical Paradox, that the pressure upon the bottoms of vessels 
filled with fluid, does not depend upon the quantity of fluid 
which they contain, but solely upoa the attitude. 

If into the upper surface of any vessel 
ABCD, a tube be iuserted, and the vessel 
filled with fluid to the point J, the pressure 
upon every point in the base will be the j| _ 
same as if the vessel were continued to E 
and F, and filled with fluid to EF. The 
pressure of the fluid therefore on the base of 
a vessel may be very great, whilst the ^ 
weight of the fluid is small: and the addition of a small 
quantity in the tube GH may increase ihe pressure on the 
base BC in a very great proportion. 

Pbob. If the height of a cylinder be a foot, its diameter 
6 inches ; the diameter of a pipe fixed to the top of it one 
inch ; and the cylinder and pipe be filled till the pressure on 
the bottom is to the weight of the fluid :: 9 : 1 ; to find the 
length of the pipe. 

Let 3' = its length, the weight of the fluid = ir3. {Qx 12 + i.^J- 
and the pressure on the base = «-« . 9 • {.1^ + 1^} ; 
.-. 9.(^ + 12) : 9x 12+xxi :: 9 : 1. 




and 



■ IS: 



= 108 + - 



.'. X = 128 inches. 

58. The same principle will illustrate the Hydrostatic 
Bellows. 

This instrument consists of a tube of small diameter about 
three feet high, communicating with a cylindrical vessel whose 
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ndes arc made of leather like a pair of bellows, the upper aod 
tower surfaces b^g formetl of circular or oval boards. When 
a fluid is poured into the tube, it flows into the bellows and 
keeps the boards separated. Heavy weights are ^then placed 
upou the upper board; and by pouring more fluid into the 
tube, the moveable board with its load will be raised and kept 
in equitibrio by the column of fluid. 



59. The weight of the supporting column 
in the tube AG is to the weight upon the upper , 
board as the area of the secUon of the pipe to 
the area of the board. 



For the fluid at B, the bottom of the pipe, 
is pressed by a force varying as the altitude jiB ; this pressure 
is communicated horizontally to all the particles in EF, and 
thence transmitted through the fluid in the bellows ; the pres- 
sure therefore of the fluid upwards is equal to the weight of a 
cylinder of fluid whose base is EF and attitude JB ; and the 
actual weight of the water supported is that of a cylinder 
whose base is FE, and altitude EG. The weigSt therefore 
wiiich maintains the equilibrium will be that of a cylinder of 
fluid whose base is the same and attitude JG. Hence (14), 
the weight of the fluid in AG : W :: the area of a section of 
the pipe : the area EF. 

60. CoR. I. Hence a given quantity of fluid may be 
made to balance another quantity however great. 

61 . Cob. 2. If there be an equilibrium and more fluid 
be poured in, it will rise equally in the pipe and the other 
part of the machine. 

liCt C and A be the altitudes to which the flujd rises when 
the machine is in equitibrio; take Ea = BA, and draw the 
plane a b parallel to CD. Then the weight W is equal to the 
weight of a column of fluid CabD (5Q). Suppose more fluid 
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(o be poured in, and let C and ji* be cor- 
responding points to which it nises; take 
Ea'= Bji', and drawing the plane a'b' parallel 
to ay, the weight W will be equal to the 
weight of a column of the fluid C'a'b'iy (59)- 
Henre, CahD = CdliTf , and they have 
equal bases; .'. Ca = Ca, and consequently 
CC = aa. But BA = Ea,&nA BA' = Ea'; 
.'. AA'= aa', and consequently CC=^^. 



6S. Cor. 3. Supposing a given quantity of fluid to be 
poured into the tube ; to determine how much the weight 
will rise. 

Let CC be the altitude through which it rises, and the 
water in the tube to rise from A to A'. Let x and y repre- 
sent tbe areas of the sections of the tube and bellows, and let 
the quantity poured into the tube = Ix. 
Let z = CC = AA', 

the content of the fluid column CD =yz, 
and the content of the column A' A = xx ; 
.'. xz 4-yz = Ix, 

Ix 
and z = — ; — . 
x-^y 

63. If in the side of an open vessel a bent tube be in- 
serted, and on tbe surface of the fluid a moveable lid exactly 
fitting the vessel be placed with a weight upon it, and the tube 
be graduated ; any additional weight placed on the lid may be 
determined from knowing the height to which the fluid rises 
in tHe tube ; and the converse. 

Let CDEF be a vessel whose upper part is 
open, and filled with fluid to the altitude Fc. 
On abed, the surface of tbe fluid, let tltere be 
placed a moveable lid exactly fitting the vessel: 
let m be the level in the tube, which is in- 
serted at B ; and by the action of the weight 
abed, and any other given weight placed upon ^ 
it, let the water in the tube rise to some point 
fi above m; AG being vertical, and the top 
A open. 
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Let nm ^ A, s = the specific gravity of the fluid, W ^ 
the weight on the surface of the fluidj and ^1 ;= the area of 
the surface, a = the horizontal section of the tube. The 
pressure of the fluid at m = sha (5S), and since there is an 
equilibrium with TTon A, ska : W :: a : A (59); 
.-. JV = ihA. 

Now on the addition of any weight fV' (to be determined) 
suppose the fluid to rise to n, and the level of the fluid in the 
vessel to he depressed to a'b'c'et, or to m'. 
LetBn'=a', mm' ~ y, 
then W + fV'=sA.(x+y+k). 
But the fluid being supposed incompressible, the descent y 
and the elevation x will be inversely as the areas A and a, or 
Ay ^ ax ; whence 

W+ W' = s.{U +a).x+ Ak}. 
But fV = sAki 
.-. W = sx.(J + a). 

If therefore x the elevation above the first level be known, 
the additional weight W may be determined : and the con- 
verse. 

64, If a plane be immersed in a fluid, the pressure per- 
pendicular to its surface is equal to the weight of a column of 
fluid, whose base is the area of the plane, and altitude the 
perpendicular depth of its centre of gravity ; the fluid being 
at rest, and acted on only by gravity. 

Suppose the surface P, divided into an indefinite number 
of portions A, B, C, 8tc. so small that every point of any one 
of them may be considered as at the same perpendicular depth 
below the surface of the fluid : and let their respective per- 
pendicular depths be a, b, c. Sic. Then the pressure of the 
fluid perpendicularly against any one of them A, is measured 
by the number of fluia particles contiguous to it, that is, by 
A, and the pressure of each jointly (,5i); that is, by sula, s 
being the specific gravity of the fluid. In the same way the 
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pressure on B is sBh, 8cc.; therefore the sam of the pres' 
sures, or the whole pressure perpeudicular to the plane 

= s.{Aa + Bb + Cc +&c.} 

But A, B, C, Sec. may be considered as bodies, and ^e sur- 
face of the fluid as a plane given in position ; 

.-. Aa + Bb-{-Cc + &Lc. = (A + B + C+&x.).G, 
if G be the depth of the centre of gravity*. 

Hence, the pressure perpendicular to the surface 
= iJ + B + C + &.c.).Os = PGs, 
which is the Weight of a column of fluid, whose base is P, 
altitude G, and speci6c gravity s. (22). 

65. Cor. 1. Hence, the pressures vary as the areas of 
the planes, the perpendicular depths of their centres of gravity, 
and the specific gravities of the fluid jointly. And if different 
planes be immersed in the same fluids the pressures per- 
pendicular to their surfaces, are as their areas, and the per- 
pendicular depths of their censes of gravity. 

66* Cor. 2. Hence, the pressure on a plane surface 
of given dimensions, if it be parallel to the surface of the fluid, 
varies as its perpendicular depth : if inclined, as the per- 
pendicular depth of its centre of gravity. 

67. Cor, 3. Hence, the perpendicular pressure on all 
planes of equal areas, whatever be their figure, immersed in 
the same fluid, will be the same, provided the depths of their 
centres of gravity remain the same. And if any plane revolve 
round its centre of gravity, which remains fixed, the pressure 
perpendicular to its surface will remain the same as when it 
was horizontal. 

68. CoR. 4. The whole pressure on the sides of a 
vessel, which are perpendicular to its base is equal to the 

■ Wood's MKhanici, 172. Whewell'a Mechanics, 6i. 
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weight of a rectangular prism of the fluid, whose altitude is 
that of the fluid and base a parallelogram, one side of which 
is equal to the altitude of the fluidj and the other to half the 
peiimeter of the vessel. 

6Q. Cor. 5. If the perpendicular pressures upon a 
given area immersed in two different fluids be equal, the per- 
pendicular depths of their centres of gravity will vary inversely 
as the specilic gravities of the fluids. 

If therefore 5 and a' represent the specific gravities of two 
fluids, and z the depth at which a plane is immersed in the 
first, the depth at which it must be immersed in the second 

to sustain the same pressure = z x -, . 

(1) To compare the pressures upon two physical lines 
just perpendicularly immersed in a fluid. 

Let the lines be represented hy A and B ; then since the 
centre of gravity of a physical line is its middle point, the 
pressure on J. : the pressure on ]B 

:: A X - : B X ^ :: A' : B'. 

2 3 

Cor. If the lines be inclined at given angles to the sur- 
face, the perpendicular depth of the centre of gravity of each 
will be equal to half the line x sine of inclination ; the pressures 
therefore will foe as the squares of the lines, and the sines of 
inclination jointly, 

(2) To compare the pressures on the ihree sides of an 
equilateral triangle just immersed in a fluid in such a manner 
that one side may be perpendicular to the surface of the 
fluid. 

f^t AC be perpendicular to the — 
sar^e. From E and F the points of 
bisectiou, and therefore the centres of 
gravity of JB, BC, draw EG. FH per- 
pendicuki- to AC, to which also let BD 
E 
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be })erpeiidicular ; then it is evident that ADssCD, ot D is 
the centre of gravity of AC. 

Now (Euclid VI. 2.) JG : AD :: AE : AB :: I : 2, 
and DH : CD :: 1 : S; 
.-. AH : {CD=)JD :: 3 : 2^ 

and AG, AD, utH the perpendicular depths of the centres 
of gravity of the sides are as 1, 2, 3. Hence (66), the pres- 
sures are in the proportion of the numbers ], 2, il. 

CoE. The pressure ou 3C is equal to the sum of the 
pressures on AB and AC. 

(3) A square A BCD is immersed verti- 
cally in a fluid, the side AB coinciding with 
the surface; if the diagonal BD be drawn, 
compare the pressures on the triangles ABD, 
BDC. 

Bisect AB. DC in E and F. Join DB, BF; take 
EG=^ ED, and Fg=^ BF; G and g are the centres of 
gravity of the triangles ABD and BDC ; and their perpen- 
dicular depths are as EG : Bg :: -h- ED : ^ BF i: 1:2; 
therefore (66), the pressures on ABD and BDC are as 1 : 2. 

Coe; The same is true in the case of a rectangle. And 
the proportions in this and the following problems will be true, 
whatever be the inclinations of the immersed plane, provided 
only that A B coincides with the surface : for the perpen- 
dicular depths of the centres of gravity will be altered in a 
given ratio. 

(4) A given rectangular parallelogram is immersed verti- 
cally in a fluid with one side coincident with the surface. It 
is required to draw from one of the angles to the base a 
straight line, so that the pressures on the parts into which the 
parallelogram is divided, may be in a given ratio of nt : n. 
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Suppose BE the line ; then the pressure - 
on the whole : the pressure on BEC 

:: m + » : n, i 

. or ABx ADX^AD : ^CEX CBx ^ CB :: m + » : «; 



CE -. 



.AB. 



D C 



Cob. Let CE =CD = JB, and .*. im = n, the pressure 
on the upper : pressure on the lower part :: 1 : 2, as 
before. 

(5) To compare the pressures on two 
rectangles ABCD, DCEF. of the same 
breadth, immersed vertically in a fluid, 
whose surface is AB. 

The pressure on ABCB ; that on ABEF 
;: AB^i^AD : AF v. ^AF 
:: AT)'' : AF* ; 
: Uie pressure on A BCD : that on DCEF :: JD^ : AF* - AD^. 

Cor. 1. li AF : AD :: .^/a : 1, the pressures are 
equal. 

Cob. 2. To draw a line parallel to AB, so that the pres- 
sures on the upper and lower parts of the rectangle ABEF 
may be as m : w. 

AD'': AF'-AD' ■.■.,«: u; 
.: AD\: AF* :: m : «. + «. 



and AD~AF. 



m + n 



Cob. 3. To divide the rectangle into » parts' so that the 
pressures on each may be equal. 

Let DE be the lowest, then AF' : AD" ::n: n- 1, 

and AD = \/^^:AF; 
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whence DF=AF.U - ^A^|=,IF •/•'-\/"-l 



V^ 



Uie lowest sectioD. 

For n substitute n— I, ani the height of die next will be 
determiDed ; and so on. 

Cor. 4. From this problem we might determine a limit - 
to the requisite thickness of flood-gates, and their strength 
according to the stress on them. For the pressure on AC : that 
on AE :: AD' : AF^; and therefore the thickness should be 
as (he square of the depth, and decrease from the bottom to the 
surface. 

(6) Compare the pressure on the area of a parabola with 
that on its circumscribing rectangle, both being immersed per- 
pendicularly, to the vertex. 

Since the areas of the parabola and 
rectangle are as 2:3; and the depths of 
their centres of gravity as ^^F : iAD; 
therefore (65) the pressures on them are 
as 4 : 5. 

(7) If a parabola be just immersed vertically in a fluid ; at 
what distance from the vertex must a line be drawn parallel to 
the base, so that the pressure on the upper part may be to that 
on the lower :: m : ti. 

The pressure on the upper part : the 
pressure upon the whole :: m : wi + n; 

,-. AG X GE X 2tG : JD X DB X JD 

or AG'^ : AD^ r. m : w + n; 
.•.AG = Ab.(^--^y. 

(8) Tlie pressure on the four sides of 8 cube filled with 
p 6uid, is double the weight of the contained flnid. 
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. ^Hm areas of llie base and a side being equd, and the 
SefAbs of their centres of gravity :: S : 1, (66) the pressure 
on the base is lo that on a side :: 2 : 1 ; therefore the presi 
sure OR the bfiae is to that on the four sides :: 2 : 4 :: 1 : 2, 
or, (51) the weight of the fluid is to the pressure on the four 
sides :: I : 2. 

Cor. The pressure fin the sides and base is equal to 
three times the weight of the fluid. 

(9) If on the side of a vessel a number of circles be de- 
scribed, the pressures on which are proportional to their 
diameters : the ratio of their distances from the surface may 
be found. 

For the pressure ocarea x depth of centre of gravity (65) 

But by the supposition it oc R; 
.: jR* X D oc fi, 

and D oc — . 

Cor. If the pressure cc B", Doc K"-", 

(10) A circle being just immersed vertically in a fluid: 
draw from the lowest point that chord on which the pressure 
shall be the greatest. 

From B the lowest point, draw the vertical diameter Bjd, 
and let BC be the chord, which bisect in G ; and draw GE, 
CD perpendicular to AB. 

LetBE = i'; .-. BD=:2x, BC=^^7^, 
and jiE=2r—x; 

whence (65), (2r— 3:)^4r,r = max. 
or Srrf — x' = max. 
.*. rx~idx -'^x'dx =0. 
and X = ^r. 
I^ii) If two spheres be just immersed in any fluid; to 
nompare the .pressures upon them. 

Since (65) the pressures are as the surfaces X the depths 
of their centres of gravity, they are as B'x Roc R^. 
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(12) Ifahollowspfaerebe filledwitb fluid; the whole pres- 
sure against the internal surface is three times the weigl^ of 
the contained fluid. 

I<et r =: its radius ; .'. 4irr* = its internal sarface, and if 
s = the specific gravity of the fluid, the pressure 

= s,r.4irr' = 4«-r^»; 
but the content of the sphere :=^flrr', and its weight =-J-t/s; 
.*. the pressure : the weight of the fluid :: iwr^s : -J^wr'j :: 3 : I. 

(13) A tetrahedron is 61led with fluid. Compare the pres- 
sure on the base with the pressure on the sides^ and the weight 
of the fluid. 

If B and P represent the base and perpendicular altitude, 
the pressure on the base : that on a side ;: Bx P : side x -f-P 

:: 3 : 2; 
therefore die pressure on the three sides is double the pressure 
on the base. Also 

the pressure on the base : the weight of the fluid 
:: S X P : solid content of the fluid 
:: 3 : 1; 
therefore the whole pressure od the sides, the pressure on the 
base, ajid the weight of the fluid are as 6, 3, 1. 

(14) To compare the pressure against the bottom of a 
cylinder with that against its sides. 

If a = the altitude of the cylinder, and r = the radius 
of the base, the pressure on the bottom = nar's, and the 
pressure on the sides = ^o .Saras = wra'jj 

.'. the pressures are as war^s : wra*s ;: r : a. 
CoB> The whole pressure susuined by the cylinder 
= ^ars.{r+<i}. 

(15) The concave surface of a cylinder filled with fluid is 
divided by horizontal sections into n annulij in such a manner 
that the pressure on each annulus is equal to the pressure 
upon the base. Given the radius of the cylinder, to find its 
height ; and also the breadth of the (.p^*") annulus. 
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Let A = the height, and r = the radius of the base, and 
= the breadth of the first annulus. 



.*. a = »Jrh. 
Let a =: the bieadth of the second, 

then 2vra' x (a + - ) = wr'A ; 

.'. ia' njrh + a" ^ rh, 

and a'*'\-%a's/rh +rk = Zrh; 
.'. a' = {-Ji- \).^7h. 
]>t a"= the breadth of the third ; 

/. fia". }a + o'+— I =rh, 

or 2fl".|(l + V2 - 1).^^+ H"''*; 
that is, a'" + ■s/^.rh . 2a" = rh ; 
whence o" = { n/ 3 — t^i ] . t^/rh. 
In the same way, the breadth of the fourth annulus 

and the breadth of the (p"') = C^/y - ^ p - 1) . ^/ rA ; 
there£i»e the sum of the breadths or h =: is/ « --JtH; 
and A* = nrh; .'. A = »r. 
(16) A cj'linder has some fluid in it. Suppose from a 
change of temperature the bulk of the fluid to be increased -"* 
part ; what alteration uill take place in the pressures on the 
sides and base ? 

Since (65) the pressure oc area x perpendicular depth of 
its centre of gravity x the specific gravity of the fluid j and the 
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part pressed of the sides is increased in the ratio of )i : n 4- 1 ; 
therefore ihe altitude, and therefore also the depth of the centre 
of gravity is increased in the ratio of tt : n + 1 ; but (13) the 
specific gravity is dimnished in the ratio of n+ 1 : n ; whence, 
compounding these proportions, the pressure on the sides will 
be increased in the ratio of n : n+ 1 . And the pressure on the 
base, which is equal to the weight of the fluid, remainii the 
same. 

(17) A semi-circle is immersed vertically in a fluid, with 
the diameter conliguaus to the upper surface ; to determine on 
which of the chords, parallel to the surface, the pressure is the 
greatest, supposing the density of the fluid to increase as the 
depth. 

Let DE be the chord, then 
the pressure <x DG x Gf 

oc sin DCx COS.' DC ss max. 
.'. sin 2 X cos^ z s max. 
and dz.cos.^z~Qdz .sia'z . C08Z = 0; 
or cos*2 = 2 sin' Z = 2 — 2 cos* Z ; 
and COS. 2 = V|; .■.FG=:^.FC. 
Con. 1. If the figure bea parabola, and FC=ft,FG = T, 
and latus rectum = 4a, DE = 4 tja.{b — a:); 
• \ njb — x.x^ = max. 
; or ia:* — x^ 1= max. whence x = t i. 

Cor. 2. If the figure be a triangle, f G = | jFC. 

(18) A given cone filled with fluid is supported with its axis 
inclined to the horizon at a given angle. On what section 
parallel to the base is tlie pressure a maximum ? 

Let ABC be the cone with its axb 
AD inclined to the horizon at an angle 
Of and FEG the sectiou required. Let 
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BH be horizoDtal and EK vertical; AD != a, BD=b, 

.: AH = -^+ a =c, AE = x, and HE = c - x; 
tan a 

.-. EK = (c — x).sin.a; 
and FE* = -, .r' ; .■- ihe circle FEG = ^ . i\ 

and {65) the pressure ou FEG oc — ^ . i* . (c — jr) . sin a, 

oc x' .(c — x); 
.'. ex* — J* =: max. 
and icxdx — 3x*dx = Oi 
' whence x = ^c b: -^ JH. 

(19) If a globe, whose radius at the bottom of the S8a= a, 
ascend to the lop, the depth being ;= A; what will be its dia- 
meter at the top, and what will be the locus of the extremity of 
its radius, the line in which the centre ascends being the ab- 



Let CBD be the -surface of tlie water, EF ■ 



the radius of the globe at the bottom ; FID, '\_ ^ 
GJLC the curves described hy the radii in as- Y 7 
cendiiig. Let AB = the height of a column of *^' 
water of the same weight as the atmospheres A', EF^a, 
EB = A, BH^T, HI=y. The magnitude of the globe 
being inversely as the pressure, k + h' : h'-^-x :: y' : a"; 

■ //h + h' ^ 
.'. y = a . V Tr ^"^ equation to the curve; 



The line drawn through A parallel to CD is 
to the curve. 

F 
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70. To find the pressure perpendicu- 
lar to a surface of revolution. 

Let C be the vertex of the surface, 
and CD its axis ; PQqp an aiihulus of the ^ 

surface intercepted between two planes perpendicular to 
the axis, and indefinitely near to each other. Then each 
particle of this surface may be considered as equally dis- 
tant from AB the surface of the fluid, and therefore equally 
pressed. 

Let CD = h, CE = x, EP =y, FP == DE = k - x. 

Then the pressure ou the annulus = the annulus X its 
depth, (if tlie specific gravity of fluid = 1), = 2iry dS . (A — x); 
whence the pressure on the curve surface 

— iir/yd'2.(h-x)+ C. 

Ex. 1. Suppose the surface lo be a segment of a sphere 
with its vertex downwards. 

Let r = its radius, tiienyd'2, = rdx; 
.". the pressure = 9.wr .f(Jt~x).dx =^ 9.-irr .\hx — ^x^\, 
C being = 0; and for the whole segment j = A, .'. the 
pressure = -nrh^. 

Cor. 1. If the segment be a hemisphere, k = r, and the 
pressure = iri^. 

Cob. 2. if a whole sphere be taken, A = 2r, and the 
pressure =4 wr'. 

*(2) Suppose the surface to be generated by a segment uf a 
circle moving parallel to itself. 

Let ACB be a section of the vessel made by a V — ? — ^ 
plane perpendicular to its axis, and let PQ, pq ^vJs^'? 
be ordinates indefinitely near to each other and 
parallel to AB. Let CE = x, EP=y, CP = ^ CD=h. 
length of the vessel = /. 

The pressure ou Pp =: Pp x DE; 
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.'. pressure on Pp -{-pressure on Qq^iPpx DE 
= 2.(A-x).d2, 
and this multiplied by I will give the pressure on an element of' 
the vessel ; 

.*. pressure on the vessel = 2 / .J'ih - jt) . d S 

= 2;./«-x). ,"'' , , 

/>(■ kdx xdx 1 

•^ l^%rx~x' ^irx — x' 

/*( dx {r ~-x) .dx-i 

•^ I \/irx-x' ^irx~x) 

= %lr . \(h — r) . arc fversin = -1 -|- >Jlrx - x"! , 

C being here = 0. 

Let f = A, then the whole pressure 
s2/r.{(A-r).arc, [versin = ;] + -s/srA-A*}. 

Cob. 1. Suppose the segment to be a semi-circle, then h~ry 

and the pressure = %lr ^2r' — r* = 2/»^. 
CoK. 2. Suppose it (o be a circle, then A = 9,r, and 
the pressure = 2/r ■ ] f" • "re, fversin = — I + "Jir" - 4r' j 
= 2/r*.«- = STr/r*. 

(3) To divide a hemispheroidical foowl, whose vertex is 
downwards, into two parts by a plane perpendicular to its axis, 
so that the pressure on the upper and lower parts may be 
equal. 

Let DE = x, EP = y, DC = ti, DB = b; 
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, * / dv* dx V" - c^ 

* di* v« * 



where c ^ ; — . 



. i_ ^ /•ri/dapv/a' — c*i* 2irA „ , #— ^-; 

. thepres3ure = 33rl— :i f ., , ., = .JxdxiJa — c'x 

■^ ^a*—x' « 

= _|-.i..,.,'.c. 

Now when ;r^0, preasure =0; .', 0= — — i . a'4-C, 
Sac 

whence the pressure on AQPB = -. — ~. {a^ — (a* — c*!*)}. 

Let X = a, then the pressure on ACB 

and the pressure on ACB : (he pressure on AQPB 

:: a' — i' : a' - {a* - a*j:'}' :: 2 : 1, by the 
hypothesis ; 

.-. ««-4» = 2a'-2.(a'-c»T*)i, 
or i . (a* + ft^) = (fl* — c*a;*)Sj 

.-. . = iV»'-(i-[«' + 4'])* ' 

(4) A cylinder of fluid revolves with a given velocity 
round its axis which is vertical. To find the pressure on its 
surface, (gravity being neglected). 

I^t ABC be a horizontal section, and let A = the height 
of the cylinder, OA = r, OP =^ x, angle JOB = 0. and 
angular velocity ^ a. 
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The velocity of P = angular velocity 
: distance OP, =& ax; therefore the ac- 



{ O-^B 



celeratiiw force on P = — - = = a- x, \ / 

ran, X \ / 

and the mass PQqp = Ppx PQ = $x x dx; 

.'.the weight of PQfp = mass x accelerating force = a^0r*dx, 

and the weight of PQqp : pressure which it exerts on AB 

:: PQ : AB :: X : a i 

.'. the pressure of PQqp on AB = aiiQxdx, 

and the pressure of OPQ = |- a a' 6x* + G ; 

but C = 0, since pressure = 0, when x = 0. 

Let x = a, then 

the whole pressure of OAB on AB = \<^a^d; 
.', tlie effect of the whole circle = fa' a* X 2ir = va'a', 
and the pressure on the internal surface of the cylinder 
= pressure on ACB x h = ira*{^ h. 

Cob. The weight of the fluid = ira'hg ; 

.". the pressure : the weight :: ira't^h : iri^kg :: o*a : g. 

If a = 1 foot, and the time of revolution = l", 

, . circumference 

a = veiocilj = : 5= 2 TT ; 

time 

.'. pressure : the weight :: iir^ : g. 

In a similar manner it may be ^wn, that if a cube be 
filled with fluid and revolve on an axis perpendicular to the sur- 
face, and passing through its centre ; the pressure on the in- 
terior surface : the weight of the cube of fluid :: 4a*a : 3^. 

71- To find the pressure on the horizontal base of a 
vessel containing different fluids. 

Let EF, GH, IK be the surfaces of 
the different fluids, these are horizontal (44); 
and let ab, be, cd, de be the perpendi- 
cular altitudes of the fluids, whose specific 



m 

D' 1 'C 
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fravities are s, s', s", s'" respeclively. Then die pressures of 
KG, GF, FA .will be the same as those of portions of fluid 
similar to CI, and whose altitudes are 

he .- , cd .— , de . — respectively {69); 

■. the pressure on DC = 3. DC A a h + bc- +rd.~+de ~\ 
i. 3 s s) 

= DC . {ab . s + be . 1' + cd . i" + de . s"'} 
that is, it is equal to the base multiplied by the sum of the 
products of the specific gravity of each fluid into the perpen- 
dicular altitude of that fluid. 

72. Cor. The pressure on 

DC = DCxs'Aab.-. + bc+cd.^ + de.C\. 
Is s s } ■ 



In the place therefore of a fluid of variaWe density one may 
be substituted whose density will be the same through the 
whole height. 

(1) A cylindrical vessel whose height = a, and the radius 
of whose base = r, is filled with mercury to half its height, 
and the remainder is filled with water. Supposing the spe- 
cific gravities to be as 14 : 1, compare the pressure on the 
base with that on the concave surface. 

The pressure on the base (71) is 



Now if the water was removed, and in its place a column of mer- 
cury substituted whose altitude = — . a, the pressure on every 
point in the lower half of the vessel would not be altered (69), 
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and it would be =: «irr . ia. 14. j^a + *"•«( 



and the pressure on the upper half = ivr .^a x ^a=^irra*i 

.'. the pressure on the whole concave surface 

1 17 , 

■= iwra + +flrra = — .wra , 

4 

whence, the pressure oDthe.base : the pressure on the concave 
Burfiwe 

15 , 17 a 

:: — . irr a : — * .vra 
2 4 ' 

; :: 30r : 17a. 

(2) The a pec ilic gravities of two fluids which will not mix, 
are as n : 1 ■ Compare the quantities which must be poured 
iiilo a cylindrical .vessel whose length is a inches, that the 
pressures on the concave surfaces of the tube which are in 
contact widi the fluid, may be equal. 

Xict AS = a, AI=x, CD being the common 
sur&ce of the fluids. To determine 01 the alti- 
tude of a column of the heavier fluid, equal in 
weight to the column CDEF, let » = the spe- 
cific gravity of the lighter fluid; .*. 0/=nx (69) 
and the pressure on CDEF : the pressure on CGHD 



. X . - . 



: (a - x).{nx + ^(a-T)}, 



whence « r* = 2 nx . (a — x) + (a - x)^, 

and (a ^ xf + 2«i .{a ~ x} + «*/ = (n* + n)x' ; 

."■ a — X = Vn"+ n.x ~ nx. 



and J 



1 - n + ^>r + n ' 
and Al : Hi :: 1 : ^ n' + ,i - 
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f3. To determine the pressure against any part of tlie 
surface of a vessel, when the density varies according to any 
law. 

Through any two points P, p indefinitely *• 
iwar to each other, draw PQ, pg perpendi- 
cular to the direction of gravity ; then on 
every point in Pp or Qy there will be a per- '^ 

pendicular pressure equal to the pressure oD £ ; as is evident 
ti-oni substituting (72 and 47) for die duid one whose density 
is every where the same. But the pressure on £ is equal to 
the weight of the incumbent column of particles. If therefore 
DE — X, and s = the specific gravity of the fluid at E, the 
weight of DE =J'sdx, hence 

the pressure on Pp is Pp.J'sdx, 
and .'. the pressure on BP aJ'PpJ'sdx, 

(l) To determine the pressure ou the hortzontal base of a 
vessel, supposing the density to vary as the depth. 

Let the whole depth = a, and the density at the base =/, 

then J = — , and fsdx = + C ; but C = ; 

« 2a . 

hence for the whole depth yjdx = = ^-s'fl; 

.'. the pressure on the base = base x j^s'a. 



(2) To find the pressure on any portion BC of a 
vertical side of a rectangular vessel, the deiisi^ 
being supposed to vary as the depth. 

Here as before s = — , and fsdx — , 

whence the pressure =J'Pp .fsdx = / .dx=-- \-C. 

Now the pressure should = when x = AB; 
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t'.AB' „ 

••• = — — +c, 

oa 
.'. the whole presaiire = ^. {jIC*— j4^}. 

(3) A conical vessel is filled with fluid, whose density 
varies as the depth ; the pressure on the base beiog equal to 
diat on the sides, find the vertical angle. 

Let AB = a, BC=b, AD = x, 
DE = y. 



The pressure on the hu^si- fvi^ xdx 
■* s'irft'** s'lrb'a 




.*. the pressure on the side ^J'^vy . Eef 

s'fl-6 ^a* + b^ ~ J 
— — _ _ V^ fx'dx 

= ^ — - — X H C ; but C = ; 

a 4 

Bud for the whole side, the presBure = sV6*/a* + 6* x -: 

4 

aV^'a _ s'rba^d' + b'^ 

2 4 ' 

and 26 = va*+ft'; 

.*. BAC = 30*, and the vortical angle = 60*. 

Cor. The pressure on the base is equal to twice the 

weight of the fluid. 

For iry' = area of a section, aod capacity ^yVjf'di; 



and the density varying ai 



[■, firy'dx X — = weight of fluid ; 
G 
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.adj,' 




; .'. weigh 




./xV, 














I'lrb' 

~ a' 


4 ' 


since C = 





• 


.-. (he 


wbole 


weight - - 


4 


half Ihe 


pressure 


on 


the 


base. 










' 







74> If gravity, batead of being constant, varied from 
one lamina to another, the pressure might be found. Tlius, 
to find the pressure on a sphere surrounded by a fluid of 
uniform density which is acted on by a force tending to the 

centre of the sphere, and varying as ^, the depth of the fluid 

bf ing every where die same. 

Suppose O to be the centre of the sphere, OA its 
radius, AD the depth of the fluid, and let 0^1 = a, OD = b, 
the weight of a particle of fluid at the distance 1 from the 
centre = g; 

.'. the weight of a particle at the diatance t = -^, 

and the pressure on a small portion (m) of the surface of the 
sphere 

/mgdx 
— 5 — taken between j^ = a and x = o 
X 



, the whole pressure on the sphi 



b-a 



b-a 
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75- CaH. If c be a mean proportioual between'a and b, 

the whole pressure = 4irg a'. — 3—, that is, it is equal lo the 

weight of a cylinder of fluid (at the distance c) whus^ base is 
= iiro' and height =6-~a; or it is the weight of a cylinder 
whose base is the surface of the sphere, and height the depth 
of the fluid, at a disUnce OG, if we take OA : OG :i OG : OD. 

76. The vertical pressure against the sides and bottom of 
any vessel is equal to the weight of the flbid in the vessel, if 
there be a vertical column over each portion, reaching to the 
surface. 

Let JB be 
the surface of the 
fluid in the vessel; 
and parallel to it 
draw CD, cdin- 
detinitely near to each other, so that each point in either of 
the intercepted portions Cc, Dd may be considered as at the 
same perpendicular depth xy. Draw CE, DF perpendicu- 
lar to the surface at C and D, each = xy ; then the perpen- 
dicular pressures on Cc and Dd may be represented by 
sx CcxCE and sX Ddx DF (65). The pressure in the 
direction EC may be resolved into ' two, in the directions 
IC, HC; and these three forces will be proportional to the 
three sides of the triangle Cc/ which are respectively perpen- 
dicular to the directions in which they act ; 
or the perpendicular : the horizontal pressure :: Cc : cyi 
.'. the horizontal pressure = $x CEx cy. 

In the same manner it may be shewn that the horizontal 
pressure at Z) = iX DFx dS which is = jX CExcy, 

.'. the pressures in the horizontal directions are equal and 
opposite. 

And the vertical pressures are reprcseiiled b) 
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sx ECxCy, And ixFDx D&, 
orhy sX xy X Cy, and sx xy X DS. 
And the same may be proved for all other portions of the sur- 
face of the vessel ; therefore the sum of the vertical pressures 
will be equal to the sum of the vertical superincumbent 
columns, or the whole vertical pressure will be equal to the 
weight of the fluid in the vessel. 

77- Cott. The effect will be the same as if the whole 
had been solid, and consequently the same as if all the power 
were collected in the centre of gravity. 

78. Def. The centre of pressure of a plane surface im- 
mersed in a fluid is that point to which if a force equal to the 
whole force were applied in an opposite direction, it would 
keep the surface at rest. 

79- If it plane surface be produced to the surface of a 
fluid, and their common intersection be made the axis of sus- 
pension, the centres of pressure and percussion will coincide. 

Let Sa I'epresent a section of the 
plane, or plane produced, with the surface 
of the fluid, and let Sa be perpendicular ' 
to Sa in that plane ; and let O be the 
centre of pressure. Draw Oo, A a pa- 
rallel to Sa; and On, Aaparallel to Sa. 
Then the force of the fluid against A is 
equal to the weight of a column of fluid whose base is A and 
altitude its perpendicular depth, and therefore it varies as 
jl X Am oc ^ X Ja X sin0, since Jm — Aa X sine of 
inclination ; and the effort of this to lum the plane round Oo 
oc Ax Aa X On x sin 6, 
oc^ X Aax(Aa~So).iiae, 
oc A X Ai^x sin Q~ A x AaxSox ikwQ; 
therefore the eff'ect of the forces on all the particles to turp 
the plane round Oo will be proportional to the sum of the 
ax^a').sin0— A^oxsumof(^x^«).sin0, which =0 
bv the definition; 
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_ aumofq x^/) ^ 9umof(Ax^n*) 

sum of {A X A a) body X dist. of centre of gravity 

< which is also the distance of the centre of percussion supposing 
Sa to be the axis of suspension, and the body to vibrate flat- 
ways, 

Again, the effect of the force against A to turn the plane 
round On oc A x Aa x An 

tx. Ax Aax Ja- Ax AaxOo; 
therefore the effect of all the forces to turn the plane round 
On will be proportional to the sum of 

AxAaxAa — AxAaxOoi 
.'. the effect of all the forces to turn the plane round n 
will he proportional to 

the sum u( {A x Aax Aa)—Oo x sum of(AxAa) = 0; 
_ sum o{{A X Aa X Aa) 
sum of (A X Aa) 
which is also the expression for the distance of the centre of 
percussion. Hence the centres of pressure and percussion 
coincide. 

80. Let Aa = X, Aa = y, A = dsdy. 

So = JM^fi^ = f^l^ 

JJxdidy fyxdx ' 

ffxydTdy f/:rdx 

and Oo = ''jiy: — ; — ; — = —7; T— ■ 

JJ xdxdy iji/xdx 

81. Cob. It is evident that the inclination of the surface 
pressed to the surface of the fluid has no effect in altering the 
centre of pressure, except when the two are parallel, in 
which case the centre of pressure will manifestly be the centre 
of gravity. And indeed in the expression 

sin 9 X [sum of the (A x Aa°) — Sox sum of the (A x So)] = 0, 

sin d itself is = ; .'. we cannot assume the sum of the 

(A X A a") = So X sum of the (A x Sa). 
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(1) Find the centre of pressure of a vertic&l line whose 

length is I. 

Let the distauce of the upper extremity of the line friHD , 

the surface of the fluid =a, and of the lower = b ; therefore 

a + I = b, and the distance of the centre of pressure from the 

fx'ydx 3. (i* — a") 

surface of the fluid = ■ a - ^ , = s s, . since y is 

fxydx 3.Ci* — a*) ^ 



Cob. 1. If one extremity of the line coincide with the sur- 
face of the fluid, = 0, and b = I; ,'. the distance = ^ I. 

Cor. 2. If on the vertical line, a rectangle be described, 
the distance of its centre of pressure from the surface 

2(6^ — a*) 
= 5 t; , which will evidently be measured in the 

3.(6' -a*)' ' 

vertical line which bisects the rectangle. 

Cor. 3. Let s=the specific gravity of the fluid and 
c = the horizontal base of the rectangle ; and suppose the 
upper side of the rectangle to coincide with the surface 
of the fluid, the distance of the centre of pressure =^f, 
and the tendency of the rectangle to turn round the base 
= ^scl' X ^l = iscP. But the tendency to turn round one 
of th^ vertical sides = \scf x ^c = ^sc^^ ; 

.'. the first of these efforts : the second :: 2/ : 3 c, 
which when the figure is a square, becomes as 2 : S. 

(2) To find the centre of pressure of a semi-parabola, the 
extreme ordinate coinciding with the surface of the fluid. 

Let AB = a, BC = b, and suppose O the ' 
centre of pressure, and draw Oo parallel to EC; 
then if r and y represent the abscissa and ordinate 

bxi 
of the curve y = — p ; 
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/{t^x^dx ~ iax^dx + x^dx) 



i. , ft^* 1 ' fiax^dx — xidx) 

/(a-i).-j- .ii 



--ax+-.' 

, C being =0, 



*^ a 



,, rt a b Jiaxdx—ardx) 

~r^, 7^ ~^'Aax\dx-x^dT) 



-.ax* 1* 



(3) A parallelopiped with its sides vertical has one side 
loose which revolves round a hinge at the bottom, and is kept 
in its position by. a given pressure applied at a given point; 
how higfi may the vessel be filled with fluid before the side 
will be forced open. 

Let p be the given pressure, a the breadth of the side, 
b the distance from the bottom at which it acts, the re- 
quired attitude ; then consid^ng the densi^ of the fluid as 
represented by s, the pressure of it against the side 
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and tbis takes place at the centre of pressure, the. diitani 
which ftxfin the surface (if x ia any variable distance) is 

--t-r 

fa^^dx 3 ^ a ■ 

•'-; -— =-E — ■l''>t ""O™ * = to X=:W. 

faxdx X ^ 3 



m- 



4; ABC is th6 side of a tetrahedron which is filled with 
fluid, arid AD s pi^^niificular from the vertex on BC. If 
ABD be loose, find the magnitude, point of appHcation, and 
inclination to the horizon, of a single force which will keep it 
at rest; t, when' the vessel rests on its baSe; 2. when it rests 
on its vertex; the base in each case being horizontal. 

In the first case, let be the center of pres- 
sure, then 4o=-^#^. If AE==x,EF-«, 

AD = a, DB = bf AB = c; by similar triangles 
b 

.■.ft'ifiIx=-J^dx = i.-.i'-\-C, and C=0; 

.'. f:^ydx^^ ,ba*, when x = a. 

And fiyiU=i- ./j'iJi = |.- .i'+ C = Ain', «hen i = o; 

■■■^'^fsi'^i''^-'- — '^-"- 
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&ridfxif*Hx~—^fT'dx=-i.— +C 



- = ^i'a' wheiir = 



ftV 



.-. Oo': 



^6a» 8 8"a 1^5 

The magnitude of the force to be applied at O = the 
weight of a cylinder of fluid whose base = ABD and altitude 
the perpendicular depth of the centre of gravity of ABD (64), 

= ^ )C ^AD X sine of inclination of a side of the tetahe- 
dron to the base, = — ■ -^ • — r — 



_ 8x/a 



_ 8>/^ 3 s c _ c' 
9 " 9 'i* "2 ~ 6i^2' 

the 8peci6c gravity of the fluid being represented by I . 

' The direction of the force, being perpendicular to the side 
whose inclination to the horizon b an angle whose sine 

= -^ — , will be inclined to the horizon at an ancle whose 

2^Ai" . 1 

cosine = — — — , or whose sine = - . 

3 * 3 

In the second case 

~.f{a — xf.xdx ^ — 9~^ 

6 \^f / 

- ,f{a — x) . xdx \ / 



fP^.ydx 
"/DE.ydx 



fia — xf .xdx _ -K^-a^ _ _ c,^/~3 
f(a — x) .xdx -^a* 4 

H 
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_ h -^a* b c 

The magnilude of the force is 

— ' ^ .v{^ '/f , tf, _ >/g 3 J c ^ c^ _ 

2 '3"' 3 " 9 '" ~ 9 ' 4*^ '2 ^ 12^ ~ 
i the fonneri IV direclion is tlie same as- belare> 

Cor. Since- in the first case Ao = ^a, and in the second 
Do = ^a, it appears that the distance of the centre of pressure 
of the trianglf from the iutera^ctiov of Uie plaee apd. the sur- 
face of the flnid is in one case ^ths of the axis, and in thoi 
other ^ of the axis. 

82. The perpendicular altitudes of fluids communicating 
through a bent tube vary iuveRSQly as their spe6.ific gravities. 

Let two fluids v»hose specific gravi- 
ties are S and s communicate through > 
tube CED, and suppose a plane to pass 
through the tube contigupus to their com- 
mon surface AB, and let the perpendicular depths of its centre 
of gravity below the suifaces C and D be G and g. '^en 
the pressures of the fluids in CB and DEB against ihirt plane 
(65) are to each other :; G xS ■ gXs. Btrtthe fluids being 
at rest, these pressures are equal ; ■ '. G,x &= gxt, 

OT G : g i: s : S, 
that is, the perpendicular altitudes are inversely as the specific 
gravities. 

Ex. If the specific gravities of the flui(l%are as 14 : 1, 
G : g :: 1 : 14, and therefore t» balance a cqlunin of the 
latter 35 feet high, a column of the former of the altitude of 30 
inches will be required. 

83. Cor. 1. Jf lite fluids have the same specific gravity. 



leir specinc gravities, 
m- ^^^^ 
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ihey V^l sMnd M the RaDie pi^pendiirular altitude in the op- 
posite branches of the tube. 

84. CoK, 2. The proposition is true, -whatever be the 
shape of the branches of the tube. The diameter must ex- 
ceed -r4-tl> ot an inch. 

85. Cob. 3. Hence appears the reason why the surface of 
small pools near rivers are always on a level with the surfaces 
uf the rivers, when there is any snbterraneotis tommuliicatton 
between the thtn and the ^oOl». These may be considered 
as communicating vessels. 

8o. Com. 4. Hence also if water be conveyed by pipes 
from a di«taiic6, as in the case of puUic fountains, when the 
, point to which it is conveyed, is of the same altitude as that 
from which it proceeds, the surface wil) be at rest. : if lower, 
it wiDj by endeavouring to rise to the same altitude, cause a 
strtiMi io fimt. 

87. Co». 5. Hence Ihough vWteir may bfe cofiveyed to all 
intermediate distances, k ciAnot be cOnVeyed 16 a greater 
height than Uie surface of the stagnant Auid. 

88. OoB. 6. Since G x 5±±g x s, if S' and / be the 
specific gravities of two other duids which are placed above 
C and D, and the equilibrium still remains, G' and g' being 
their perpendicular altitudes above C and D, 

G K S + G' X S" = g X , + g' X s. 
And, in general, if there be any number of fluids in equilibrio 
in the opposite branches of a tube, the sums of the products 
of their heights and specific gravities in each branch will be 
equal. 

Fbob. SupposlDg equal lengths of two fluids, whose 
specific gravities are as f^ : 1, to be poured into a circular 
tube; determine their posiuon when at rest. 

Let the fluids occupy the apac«s CA, 
CB at first, each beitigc=a; and let the 
heavier descend to P, and the lighter as- 
cend to P' i add let be the point where 
the surfaces meet. Draw PM, P'M\ ON 
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perpendicular to CMM', and PR, P'R' perpendicuter 

to RR'. 

xheaM'N: MNi.P'R': PR:: m:l; .-. M'N=m.MN. 

Let CP = x; .■. CO = a-x, and CF = a-x + ii = 2fl -i, 

whence CN = versin (a - *), CM" = versiii (Bo-ar), 

CM = versin ar, 

and NJW = CM' — C W = veraiB (2 o - «) — versin (o — x), 

NM = CM — CN = versin x — versin (a — i). 

Hence versio (2 a — i) — venin (a — x) 

= m . ver«n x — m. versin (o — x), 

or 1 — cos (2a — a;) — 1 + cos {a - x) 

3= — fs . cos T + m . cos (a — t) ; 

.*. COB (2o — x) + (m - 1). cos (a — x) — m. coax =0, 

and cos 2a .cosx + sin 2a . sinx+(in— 1) . cos a X cos x 

+ (m— 1) . sin a .sinx— »i.C08X=0; 

.*. [cos 2a + (m — l) .cos a — m] .cob x 

+■ [sin 2o + (m — 1) . sin a] . un x = ; 

cos 2 a + (n» — l) . cos a — m 

.-. tanx = — — : — - — — ; -t — -. , 

siQ 2a + (m— 1) . sin a 

whence CP may be detennined by the tables. 

CoE. Let a = — , then cos £o = — 1, cos a = 0, 
2 

sin 2a = 0, sin n = I ; 

— 1 — m _ m + l 

m— 1 m— I ' 

89- Def. a d^ke ia a mound or <^tacle opposed to the 
effort made by a fluid to spread itself. 

90. Let ABCD be a vertical sec- 
tion of a dyle opposed to the stagnant 
fluid whose surface is £/and depth EF. 
Its parts are supposed to be so connected 
as to yield to the preasure of the fluid, either hy turning 



./3« 



at,G00gk 



altc^etlier round the point A, or by sliding along the horizont&l 
base DA. 

91- Supposing the dyke to yield, by tufning round A, to 
determine when there will be an equilibrium. 

The effort to overthrow the dyke arises from the force 
which the fluid exerts horizontally ; and the stability is caased 
by the verUcal pressure of the fluid on the curve ED, and the 
weight of the dyke. When therefore there is an equilibrium, 
the former of these forces must be equivalent to the two 
latter. Let EH be any portion of the curve £D, draw HL 
perpendicular, and HK parallel to AD; and let EH = z, 
HK = X, EK =y, EE ==i a, AD = 4, FD = c. 

If the increment of EH be represented by dx, the perpen- 
dicular pressure on its surface = aydz (64) (1 being taken 
^ the horizontal breadth, and i -= the specitic gravity of the 
fluid) ; .'. the horizontal force on EH 

and the perpendicular distance from E at which the force 

must be applied, equivalent to the sum of these pressures, 

f'^dy ^ . . , 

= -s — 7^ = ■*«: C being = O, smce the numerator and 

denominator vanish with y. Let now y = a, and the horizon- 
tal force to turn die body round A =^st? x^a = -^ jo?. 

The vertical pressure on the increment of the curve at 
H = sydx, and the force of this to turn the body round A 

= lydx X AL 

= sydx . iAD- FD + FL) 

= sydx . (6 — c + t), 
and the sum of these forces s s .f(b — t + x) . ydx, from 
£toD. 

If s be the specific gravi^ of the dyke, and Q the pro- 
duct of the area ABCD multiplied by the distance of A from 
the vertical passing throt^h tbe<centre of gravity of the area ; 
the effort of the weight of the dyke to turn it round A = s' Q. 
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Hence lAerefoK in fte case of etfail(bri«iiit 

i.3a' = s'Q + sf(.b-c+x).ifdx. 

QH. Supposing tbe -^e to yield by sliditg along it» 
horizontal base : to deternine wben there will he an e^ili- 
hrium ; neglecting the vertical pressure of tbe fluid. 

The base beifi^ horisonial, the tnass which it sustains is 
supported figainA the liomontal force of the fkiid, only by its 
adhe^on to the base, and the resistance arising from friction. 
Suppose Ihese TesiAatices ^ ti times the weight of the dyke, 
(n being to foe dtttermhted by expAiitient) ; and let P = tbe 
area of tbe section ABCB ; s'i* will be its weight, and ns'P 
tbe fesiitmce to the horisfontal forte oftbe fluid, wbicfh ^ ^ -so*, 

.-. P te i X — . 
s Sn 

If the vertical pressure of the fluid be considered, it must be 
added to the weigbt of tile dyke. If itfae neglected, the com- 
puted dimensions of the dyke are more advantageous for 
reaistancfl. 

93. tf die sides of the 
dyke be rectilinear, and ^D, 
BC horizontal ; to deter- 
mine the «qu«tiOn of eqttili- 
librinm of Art. Ql. 

Let fall the peirpendiculars CM, BN. Let CM *= k, 
MD St e, AN *•«'. 

By similar tnasglfeS EKH, EFD, x = - .y; 
:.f{h'ii-\-x).ydx=xJ (j> -c + \-9)^\-if^y 

but C = 0, since the whole tanishes when ^ => o. 
l£tjr = a; itbecome8"=i6ca — Jc^h +^c'a = 4ftcn-^c*ff. 



1^ 
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AnclQ = (i-e-e).».(«r' + ^(*-e-e')!+^.(S-te) + 

Let these vsluea bfl substituted iih tbiK gensral mimtifs^ 
.-. j.<o'=+s6««— jJt'o + +«'»6' - +j'A4«++s'* -ft"- A 

an equation, which includes all the cases of rectilinear sloping 
bsRks. 

94. Cor. If the slQjfes be = 0, or the dykes verticfll, 
e = 0, «'= and c =: 0; 



awd 6 = V r^T •■ 
Ssh 

95. If the sides be rectilinearj, and AD, BC horizon- 
tal, to determine th« eqaation-'Ofiecpiilibruun of Art. 92. 

The are* ^SG£>=*Ai— }A.(e+«')j 

.-. U-l«.Ce + «') = ^X f, 
s 8n 



96. The preceding eqmtions have been investigated on 
the supposition of a perfect conaeKion of all the parts of the 
dyke ; they are therefore only applicable to such as are con- 
structed of masonry. In those which are composed of earth, 
with slopes fortified by stone or by other ineans^ (he conati- 
tuent parts have not the same coonexion that those of masonry 
have ; and therefore though satisfying the preceding formulae, 
when taken for the whole height, they will nevertheless not 
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resist equally in the several parts of that height, but divide 
into horizontal sections. 

97. ir ABC be the section of a dyke 
whose summit is on a level with the surface : 
of the fluid. To determine the nature of the 
curve AEC, so that each portion AED may ' 
remain in equilibrio on its bafle ED; not separating from 
the lower part DECB, either by turning round D, .at sliding 
along ED. 

Let JD=T, DJE = y. The horizontal force of the 
fluid at £> = -^ . sr* (gi); and the momentum of the section 
ADE with reference to the point D = t'fydx x the hori- 
zontal distance of its centre of gravity from D 

hence -f.sx' = \ij-^dx, 
or iix'di^ls'y'dar, 

and tj s ,x = »j£ . y ; 
the figure of the slope therefore is a rectilinear triangle whose 
baseSC : height AB :: .^/V: „J~7. 

The conditions necessary for preventing AED from sliding 
on its base ED, will be determined from the equation 
jsx* = ns'fydx ; 
.*. sxdx — nt'ydx, 
and sx = na'y, 
or X : y :: ns' : s, where « is determined by experiment. 

98> If ACB be the section of a wall supporting a fluid 
against its vertical side AC : to determine the nature of the 
curve AEB bounding the other side, so that its strength may 
be in every part proportional to the pressure it sustains. 
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It may be shewu as iu Art. gi, that Uie bori- 
zoDtal force to turn the body round D = is. D^, 
and therefore this force oc DA^. Now by 
Mechanics the strength of the wall oc DE*, 
whence DA^ oc D^, or the curvfe must be a semi-cubical 
parabola whose vertex is A, and convex towards AC. 
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Sect. III. 



99. Dep. Thb Plane of Floatation is the horizontal 
surface of (he fluid in which the body floats. 

100. A body floating on the surface of a fluid is pressed 
upwards by a force equal to Uw weight of a quanti^ of fluid 
of the same magnitude with the part of the body immersed. 

Let ABDC be a body 
floating on a fluid, in which 
thepartimmersed is GCDH, 
GH being the plane of float- 
ation. Draw CD, erf paral- 
lel to GH, and indefinitely 
near to each other, ho that each portion of Cc and Dd may 
be considered as at the same perpendicular depth. Then 
making the same construction, and proceeding as in Art. 76, 
it may be proved that the horizontal pressures are equal and in 
opposite directions, and that the vertical pressures upwards 
on Cc, Dd may be represented by r_y x Cy, xy X DB. And 
the same being also true for every other portion of the im- 
mersed surface, the pressure upwards will be equal to the sum 
of the weights of the columns Ca, Dj3, &c. of fluid, that is, 
to the weight of a quantity of fluid equal in magnitude to the 
part immersed. 

101. CoK. 1. If the solid float in equilibrio, the pres- 
sures downwards and upwards are equal ; that is, the weight 
of the floating body is equal to the weight of a quantity of 
floid of the same magnitude with the part of the body im- 
mersed. 
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P«Pfi. The Hth part of 9 hollww paraboloid witli it» »crt«t 
dQfvqfranils is filled with a. fluid of Imowu specific gr^vit;, 
and a sphere of give» fize aud aabatm^ is plf)C6d iq it. Eind 
how hw;h the fluid will rise. 

Let r = the radius of the sphere, 
> and s' = the specific gravities of the sphere and fluid respeclif elv, 

a = the length of the axis of the paraboloid, 
and /=itg latus rectum ; , 

.'. -firf^fs weight of the sphere a: magnitude immersed X s , 

whence the magnitude immersed = — r-r* ■ 

Also =3 tlie part of the paraboloid occupied bjr the 

' fluid at first; 

.'. if j;=Ethe depth of the fluid 
irir* 4irr'5 irti 



:V^ 



Snh' 

103. Cor. 2. In a similar manner it ma; be shewn that 
if a solid be immersed in a fluid, the pressure upwards against- 
the base is equal to the weight of a quantity of fluid Qf the 
same magnitude with the solid, together with the weight of the 
superincumbent fluid. 

103. Cor. 3. Hence the difference between the pressures 
downwards and upwards is equal to the difference between fhe 
weights of the solid and of an equal bulk of fluid. 

104. Cor. 4. Hence a solid inimersed in a fluid of the 
same specific gravity with itself, y/'AX remain at rest in oil 
positions. 

For the vertical pressures are equal, since the magni- 
tudes and specific gravities are the same ; therefore the body 
cannot move vertically; nor ean it ^love horizontally, since 
the horizontal pressttres are equal and in op^posite dij'e<:tioa» 
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(76) ( and as an obbque motion is compoanded of a vertical 
and a horizontal one, and these are equal and opposite; there- 
fore the body cannot have any oblique motion. 

105. The ascent of a solid in a fluid specifically heavier 
than itself, is owing to the pressure upwards of the fluid. 

For if a solid ascend, it must be acted upon by some force 
lending upwards, otherwise it would descend by its own gra- 
vity; but there is no force tending upwards except the pressure 
of the fluid in that direction ; it is therefore that pressure by 
which it is compelled to ascend. 

106. A solid immersed in a fluid of less or greater spe- 
ci£c gravity than itself, will descend or ascend with a force 
equal to the difTereoce between the weights of the solid and 
an equal bulk of fluid. 

For (103) the diflereuce between the pressures downwards 
and upwards is equal to the difference between the weights 
of the solid and of an equal bulk of fluid ; that is, (if M^ (he 
magnitude of the solid, and S and s the speciflc gravities of 
the solid and fluid) =M,(S'^i). If then the solid be spe- 
cifically lighter than the fluid, the force upwards =M,(_s—S); 
and if heavier, the force downwards ^ M. (S — s). 

This also will appear from the following esperiment : 
If a wooden plate be closely fitted to the boltom of a 
vessel, and then mercuiy be poured into the vessel, it will re- 
main unmoved : but if the plate be so disengaged as to admit 
the mercury between itself and the bottom of the vessel, it 
will instantly ascend*. Hence, therefore, when the pressure 
of the fluid upwards is removed, the body does not ascend 
though specifically lighter than the fluid ; (for in this case it 
is not pressed upwards by any force, whilst it is pressed down- 
wards not only by its own gravity, but also by the weight of 

' Mercury is fitter for this experiment than wa(«r, since it does not 
ftdhere to wet wood as water does ; and therefore cannot so easily in- 
nmiatt itself between the plate and the bottom on which it rests. 
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the snperincumtient column of fluid), whereu when the pres- 
sure upwards is not removed, it does ascend. We may infer 
therefore that the ascent is owing to the pressure upwards of 
the fluid. 

107. Cob. The acceleraUng force will be the difference 
of the weight<of the solid and eijual bulk of fluid, divided by 
the mass of the body. And whilst the body is entirely im- 
mersed, this force will be constant, whence the motion will be 
uniformly Decelerated ; unless disturbed by the resistance of 
the medium. 

If the body is specifically heavier than the fluid, it will 
descend to the bottom, and press it with the excess of its 
weight above that of an equal bulk of fluid. If lighter it will 
ascend and float, and rise till the weight of the body is equal 
to that of a quantity of fluid of the same magnitude as the 
part immersed. 

108. The pressure upwards may be made so great as to 
sustain a body whose specific gravity exceeds that of tlje fluid 
in any assignable ratio'. 

* This principle is employed to ruse heavy bodies from the bottom 
of rivers, or ships whirh have suuk. The weight to be raised is 
fastened to a large vessel previously loaded so as to sink deep; and 
upon the removal of the lading, the pressure upwards of the water 
causes the vessel, and with it the attached weight, to ascend. It has 
also been employed to cany ships over shoals, by fastening to 
their bottoms large chests filled with water, which bang afterwards 
pumped out rendered them sufficiently buoyant, and enabled them to 
pass over the shallows. 

It has also ^ven rise to the construction of the Camel : which con- 
UBts of two half ships made so that they can be applied beli>w water 
on each side of a large vessel. When they are to be nsed, they are 
filled with water sufficient to sink them to the proper depth ; and the 
vessel being secured between them, the water is pumped out: they 
therdore ascend, and with them the vessel to which they are 
attached. 
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For the pressure u)»vards (100) is equal to tbe wejgbt of a 
column of fluid having the same ba^e as the eoliil, and ^n M^i- 
tude equal to t};^ d^ ptb below Uie surface of the fluid : wh^lfi 
as the base and specific gravity are given^ will iucreqse with 
the increase of die depth, and may therefore become greater 
than any assignable quantity. Now the pressure of the fluid 
downwards being removed, the only remaining pressure 
downwards is the weight of the solid, which is die same at all 
depths ; therefore the pressure on the base of the solid may 
be increased til) it sustains the weight, however great, of the 
solid. 

This will explain the common experiment of making lead 
swim, in consequence of its being fitted to the bottom of a glass 
tube. 

109. Having given the specific graviues of a cylindrical 
solid of known thickness; to determine the depth at which 
the solid will be just supported. 

Suppose the solid just supported: then (102) tbe pressure 
upwards on the base of the solid is the weight of a cylinder of 
fluid whose base is(B) the base of the solid, and altitude the 
perpendicular depth (D) of that base, = jB x D x 5 ; and the 
weight of the solid = B x Hx 5"; S and S' being the specific 
gravities of the fluid and solid, and H the given thickness; 
but these weights are equal ; .". DxS = Hx S^. 

or D ~. 

pROB. In a vessel of fluid, a hollow cylinder EF is placed, 
(o the bottom of which a cylindrical body of greater specific 
gravity than the fluid is so closely attached that no fluid can 
enter. To detennine the depth at which the body will rest. 

Let a and A be the areas of the upper 
surface of tbe body and cylinder, c = thick- 
ness of the body = GH, x = the depth re- 
quired, and s and s the specific gravities of 
the body and the fluid. 
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The part of the upper surface which is pressed downwards 
is a — b, and its depth being; x, the pressure downwards on 
it = (d — i). i'x, and the waight of the body = lac; 

.'. the whole force downwards = ia—b) . ix-^sac, 
and the force upwards = s'd . (x + c) ; 
hence s'a . (^ + c) = (a — 6) . s'x + tac ; 
.*. i'ac = sac — s'bx, 
is-s') . ac 

CoH. If r and / be the radii of the surface and the 
cylinder, 

^' 7?^- 

110. When a body is immersed in a fluid, the we^ht lost 
a to the whole weight as the specific gravity of the fluid is to 
that of the solid. 

When a body is immersed in a tluid, the force with wfiich 
it descends will manifestly be equal to the difference between 
the weight of the solid (fF) and the weight lost by the action 
of the fluid (ff). But it has been shewn (106) that the force 
with which it descends is the difference between the weights 
of the solid and of an equal bulk of tiuid=fV—w, whrace 

fV- W'= W-w, 
.'. W= w =Ms', if s' be the specific gravity of the fluid, 
and M the m^nitude of the solid. Hence 

W : W :: Mi : Ms :: s' : s. 

111. The part of the weight thus ioWt is not destroyed : it 
is Duty sustained by a weight acting in a contrary direction. 
Hence it is evident, why the weight of a buclcet of water is not 
perceived while it is ki the water. It is not because fluids do 
not gravitate while they are in fluids similar to themselves : 
but because there is a pressure in a contrary direction which is 
precisely equal to their gravity. 
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112. Cob. 1. If die specific gravities of the fluid and 

body are as I : n; and W:sthe weightofthe body, the weight 

fV . • . 

lost a — ; therefore the weight 'of the bridy in the fluid 

»~1 



'.fF-~ ' 



W. 



113, Cob. 2. The weights which bodies lose in difi'erent 
iluids are as the speatic gravities of those fluids. 

Pbob. Having given the weight of a body in air and 
water; to determine its real weight. 

Let 3^ ^ its real weight ; w and o/ its weights respec- 
tively in air and water, then x-^w and i — w' are the weights 
lest, and if a and / be the specific granties of air and water^ 
x — w : x — w' :: s : s*; 
,'. s'x — s'w = sx — sv/, 
or (»' — s). jsj'tw — jo/, 
_s'bi~j«j' 

If the body be a globe whose diameter is required, as also 
its specific gravity ; let y = its specific gravity, 
.'. w : X v, y — s : y, 
and X '. v^ ■.: y '. y — s*; 
.'. 10 1 Ml':: y — s : y — i'. 



and if S = 



whence v= — ' i—i 

the diameter, the magnitude c 
S* s'w — sm' /w — aw' 



i = \/l 
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114. Cor. 3. Bodies of equal weights, but diRerent 
tnagoitudes, lose in the same fluid weights which are recipro- 
tally proportional to their specific gravities, or which are 
directly as their magnitudes. 

115. Cob. 4. When a body is weighed in air, in order 
to obtain its absolute weight there must be added to it the 
weight of an equal bulk of air. For (110), ff"=:w. 

1 16. Cor. 5. If two bodies, of the same weight in air, 
be put into a denser fluid, the smaller body will preponderate : 
since it loses a less weight than the other (1 1 3). 

117- Cor. 6. If two bodies weigh equally in any fluid, 
and then be brought into a rarer medium, the greater will pre- 
ponderate. 

For the weight lost in the denser fluid = MS, in the 
rarer =Mi; .'. the increase of weight from a body's being 
broDght into a rarer fluid = AT. (S—s), which <xM; hence 
the greater body will preponderate. 

118. CoR.7. Bodies which sust^n equal losses of weight 
are of the same magnitude. 

For the losses of weights are as the weights of the quan- 
tities of the fluid displaced, which are as the magnitudes of 
the bodies that displace them. And therefore if the losses 
of weights be equal, the magnitudes must also. 

119* It may here be observed, that if a body suspended 
in the air be acted upon by gravity, its moving force in 
this fluid is equal to the excess of its weight above that of the 
air whichlt displaced ; so that it is acted upon by a constant 
accelerating force a little less than that of gravity in vacuo. 
To compare these two forces, let g represent the first, and G 
the second ; M the magnitude of the body, S and s the den^ 
sides of the body and air. 

Then MD = the mass, and GMS — GMs ^ ihe moving 
force ; 

.■ . the accelerating force ff = G . ( 1 ) . 

K 
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Hence the air retards tl>e morons of heavy bodi^!) or two ac- 
• counts, 1. because it acts as a resisbi^ mediuoi, which pro- 
duces a retarding force depending upon the velocity of the 
moving body, 2. it diminishes the constant accelerating force. 
The first cause has no influence on the time of a whole oscil- 
lation ; but this is not the case with the second. The time 
varies inversely as the square root of the force, and therefore 
depends upon the densitir of the air in which the oscillations 
are performed, and will increase with that density. The 
value of g therefore determined by observations of the pen- 
dulum in the air, does not give the force of gravity in vacuo. 
But by means of the preceding formtila we may calculate the 



Pros, If a piece of copper is ejuctly couut^poised i<i 
air by a brass weight, and both the copper and brwf are 
immersed in a fluid, the copper will prepon(l^rat^(110; tod«r 
tennine what weight must be added to restore the equilibrium. 

Let w = the weight of ^tber ao|id ; c &ud. b^ the speci6c 
gravities of copper and brass, s the specific gravity of the fluid 
in which they ar£ immersed' 

The brass will lose by immersion a weight ~ -7- ■ 

1 > . , *t>s 

and the copper a weight = — ; ' 

the difference therefore of these will be a weight (w) by which 
the equilibrium is destroyed; or 

, ws ws c — b 



the weight which must be added (not immersed) to restore the 
equilibrium. 

1. If 120 grs. of brass are counterpoised in air by a piece 
of copper, and both are immersed in water, 
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w> a» ISO.— ^— = - — = l-i-grs. 
9x8 7fi 

the weigbt to.be spplied to the Mcendiog arm of tiw tnlance 
to restore the eqiiiliWiuiD. 

2. If * gitkies weighing >S9 gr^- be connterpoised by a 
piece of bn»»> mid both the goM and bras* are immeraed in 
water, 

, l7.2*-8 . 

" = "«'<?7T7-j = "»«"•+■ 

die weight to be' added tu the tfrifi of the balance from which 
th« brass is suspended', 16 restore the equilibrraln. 

(The specific gravity of standard-gold is taken = 17.2j that 
of water being = 1). 

1 20; We have therefore a method of detecting the adul- 
teration of precious Uoetals. If a real guinea and a counterfeit 
one of copper anij gold bave the same weight when placed tn 
a pair of scaleSj let iheaS be weighed in water, when it will be 
found that the eoanterf«it will lose lAore of its weight than 
the unadulterated one. For since the specific gravity of gold 
exceeds that of copper, and tlie absolute weights of the coins 
are ei]^ual, tbe counterfeit guinea must be greater in bulk than 
the real one, and pinst therefore displace a greater quantity of 
water, that is, lose a greater part of its weight. 

121. Hence also may be resolved the problem proposed 
to Archimedes by King Hiero, who having employed a gold- 
smith to make him & croWn of gold, saspect«d that silver had 
been mixed-, and en<(iin'ed 6t Archimedes, if his suspicions 
coaid be Tcrified or dtSpr«v«d without injuring the crown. 
"the mode of det^cdrtg xbe ttaad is not known ; but it seems 
provable that it «as done itt tbe fbffowiiig' manned: 

A quantity of gofd of the same absofute weight as the 
crown would evidently Itavte (be sariie'BuIk, >f the crown were ' 
pure gold ; but greater, if adulterated; By wei^hit^ therefore 
the quantity of gold add the crown in water, Archimedes 
would find that die crown lost more of its 'weight than the 
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gold, and might therefore conclude, that as the crown must 
have displaced a greater portion of water than the piece of 
gold, its bulk must likewise bave been greater ; and the metal 
therefore adulterated, of which it was composed. 

132. Thb method, however, would not be sufficient, if 
the kinds of metal were unknown : for a mixture might be 
. made, of gold and copper, for instance, of the same weight 
and magnitude as a mixture of gold and silver. Also if the 
crown contained more than two kinds of meta), as gold, silver, 
aod copper, the problem . would be indeterminate ; for the 
three metals might be combined in several wa^s such that the 
mixture should have the same weight and magnitude : and 
a fortiori if there was a greater number of metals. 

Pros. Given the specific gravities of two bodies; to 
find the ratio of their quantities of matter, when they balance 
each other in a fluid whose specific gravity is also given. 

If A and B be the magnitudes, a and b the specific gra- 
vities of the bodies respectively, and s the specific gravity of 
the fluid, 
the weight of the magnitude A in the fluid = A.{a~s), 

the weight of B in the fiuid = B. (6— f). 

But A.ia-i) = B.(b—s); 
.-. A : B :: b-s : a-s, 
and Aa : Bb :: a.(6-s) : i.(a-s). 
Pros. A cone A, and a cylinder B, of the same specific 
gravity, base, and altitude, balance each other at the extremi- 
ties of a straight lever, when immersed in a fluid of given 
specific gravity. Supposing a cone = .^ cut out of B, at^l 
its place supplied by another of half its specific gravity ; find 
what part must be cut off from A to restore the equilibrium. 
Let A = the magnitude of the cone; 
.'. SA = that of the cylinder. 
Let s = the specific gravity of the cone and cylinder, 
and i' = that of the fluid ; 
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,'. dA.(t — i') = the weight of the cylinder in the fluid, 
pnd A .(s — /)= the we^ht of the cone in the fluid, 
vbence the arms of the lever are in the proportion of 3 : I. 
Suppose X = the part remaining, when a portion is cut off 
from A; 
.'. X .(s — s') = weight of the remaining part of the cone. 
Also iAs + A X js — 3jls' = weight of the cylinder on. 
the second supposition; 

.-. 3i.(s-s) = (ZAs+-^Ai~3A3)xli 



.(«-«')■ 



and -•. the part cut 08"= ■- X j. 

o «— s 

Pros. Two equal cylinders A and B, whose density ia 
(2<) and altitude (a), are immersed in different fluids viz. A 
in a fluid whose density varies as the depth, and £ in a 
fluid of the uniform density (s). When connected by a string 
passing over a fixed pulley, they balance in a given position. 
Supposing £ depressed through a given space, by how much 
must it be lengthened to restore the equilibrium? 

The tension of the string CA is equal to the 
relative gravity of A, that is, to the weight of 
A minus the weight of an equal bulk of fluid. 

Let b = the base of either cylinder, 

c = lhe distance of the top of ^ from Ifae 
surface when in equilibrio at first, 

r = the depth at which the density is s; 






- = the density at the d 



0- 



The weight of .4 or B in vacuo =iabs, and the weight of 
the bulk J of fluid 



-ri 



(taken bt'.-.veen the values x = 



"• + ',) 
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*• Xa + cf — e' 
' r' 2 
if iae + a^ 



Now if by the depreMion of B,c becomes c', the teMioD of 

AC becomes iabs . , which is ereater than the 

r S 

former by . (c — c ). 

llie tension of CB io the first position, when the altitude of 

the cylinder B = a, was 2bas^bas==hag, 

and the increase of tension' = ba's — bas = bt.(a' — a), 

, , , , bas , ,. 

which must equal x (c — c), 

hence a' — a =- . (c — c'), 

that is, the increase of the length of S= ~ x the increase of 
d^th. 

133. By weighing a solid in vacuo, and in a fluid, th^ 
specific gravities uf the fluid and solid may be compared. 

For knowing the weight of the solid in vacuo, and in a 
fluid, the difference of these weigbts, that is, the weight lost 
by the solid in the fluid is known ; and (1 10) 
the weight lost : the whole weight :: the specific gravity 
of the fluid : that »f the solid^ 
in which proportion, the former ratio being known, the latter 
is also determined. 

Ex. A piece of metal whose weight is 88 grains^ when 
immersed in water weighs only 77 pS. ; 
.'. its specific gravity : that of water :: 88 : 11 :: 8 : ]. 
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134. B; weighing several solids in the same fluid, the 
ratio of their specific gravities may be determined. 
For (110) W : W :: t : i. 

If therefore any number of solids whose weights are A, B, C, 
Sec. when weighed in the same fluid lose weights <r, b, c, &c. 

. -. ^ B C ^ 

their specinc gravities are as — , — , ~, ac. 

Ex. A solid whose weight is 8 grains weighs 7 in a fluid ; 
and another of 785 weighs 689 in the same fluid; what is the 
raUo of their specific gravities. 

The weights lost are 1 and 100 respectively ; 

.... 8 785 
.". the specific gravities are as - : :: I60 : 157- 

125. By weighing the same solid in several fluids, the ratio 
of their specific gravities may be determined. 
For fV' : W :: s' : t, 
therefore in this case W oc i'. 

If therefore a solid when successively immersed in different 
fluids loses weights a, b, c, Sec. the specific gravities of the 
fluids will be proportional to a, b, c, Stc. 

Ex. A solid whose weight is 250 grains weighs 14? in 
ope fluid, and 120 in anodier. What is the ratio of their spe- 
cific gravities ? 

The wights lost are 103 and 130 i 

.'. the specific gravities, are ^ 103 : 130. 

1S6. The specific gravity of a folid, may be ascertained, 
from weighing it in air, and in a vessel filled with water. 
If ff = the weight of the body in air, and a) = the weight 
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of the vessel when filled only with water, and w = the weight 
of the vessel containing the solid and water ; then 

the weight of the quantity of water displaced ^ «>' — if, 

and therefore the weight lost = W— o/ + tr, 

whence W— w'+tr : fT ;: 1 : the specific gravity (s); 

■ _ W 

■'■ " ~ fV~j,/-\-w' 

This is on the supposition that the weight of the air is 
neglected, and the specific gravity of water — 1 . 

127' Cor. 1. If the substance is soluble in water, as is 
the case with many of the salts ; alcohol must be used, or 
some other fluid, such as the essential oils, which are not capa- 
ble of dissolving it : and their specific gravity being known, 
that of the salt may be determined. 

128. Cob. 2. If the solid imbibes water without dis- 
solving or decomposing it ; let the body be weighed when 
perfectly dry (and call its weight W), and again when it has 
imbibed as much water as possible. Let the difference of 
these weights ^ W ; then W is the weight of the water im- 
bibed. Find how much water the body displaces, which sup- 

pose = a', the apparent specific gravity = — , since it has 

displaced a. But in order to know the specific gravity of the 

solid parts of the body, which do not admit water, such as the 

real fibrous part of sponges, we must consider that the real 

, fV 
quantitjf of water displaced is not a, but a— fV , and .'. = 

is the real specific gravity, neglecting the weight of the air. 

129. To find the specific gravity of a solid specifically 
lighter than the fluid in which it is weighed. 

Take a body specifically heavier than the fluid, and suffi- 
cient to make die compound bodies sink, and weigh it in the 
fluid ; then attach to it the solid whose specific gravity is 
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required, and weigh the mass in the fluid. Let fc'^the differ- 
ence between the weights of the heavier solid in the fluid and 
the mass in the fluid : then w ^ the force of ascent of the 
lighter solid = the weight of a quantity of fluid of the same 
magnitude with the lighter solid - the weight (w) of the lighter 
solid in vacuo; whence the weight of a quantity of fluid of 
the same magnitude with the lighter solid = v + w'. Hence 
(8) w + w' : w :: the specific gravity of the fluid (s) : that 
of the solid (>') ; 



130. To find the specific gravity of a body in the state 
of powder. 

Take a metal box oi quan^ty of wax of such a weight, 
that when the powder is inclosed therein, the mass may be 
specifically heavier than the fluid : and proceed as in the last 
Article. 

131. If the specific gravity of air be called s, that of 
water being Ij and W the weight of any body in air, and W 
its weight in water ; theu fV + s . 0V— W) is its weight 
Hj vacuo very nearly. 

Let w = the real weight of the body, 

then (113) w-JV : w-W :: s : 1 ; 
whence s .{w- W) = w- fF, 

or w.(l-s) = ir-sW'; 

... ^ = ^~^^ =W-\-s.{W-fV')+s' .{W~W') + &i.c. 

and s being small, s^ will be small compared with s, and 

.-. 0!= W+s.{W- W) very nearly. 

L 
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133. If IT be the specific gravity of a body, ascertained 
by weighing it in air and water, and s the specific granly of 
the air at the time when the experiment was made ; the correct 
specific gravity or that which would have been found if the 
body had been weighed in a vacuum instead of air, is 

ff + S.(l-0-). 

» ■ .. . * iV-sW' 
As in the last Art. w = . 



But the real specific gravity <r' = 



■■■'■='^. 


^'-(^^'- 


■)= 


w- 






Mm „ = 


W 

w-w" 










.-. Wa- 


W'„ = w, 










mi W = 


>v'-^. 









- ; (r-i.(j-i ) 



133. Given the weight of a bottle when full of air, and 
when full of water ; the weight (in air) of a solid introduced 
into itj and the weight of the bottle with the solid in it, when 
filled up with water. To determine the specific gravity of the 
solid, taking into consideration the weight of the air, its spe- 
cific gravity at tHe time being n. 

Let w = die weight of the bottle and water, 
»/=: the weight of the solid in air, 
X := the magnitude of the solid, 

and s =: its specific gravity ; 
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.'. xi—xn=it>f, (115) 
and I = ; 

I— B 

.-. ihe weizht of the solid in vacuo = . 

* — » 

Let to" = the weight of the bottle with the solid in it, 

when filled up with water ; 

.'. to" — 10 = weight of the solid — weightof equal bulk of water, 

whence the weight of equal bulk of water 

w'j ., , 

= — w + fP 

s — n 

» . (ip + «/ — tc")— n . (w — »") 



f— n 

tp'+n.CttJ — w") 



134. Cob. Let n = 0; .'. s = -. a, 

w+nf — w 

agrees with what was shewn above, 



w+v/—w"' 

139. If a body float on a fluid, the centres of gravity of 
the body and of the fluid displaced, must, when the body is at 
rest, be in the same vertical line. 

For the action downwards of any portion must be equal 
to the re-action upwards of the fluid below. But the effect 
downwards is the same as if the whole effect look place at the 
centre of gravity ; the effect therefore of the re-action of the 
fluid under this portion must be the same as if it took place 
at the centre of gravity of that portion, that is, if the body 
floats, as if it took place at the centre of gravity of the fluid 
displaced. If then this action of the fluid upwards against 
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the body in a vertical line, does not pasii through the centre of 
gravity of the body, it must give it a routory motion. 

136. In order that a floating body may remain at rest, two 
condi^ons are necessary ; 

1 . That the weight of the body be equal to that of the 
fluid displaced ; 

2. That the centres of gravity of the body and the fluid 
displaced be in the same vertical line. 

For if the 6rst condition fail, the body will have a progres- 
sive motion in a vertical direction: if the second, it will turn 
rouud its centre of gravity, till this centre and that of the fluid 
displaced fall in the same vertical. Where both conditions 
fail, the body will at the same time have a progressive and 
rotatory motion. 

137. Cor. 1. Hence every homogeneous plane %nre, 
divided into two equal and similar parts by an axis supposed 
to be vertical j and every homogeneous solid generated by the 
revolution of a curve round a vertical asis will remain in equi- 
librio in that position in a fluid of greater specific gravity. 

For the weight of the body being speci6cally less than that 
of the fluid will be supported by the pressure upwards of the 
. fluid (107); and the centres of gravity of the whole and of the 
part immersed will evidently be in the same vertical line*. 

138. Cor. 2. Every homogeneous prismatic body, whose 
axis is horizontal, v'Al remain in equilibrio on a fluid when the 
centre of gravity of the section made through its middle, paral- 
lel to the bases, is in the same vertical line with that of the 
section which is immersed. 

For the centres of gravity of the prism and of the part im- 
mersed may be considered as being in those points ; and the 
prism is then in equilibrio, 

* It may be observed that the converse is not generally true, that 
is, if a hom<^eneous body divided into symmetrical parts by its axis 
is in equilibrio in a fluid, it does not follow that its axis is vertical. 
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139- Dbf. The vertical tine paasing through the two 
centres of gravity of the solid and of the part immersed is 
called the line of support. 

140. When a bod; floats, the magnitude of the part im- 
mersed is to the mi^itude of the solid, as the specific gravity 
of the solid is to that of the fluid. 

For since the solid floats in equilihrio, its weight (101) is 
equal to the weight of a quantity of fluid of the same mag- 
nitude as the part immersed. If therefore M and m be the 
magnitudes of the solid and the part immersed, and S and 5 
the specific gravities of the solid and fluid, 
MS = ms. 
and m : M :: S : s. 
1. Let a solid, whose specific gravity = 4, float in a fluid 
whose specific gravity = 10. Required the proportion of the 
parts immersed and extant. 

Here m : JIf :: 4 : 10; 
, ■ , m = -I- Jf , 
and the parts are as -f ^ 4- :: ^ : 3- 
2. A cubic foot of wood, whose specific gravity is to that 
of water as 48 : 52 is put In water. How much will be im- 
mersed ; and what will make it level with the water. 
Here w : M :: 48 ; 52, 
.-. m=liM; 
and 48j^ +48M= 52M, 
whence x = ^ M ; 

or there must be placed on it a portion equal to ^ of the ori- 
ginal magnitude. 

S. A cubical iceberg is 100 feet above the level of the sea, 
its sides being vertical. Given the specific gravity of sea- 
water = 1 .0263 and of ice = 0.92 14 at the temperature of 32* ; 
to find its dimensions. 
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If 3; = theletigtb of one side, 

X— 100 = the length of ihe piece under water; 

.•■. x'-100r° : X* :: 0.9214 : 1.0263, 

and 100 : x :: 0.1049 : 1.0263; 

102.63 

.. x = =978.3 feet; 

0.1049 

and a^ = 936302451 .687. 

141. Cor. 1. If two bodies float on the same fluid, their 
specific gravities will be directly as the parts immersed, and in- 
versely as their whole magnitudes. 

143. Cor. 2. If Uie same solid float on difi'erent fluids, 
the specific gravities of the fluids will be inversely as the parts 
immersed. For in this case, the magnitude and specific gra- 
vity of the solid being giveo, either of the extreme terms of the 
proportion will vary inversely as the other. 

Ex. If Ihe same solid float on two fluids, and in one of 
them -i-th of the solid be above the surface, and in the other -f th, 
the specific gravities of the fluids will be as 4- : 'j- := 1^ : H. 

143. Cor. 3, If different bodies float on difierent fluids, 
and the parts immersed be equal ; the specific gravities of 
the fluids will be directly as the magnitudes of the bodies and 
their specific gravities jointly, or directly as tbeir weights. 

For s = oc JtfSoc W. 

m 

1 44. CoR. 4, If bodies of the same weight, but of dif- 
ferent specific gravities float on the same fluid, the magni- 
tudes of the parts immersed are equal. 

145. Cor. 5. If the magnitude of the part immersed be 
increased or diminished by any quantity, the absolute weight 
of the body must be increased or diminished by a weight equal 
to the weight of the portion of fluid which is more or less dis- 
placed than before. 

If m'= the additional magnitude immersed, 
then (m + m').i = the weight of the whole fluid displaced, 
and .-. {m + m').s = MS+W'. 
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Now3fS = nu; .*. W = m's, which is the weight of the 
additional fluid displaced. 

Prob. To find how deep a paraboloid will sink in a fluid, 
whose specific gravity is n times that of the solid. 

Suppose PHP" the section made by a 

plane of floatation ; 

then PBDP : ABD :: 1 : n; 
.-. APP' : ABD :: n-l : w, 
or X* : a' :: M— 1 : n; 
if ^C = o, and AJIf=x; 
.'. X : a :: n \/n~i : a/H, 
and a— X : a :: -Jn—mjn— 1 : m/n, 

whence MC = a — T = a. ^ ^ . 

Vn 
Prob. A cubical inch of metal, whose specific gravity is 
to (hat of water :: m : 1, is formed into a hollow cone, and 
immersed with its vertex downwards. Determine the ratio of 
the exterior diameter of its base to the altitude, when the sur- 
face immersed is a minimum. 

Let r = the radius of the base of the cone, 
x = the perpendicular altitude, 

z = lhe depth to which it is immersed in the water 
with its vertex downwards. 

Then x : r : z : the radius of the section of the cone 
made by the plane of floatation, which .'. = ~, and the 

weight of the water displaced = j- x 1 = 1 x m, the 

weight of the metal ; 
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Now as the surface of the whole cone = trr \/r' + i*, 
and similar surfaces are to each other as the squares of like 
sides } 



.x':^:: 



whence ixdx .i^ = -^x^ .(r' + i^).(Ix, 
aud 2x*=4^.(r* + /); 

.", ar^ = 2r', and x = n/2 .r, 
or X : r :: .J'q : 1. 

Prob. a hemispheiical vessel of given weight floats upon 
a fluid with one-third of its asis below the surface. Required 
the weight which must be put into it so that it may float with 
-J- of its axis below the surface. 

Let W = the weight of the hemisphere. 

Since the content of a spherical segment =n- . (rx^ — ■^'); 



■ ^9 81^' 



8lfr 
and s= r, 

Sirr 



And W-\-W' = s':r>^.(* -—') 
\9 81/ 



28 81 ly _ 7W 
'81 ' Swr' ~ 2 ' 
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Pkob. To find the thickness of a hollow globe, made of 
ntj substance} whose specific gravity is known^ so that it may 
swim when imraersed wholly or in part in a homogeneous 
dut4 whose specific gravity is also known. ' . 
Let D and If be the exterior and interior diameters, 
and 2'=: the part of the vertical diameter immersed; 
the content of the sheU = ^ «■ . (D" - D**) ; 
and the magnitude of the fluid displaced = ir . (^Dj* — 'a'')' 
Let s and s' be the specific gravities of the globe and fluid, 
then iir3.tD'-iy^) = irs'.({Dx'-^x\ 

wh„c.D'=(i^-?;^' + !)•)* 

and ^ . (D - ly) is the diickness of the shell. 

If we suppose die shell to swim in die fluid when wholly 

immersed, D = z, and If = D X/ ] ~ '-. 

Let the sphere be copper, and its diameter sa 10 feet, 
and let the fluid medium be airj s =. 7788, / = 1 . S, and 



ff = ,„N/,-i:l = 



7788- »■»'»= \ 
and 4..(D— ly) = 0.00025 of a foot, or 0.003 part of an 
inch = the thickness of the copper when the globe swims in 
air. 

Pros. If a globe of given diameter float on common 
water ; (o determine the area of the section at the surface of 
the water, when the specific gravity of the globe is to that of 
water ;: 3 : 5. 

Here v .i^Dx*~-i-j^) : ■jt.-J-D' :; 3 : 5, 
or SDi'-ex^ : D" :; 3 : 5, 
and 10j:^-15«'+3D' = 0; 
from which equation a value of x may be obtained ; whence 
^ .(Dx — x') = the area of the section may be found. 
M 
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PkOB. DttertUioe the thkknets of a hgikt>-abgl0d dirts of 
copper wbich riiaU jnat float widi its edf^e leyel witb ihe aurfece 
of the fluid; the specific gravities of the copper and fluid 
being :: g ; 1, and the interior and exterior surfbcei having A 
common base. 

Let r = the inner radius, and f a the thickness ; 

. ir.(r + tf ir-Kf + f^-r'] 
then —5 9. . 

.-. (r + tf = 9.{r + ty-9r\ 

and 2.(»- + = »-n/^5 

■••' = -^-'- 

Pbob. a given frustum of a paraboloid, whttse density is 
D, sinks to a depth (a) in a fluid. How far will a similar 
and equal frustum similarly immersed, whose density varies in- 
versely as tbe distance from the vertex, and at the smaller end 
~ D, sink in the same fluid. 

Let ABFE be the frdstum, and 
G Ae vertex of the parabola. 

Let KL = a, LH=h. GL = c-, 

then GEF : GCD : GAB = c' : {c + a? : {c + b)'; 
.-. ECDF: EJBF :: (c + fl)'-c' : (c + hf-c' 

:: 4ac + a' : tbc + b'. 
Now if the specific gravity of the fluid = S, 
S : D :: EABF : ECDF 

:: ibc + b' : iac + a" ; 
„ „ A + 2c b 



distance x it will = X> . - ; 
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.'. the weight =J^ity* ' "^ .dx^fvlx . D.- ,dx 

=firlDc . dx, 

I being = the latus rectum ; 

.'. the weight of the frustum = ir/i)c6. 

And if j; = the deptli that this frustum sinks, the weight 

of a quand^ of fluid of the same magnitude as the part im- 

mersed is 

Ka + xc/ a 
which is equal to the whole weight of the frustum, aiD .wlcb; 
icx + x' fr + gc 1 _ 
a 'a + Zc' a"'^'' 
a+2c 



fiom the solution of which equation x may be found. 

FBoa. If there b» two bodies A^ and S, wbow specific 
gmvilJAs sre s and t', onp greater and the other Uis thap tb«t pf 
water, aod the weight of A ia fV; tq determine what wefght 
(w) of B roust be annexed to A so that the specific gravity of 
the compound may be the same as that of water. 

W a 

The mgnitude of A = — , and the magnitude of B = y ; 

.'. the mgnitude ofi.+ B=a- — \- ", = -7-^-, whieh 



ia the magnitude of water displaced by A + B. 

Wf'lT + IIUff 

Hence the weight of the water displaced = 7 , 

which by the hypothesis is equ»l to the sum of the weights ; 
whence W-]-V)= , ' — ; 
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W.{ss'—^a) =o>.(so— j/>. 



(.,-„). i 






(1-/).. 

146. If a floating body be in equilibiio, and a weigiht 
W be added, the body will aiok. Supposing the centres ai 
gravity of the fluid displaced and of the body to be in the same 
vertical line; to determine the depth {x) through which it is 
depressed. 

Let j1 = the area of the section of 
the body at the surface of the water, 
when it has sunk by the addition of 
W- it may be determined in terms 
of X from its figure and position be- 
fore TT was added ; therefore yAdi 
will be the magnitude ABDC of the body which is im- 
mersed in addition ; whence if s = the specific gravity of the 
fluid, sfAdx = the weight of the fluid displaced (101). 
Hence 'W=ifAdx^ in which the value of A being substi- 
tuted, X may be determined. 

147- Cor. 1. If the body be a solid of revolution, and 
y — the radius of the section AB, A = iry^; 
.: W=.^,fy'd,. 
Ex. Suppose (he body to be a paraboloid with its axis 
vertical, and in equilibrio; y'=:f».(a+x) where m = the 
parameter, and a = the distance of the vertex from the sur- 
face of the fluid; 
hence Tr=}«is«-.Ca + x)'' + C = ^mJ7r.[(a-(-x)*-<i*]; 



Here the negative sign answers to the case where fV 
would be taken away. 
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148. Cor. 8. , The preceding foraaula (146) ia applicable 
to prisms and right cylinders with any base, if the generating 
plane be, vertical or horizontal. In the former case A is the 
area of a rectangle formed by the intersection of die cylinder 
with the surface of the fluid in the second state of equili- 
brium. And in the other case A ia the constant area of the 

JV 

base, whence W=$Axi .'. x= —-. 

sA 

In the case of a right cylinder with a parabolic base whose 
generating plane is vertical, and whose length = A, 
y' = m . (o + x) i 
.-. A = iks/m.sja+x. 

and fF=l£^.{(« + x)»-«»}, 
whence x may be determined. 

If this cylinder has its generating plane horizontal, die 
base being the segment of a parabola, whose area A = -^ed, 
c and d being the two greatest dimensions of the segment, 
SW 
~ iscd' 
149- Cor. 3. The same may be applied in a similar 
manner to the subtraction of a weight W. 

150. Cob. 4. If a body symmetrical with respect to its 
vertical axis floats on a fluid; to determine the weight ff 
which must be placed on it to make it just sink to the surface. 
If AB be the section of the body coincident with the sur- 
face of the fluid before the addiUon of fV, and x = the distance 
between AB and EF; W= the weight of a quantity of fluid 
(146) whose magnitude is EABF, =sfAdx + C. 

Or, if JIf = the whole magnitude, and s and / be the 
specific gravities of the fluid and solid, 
fr+Ms' = Ms ; 
.-. W=M.{»-^). 
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161, If in two fluids which do not mis, a solid be im- 
mersed speciAcaltjr heavier than the firat «nd lighter than the 
second j it will float between them when the weights Qf the 
fluids respecttvely displaced are together equal to the weight 
of the solid. 

Since the solid cannot wholly rest in either 
fluid (107)) it rests between both in some 
position. Let EF be the common surface of 
the two fluids, and D the upper surface of 
the lighter. Now the pressure downwards on any point A of 
the base is the weight of the incumbent line of solid parUctes 
AC, -(- the weight of the superincumbent column of fluid CD. 
And the pressure upwards againstthe same pointis the weight of 
a column of heavier fluid whose magnitude is AB, + the weight 
of a column of the lighter whose magnitude is BD. Hence 
the difference between the pressures downwards and upwards 
is equal to the difference between the weight of the solid 
column AC, and the wughts of two columns ^B and BC of 
the heavier and lighter fluids respectively. Hence the difference 
between the whole pressures downwards and upwards is equal 
to the diflTerence between the weight of the solid, and the 
weights of portions of the two fluids, whose magnitudes are 
AEF, FEC. 

Pkob. Ifs and s' are the specific gravities of the two 
fluids ; what must be the specific gravity of the body so that 

-di port of it may be in the lighter fluid. 

Let u denote the magnitude of the body ; 
.'. 1 = the part in the lighter, and n — 1 = the part in the 
heavier fluid, 

aqd iiff = s'x I +s.(,n-l); 

«' + («-!). J 

. . V = ■ 

n 

1 53. Cor. I. Hence the ratio of the parts immersed in 

the two fluids may be determine^- 
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Let M and AT be the magiutudea of the parts ; s and s' 
the apeafic gravities of the two fluidsi and 0- the specific gra- 
vity of the solid, 

then M* + 3fi' = (Jf+af').<ri 

and M : itf* ;: tr— »' : s-ff. 

153. C0K.2. Hence M : M+M" : o— »' : s-s'; 

and M' : M+ M' :: s — ir : 1 — s'. 

154. CoR. 3. If the solid float on one fluid, t' =0, 

and flf : M' :: (T : s-ff. 
Also M ; M+ JM' i: a : s, which agrees with Art (140). 

IfiS. Cor. 4. If the specific gravity of the lighter fluid 
be increased, the third term (a* — s') in the proportion is dimi- 
nished, the fourth remaining the same; therefore the first will 
be diminished compared with the second, and the part of the 
body in the lighter fluid will be increased. 

Thus if any substance float on the surface of a fluid m 
vacuo, on admitting th6 air, the substance will rise higher above 
the surface ; and the prbportion of the part immersed to the 
whole will be dimimshed. 

Prob, a %fater fluid rests upon a heavier, and their spe- 
cific gravities are respectively 3 and 6. A paraboloid, whose 
equation is a*x^y\ floats between them with its vertex down- 
wards, and sinks with ^th of its axis in the heavier. Deter- 
mine the specific gravity of the solid. 

Let M and St be tbe parts reapecdvely immersed in the 
heavier and lighter fluid, and S the specific gravity of the 
solid ; 

then 6M+3M'=!=(M+M').S. 

And since y* oc x, y* »: jl j .'. y'x oc jl ; 
and M : M+M' :l 1 : 4! :: I : 8. 
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M 


M' :: 


1 ; 7. 


and 


6M 


+ 21 M= 


-&MS, 






.-. S = 


= S = 3,375 



Pbob. From the vertex of a paraboloid of given dimea- 
sions, a part, equal to ^th of the whole, is cut off b; a plane - 
parallel to the base ; and the frustutn being then placed in a 
6uid with the smaller end downwards, sinks till the plane of 
floatation bbects the axis which is vertical. To determine the 
speci6c gravity of the paraboloid ; that of the fluid, and the 
density of the atmosi^ere being given. 

Let GH=a; s = the specific %ta,v'ity of the paraboloid, 
(see Fig. p. 90.) 

i' = that of the fluid, 
and s"=den8ity of the atmosphere. 
Since EGF the part cut off = ^AGB, 

GV : GH" :: EGF : AGS :: 1 : 4; 

. . GL = ^GH. 

And AGB : CGD : EGF=a' : i%af : {^af = iG :. 9 : 4; 

.-. ACDB: CEFD :: 7 :5; 

.-. 7/ + 5s = 12i, 

7»"4-5s' 

and s = , 

.12 

Prob. a body floats on water. Find the ratio of the 
parts immersed, when the imcumbent fluid is air and also 
when it is a vacuum. 

Let M' be the magnitude of the part immersed when the ' 
body floats in air and water; and M+M" that of the whole 
body. 

Ifs, s s', represent the specific gravities of air, water, and . 
Ihe body respectively, then (153) 

M+M' _ s'-s 
M' ~s''-s' 
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JJow if M" he the magnitude of the part immeised when 
the body floats in a vacuum aud water, s s= 0, 

^ M+M' s' 
and ■■- „ = -J. . 



Hence 






= 1-J + 4,; 



Ex. Suppose the 


loa^iig body oak, 


s"= 925, 


/= lOOOj 1=0.2 = 


' _ 1 
s' 5000 


s" 4625 ' 


. s s _ 5000 


-4625 375 



= 0.000016 ; 
23125000 23125000 

whence M" = U' 'x 1.000016. 

156. The Hydrometer consists of a long stem, which 
is caused to rest perpendicularly to the surface of a fluid, by a 
ball of sufficient weight attached to it; and the stem is gradu- 
ated into aliquot parts of the whole instrument. 

157- In order to'measure the specific gravities of fluids, 
let the instrument be successively immersed in two fluids, and 
the magnitudes of the parts immersed be observed. Then the 
magnitude of the part immersed in the first : diat immersed 
in the second :: the specific gravity of the second fluid : that 
of the first; in which proportion the first ratio being known, 
N 



id by Google 



Ihe last is also; and if either of its terms be given, the olher 
may be ascertained. 

158. Cob. 1. In order that the divisions of tbe stem 
may indicate equal changes of specific gravity, they must be 
ID a series of harmonic progregsionals. 

159- Cor. 2. If the stem be divided in arithmetic pro- 
gression, its diameter must increase upwards. 

For if M and M' represent the parts immersed in two 
Duids respectively whose specific gravities are S and S , 
,, ^, 1 1 M'-M M'-M 

M M' MM' M" ' 

when M' — M is very small. 

If therefore S ~ S' be constant, whicU is the case when 
the graduation is equal, M' - M oc M^. But M' — M 
being the portion of the st«iB included between two succes- 
sive divisions is nearly a cylinder whose height is given, and 
whose base is the thickness of the stem at that place; there- 
fore the thickness oc M. 

l6o. Cob. 3, When a body floats between two fluids 
with a part hi each, MS + M'S' = {M+M')-. a; and this is 
the case with the common hydrometer. Suppose it would 
sink to the same degiee in a fluid whose specitic giavity i« 
S-i-S", independent of the air; then S" is the quantity to be 
deducted from the indication of the instrument, to attain the 
true result; and 

M.{S + S") = {M+M').>j = MS + M'S'; 
.-. MS" = M'S'; 

and S' = -r^.S'. 
M 

l6l . Cou. 4. If the pressure o^ the almo.sphere be cnn- 
kidered; since (lo3), 
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M : M+ M' :: <r-«' : *-«'; 

.-. JVf oc — ■ 
s—s 

For if the lighter fluid and the. Bolrd he given, ilf 4~ ^' ^"^ 

a — s are given. Hence if ihe stem be cylindrical, Hnd I and I' 

the lengths of the stem lespectively imtnersed in tw« fluids, 

whose specific gravities ni'e s and /', communicating with stir, 

/ : /' r: s"-s : %'~i; 

.'. the stem may be gradimted. 

pROB, To determine the nature of the stem, so that the 

part (i) of it above the surface of the fluid may be propor- 

tioual to the specific gravity of the fluid in which it is 

immersed. 

Let a be the value of ,r when S = 1, 

^ X ^ W 
then 

^ dx WdM 

and — = ^r-p^ . 

a M- 

Let B be the whole bulk of the hydrometer, 

then M a £ — the part of the stem not immersed ; 

and if the stem be a solid of revolution, M=B~J'ny'dri 

dx Wvy'^dx 

whence — = -■ ■- ,. ■ ;., . t,; 

.-. B-f->rfdx=s/^aW,y, 

and — ■Ky'di = •s/ va W .di/; 

.V 
whence v + L = y — x- - ; 



and ifx + C>/ ^'V ^- 
^ equation to an liyperbolii between (he asymplotcii. 
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l62. A considerable improTcment has been made in the 
hydrometer, by placing a small brass cup on the top of ib.e 
stem, into which small weights may be put, so as to sink it in 
different fluids to the same point of the stem. In this case, 
the part immersed being the same, the specific gravities of the 
fluids will be as the whole weights (143); which are known from 
knowing the weight of the instrument, and the weight added. 
Thus let W= the weight necessary to make it sink in one fluid, 
and fr±w = the weight necessary to make it sink to the 
same point in another fluid. 

Then if S and S' be the specific gravities of the fluids, 
W : W^+a. :: S : S'; 

in which equation knowing W and «i, and the specific gravity 
of one of the fluids, which will be 1 .000, if that fluid is water, 

S'= l.OOOx A + -jn-), is also known. 

163. This is nearly the construction of Nicholson's hy- 
drometer, which is capable of ascertaining the speciflc gravities 
of bodies also. 

It consists of a hollow copper ball attached to a dish by 
means of a stem made of hardened steel, and about ^h of 
an inch in diameter. An iron stirrup fixed to the lower extre- 
mity of the ball, carries another dish sufficiently heavy to keep 
the instrument in a vertical position. The parts of the instru- 
ment are so adjusted, that when a given weight (e. g. 1000 
grains) are placed in the upper dish, the whole will sink in 
distilled water, at the temperature of 60^ of Fahrenheit, to the 
point {m) in the middle of the stem. 

164. To find the specific gravity of a fluid*. 

* Since the Epecific gravities of fluids vary when their tempera- 
tures vary, in cnmptiriiig those of dilTerent fluids, we must first redtice 
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Suppose JV= the weight of the hydrometer, » = the weight 
to sink it in a given fluid to the point (ja), and a/ = the weight 
to be added, or taken away, in the fluid whose specific gravity 
is required. Then TT+w and W + w + v/ are the weights 
of the fluids displaced ; 

.-. S : S' :: W+v>±w' : W+w :: 1 + -j^ : 1; 
W+w 
and one specific gravity being given, the other may be found. 

165. To find the specific gravity of a solid which does 
not exceed 1000 grains in weight. 

Let w — the weight in the upper dish necessary to make 
the instrument descend in distiiled water to the point (m). 
When this weight is removed, let the body be placed in the 
dish, with an additional weight w' sufficient to make the in- 
strument sink to (m). The magnitude of the fluid displaced 
in the two cases is the same ; and the weight of the body in 
air s= «i — w'. 

Now let the body be placed in the lower dishj and the in- 
strument sunk to the point (m) by the addition of a weight to", 
that is, to the weight w' in the former case, add the weight 
a" — w, which is the loss of weight of the body in the water, 
or the weight of an equal bulk of distilled water. Hence the 

ratio of the specific gravities is — ;; , , w, tu , »", being 

the weights placed in the dish in three cases. 

them \o some one temperature as astandard. This is arbitrary : the 
temperature of about 60° of Fahrenheit's thermometer is convenient 
for experiment, since It may always be readily procured in these 
climates. One nearer to freezing would have some advantages, be- 
cause water changes its bulk veiy little between 32° and 45°. But 
tbis cannot always be obtained.— An experiment detennines the spe- 
cific gravi^ only in tiiat temperature in which the bodies are examined. 
Some corrections arising from the expansion and contraction of fluids 
in consequence of change of temperature will be pointed out in a 
following Section. 
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l66. As the cjlindrical stem of An inslrumetit is only 
^tli of an inch in diameter, the instrument will rise or fa\} 
nearly one inch by the subtraction or addition of j^th of a 
grain. It will therefore indicate changes in weight ieaa than 
gjjtli of a grain, which will give the specific gravities correct 
to five places of figures. 

Pbob. In a cylinder which is ^ths filled with water, an 
hydrometer is observed to rest at a certain depth. Suppose- 
tlie vessel filled up with fiuid of three times the specific gra- 
vity of water, and the two fluids to mix, with what weight must 
the instrument be loaded to make it sink to the same depth b» 
before. 

Let iA = the content of tiie vessel, 

s OL the specific gravity of water, 

. „ , . 3A.S + J .38 3s 
the specific gravity of the muttire = ^ ~~o~' 

Call X the additional weight, and w the weight of the in- 
■trumenl ; then the part immersed being the same, the whc^e 
weight oc the specific grarity (143), 

.-. v> : w + x :: 1 : 4, 

1d7. Given the weight of a common hydrometer, and 
the magnitude of the lower part which is not cylindrical ; to 
determine the length of the stem immersed in a given Auid. 

Let w = the weight of the hydrometer, and nt = the given 

magnitude; « = the specific gravity of the fluid, / = the 

leAgth of the sUin immersed, and r a its radius; 

.'. n-r*/=ethe content of the stem. 

Now the instrument being in equilibrio, will displaee a fXM-tioi> 

of fluid of the same weight as the hydrometer; 

.'. w = s.im + vr^f), 

w-ms 
whence I = s — . 
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168. Cor. 1. A small variation in w or s will cause a 
considerable one in /. 

For w— ms = the weight of the fluid displaced by the 
steal: and from the smallness of the radius of the stem, 
»— nij is a very small quantity. 

169. CoK. 2. To determine the difference of depth to 
which it sinks, arising from a change -of density of the fluid. 

I<et s become t, and / be changed to I', 

^ -, «J — wis' 

then f = s-T- ; 

vr s 

. l—t = "'^''"'^ 

170. Cor. S. The sensibility of the instrument may be 
increased by increasing at, the weight of the fluid disphiced, 
or by diminishing the diameter of the stem. 

171. C0R.4. If ihe specific gravity remains the sam«, the 
atniib^ty of the instrument, or the quantity by which it sinks 

in consequence of the addition of a small weight bj' oc —^ . 

For suppose by the addition of w, I becomes = /', 
(hen (145) vr\il' — l). s = w' ; 



1 72. Cor. 5. If the specific gravity be altered, or s be- 
come s ; and in order to keep the instrument at the same 
depth, W becomes io-i-W, 
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w 
but s = r, ; 

which agrees with what has been proved before. 
173. CoK. 6. Hence s' — s : s y. w'. : w; 



the difference of the specific gravities. 

174, The Hydrostatical Balance consists of an inverted 
balance sustained on a fulcrum at the bottom of a vessel of 
fluid : to one end of which a body specifically lighter than the 
Huid is suspended by an horse-hair ; and the other end con- 
nected also by an horse-hair with the extremity of a common 
balance in vacuo. To the other extremity of the latter 
balance a scale is appended in which is placed a weight suffi- 
cient to counteract the tendency of the body to rise in the 
fluid. This weight therefore measures the force of ascent, and 
is equal to the diff'erence between the weights of the solid 
and of an equal bulk of fluid. Hence if to the above weight be 
added the weight of the solid in vacuo, the weight of an equal 
bulk of fluid is known. 

The weight of the scale must be counterbalanced at the 
other arm of the balance tn vacuo. 

lJ5. By this balance the specific gravities of fluids also 
may be determined. 

For let W and fV' be the weights to be added in order to 
produce the equilibrium in the fluids respectively. These will 
be the weights of quantities of fluids of equal magnitudes, and 
.-. W : W" will be the ratio of their specific gravities. 

176. To determine the position of equilibrium of an 
boinogeneous triangle floating on a fluid, supposing only one 
angle immersed. 
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Let AB be the plane of floatation. 
"Dien in order that the body may be in 
equilibrio in the fluid (136), Ibe weight of 
the triangle CDE muat be equal 
the weight of the fluid triangle ABE; 
and the centres of gravity G and O, of 
the two triangles CDE, ABE must be in the same vertical 
line GO, which must therefore be perpendicular to the surface 
of the fluid. 

Let P and F be the points of bisection of CD and AB ; 
talce£G = f£P, and EO=\EF; G and O are the centres 
of gravity of the triangles- ECD aud ABE. And since the 
sides of the triangle EPF are cut proportionally in O and G, 
OG is parallel to PF; and since GO must be vertical, they 
are perpendicular to AB. Hence if PA and PB be joined, 
they will be equal- 
Let EC, ED, EP be represented by a, b, c, respectively ; 
let the angle P£C = m, PED = n, EA=x, EB^y; and 
i : IT the ratio of the specific gravities of the solid and fluid. 
Since the area of the triangle ECD = jab, sin n, 
and the area of the triangle AEB = ixy.aaa; 

.'. s .ab~a.xy [I] 

Now PS'sPE' + E^-iEBxPExcoaPEB 




X* — ScT.cos m, 

:0..[II] 

the roots of which equation and of [I] will give the positions 
of equilibrinm. 

O 
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177- Cor. 1. Since every equation of an even number 
of dimensions (,Alg.35S\ which has its last tenii negatiTe, hai 
at .least two real roots, one positive and the other n^ative, 
this equation has two real roots. But the other two majr be 
real ; whence in that case (Alg. SOS) three roots will be poti- 
tive and one negative. The body therefore may have three 
positions of equilibrium ; but it cannot have more. 

178. Cor. 2. If the triangle C£J) be isosceles, b = a, 
and cos » =: cos in ; 



(r* ) . ja^*-fic.{cosm).a; 1 1 = 0; 

and a'— £e .(cos wi),x — — =0j 



from the former of which equations we deduce x s: a 



nA, 



Wl. 



and y =s a v — , and ■'. y '= x, or the triangle AEB ia 

isosceles also, and CD the basie of the given triangle is parallel 
to the surface of the fluid. 
The second equation gives 

j: = c . cos « ± 'y e* . cos* m — — ; 



whence y = - 



b V C*.C0S*fM 
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1 + V * -cos"/!! ) 



which will giv« the other positions,' when x and y are reaU 
and X lesa than a, and y less than b, that ia, in ibia case less 
than a. 

Now in order to satisfy these conditioiu — must be lees 
than c* . cos*fn, or - less dian —^ . cos* m ; and a must be 



greater than - 

When .'. (T = 1, the limits of $ are between - 
2ac . cos m~-a^ 



179- CoR.3. If Ihetriangle be equilateral c.cosm = ^a; 
and therefore the triangle besides the situation of equilibrium 
indicated by the first equation may have two others, if s be 
less thau r^, and greater than ^, thai is, if t be between the 
values of jj and ^- 

180. To determine the position of. equilibrium of an 
homt^eneous triangle, floating on a fluid, supposing two 
angles are immersed. 

Here the centres of gravity of ECD, 
ABDC, AEB are in the same straight 
line; but the centres of gravity of ECD, 
ABDC are in the same vertical ; whence the 
centres of gravity of ECD, AEB are also 
in the same vertical. 
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As before, therefore, take EG = \EP and £0 = -f-EF; 
iheD OG being joined, is parallel to FP ; and FP is per- 
pendicular to AjB ; therefore as before, PB=PA. 

Now since ECD : ACDB :: <t : i, 

ECD : EAB :; v : a-t; 

.-. EAB= ECD.^^^; 



whence (as in the last) xy = .ab, 

and a:* — 2 c x' . (cos m) 

+ 2cab. .(cos«).x— ( ) .a'6' = o, 

a- \ tr y 

which is similar to the former equation. The body therefore 
may have three positions of equilibrium, but it cannot have 
more. 

181. Cor. 1. If the triangle be isosceles, a = 6, 
cos m = cos N, and the equation becomes 

r*— Sc. (cosm).J:* + «c. .(cosm). a'x-~ (■ J .a* = 0, 

whence x .a =0; 

and I* — Sc .(cosm), j-H .a'txO; 



and therefore the triangle is in equilibrio when the base CD 
is horizontal. 

Also X = c.cos m ± v c".cos°»i — a'. , 

3^ = c . cos m T V t* . cos' m-a' . ^^^; 
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which give the other positions, as before, when - is greater 

a* — c*. cos'm , , , 2a*— Sac .cosm 

than r and leas than f . 

a a 

183. CoB.fi. If ECD be equilateral, c.cosm=^a; 
whence - must be greater than ^ aii4 leas than jg . 

183. To determine the position of equilibrium of an 
homogeneous rectangle with one angle immersed in the fluid. 

Let AB be the plane of floatation : j] 

bisect ^B in F; join EF, and take 
EO = ^EFi O is the centre of gravity 
of AEB. Now the centre of gravity of 
the rectangle is in G the intersection of the 
diagonals ; therefore CO is vertical, and 
perpendicular to the surface of the fluid j4B. 
Let GI= i EG. Join IF; it is parallel to 
GO, and therefore perpendicular to AB; whence IA = IB. 

Let EC = a, ED^b, EA = x, EB=y; and let s : a 
be the ratio of the specific gravities. 
Then sab = 4<r -ry, 
and W = /£' + EA' - ZAE xIEx cos lEA 

= IE' + EA'~~iJEx lEx^ 



Also m= IF? + y'-^; 
^ 2 ' 

, , Sax , 3by 

whence x ~ = y , 

2 -^ 2 ' 

, , So , 3sa6* 4s* ,,, 

and X — — .X A . i — — ^ . a o =0, 

which will give the positions of equilibrium. 
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184. Cob. Suppose the figure to be a square, md 
.*. a = b; the equation becomea 

. 3a , , Sia* 4i* . 

t'— — .X H X J .a' = Oj 

2$ 
whence 3^—- — .a =0, 

. , 3fl 2s , 

and I :.x+ — .a =0. 

2 0- 

Hence x = a\f — , and y f^ a y — = :t, 

and the square is in equiUbrio when the diagonal CD il 
horizontal. 



Also from the second equa^n, i=2 V3 ± Vg— 32 . -^, 
and y =-.(3? V 9-32.-), 

from which two positions of equilibrium are obtained when - 
is less than ^ and greater than ^. 

185. Cob. £■ In a manner similar to the proposition, 
the position of equilibrium may be determined when three 
angles of the rectangle are immersed ; by inverting the figure ; 
whence, as in the former cases, it may be shewn that 

I ""* i 

. s 3«^ . 3 6y 
and X = V — • 

186. To determine the positions of equilibrium of an 
homogeneons rectangle, when two angles are immersed in the 
fluid. 
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From X, where the line of 
floatation meets the side CH, draw 
ilK perpendicular to the oppo- 
site side; and from C draw the 
vertical line CL. Let l,t, O, G 
be the centres of gravity of 
ABK, JCDK, ACDB and 
Ci)£ff respectively. Draw IM, 
FN, OP, GQ perpendicular to 
Cffj and Op, Gq, Pm, QI 
parallel to the horizon. 

Let CD -o, C{r=S. Cil-i, DB=y, ABt^x; and 
let s ; <r be the ratio of the specific gravities of the solid 
and fluid ; 

then •.CDEH=c.CABV, 

or a.«A = <r. -.(T+y); 

.-. J-t-y= -.24. 

Also CABD X OP = ABK X /M + ACDK x FN, 

or i«.(l-l-y).D = io.(y-l).l^o + ilI.in, ' 
or - .o4. D = ia'y+|a*i; 
_ o- gqy-l-qj 
" T" 66 " 
Now the centre of gravity O is the point of bisection of 
nOi which is paraUel to AC or BD, 
and Oo or CP = i.{C.*-|-coi 
i.3C 



Also ^S : ££ : 



CP : Pm, 



:eA£ :£B:: Ac : 



V— T :: r +-^ 



I Is So J 
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AK :: OP : OK, 

a-.-.D.OR^'-^: 

z 

BK :: Ca : QL, 

</—' ■■■■ T* : Oi=j7-(y-»)- 

AK :: 60 : Gd, 

a :: ia : Gd=—. 

Iz 

Now by the second condition of equilibiium, Op^Gqy 
Whence aD+{y-^) . {^+^. i)}=|+ (y- i) . i*. 
or D.[ia'' + {y-xf']=a^ + a.{b-x).(y-x); ■ 
hence if *■' = -, 
2a.(Zib—x) + ai 

67i ■ ^®" +f** *-''^>^ 

= a^ + a.(6— j^).(2s'A-2jr), 

= o*+(6-x).{2s'6— aar); 
whence <i'.(s'i--r) + 2 .(4s'6 — x) .(s'A— :r)* 
= 6s'A.(i-jr).(s'6-3:), 
which will give the positions of equilibriuui. 

187- Cor. 1. Since a'b — x is a foclor of the equation, 

x = s'6 = -.6, whence y = ~ .b, 

and therefore the position of equilibrium iletennined from 
hence, will be when x = if, or when the side is horizontal. 
The other part of the equation 
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"PI7. 



and y = s'A + V^i'-Cs'-s'")- 
whence the rectangle will have two situations of equilibrium, 
provided the values of x and y are real and posibve, and each 
less than b. 

188. Cor. 2. If the rectangle be a square, a = b; and 
it is in equilibrio, when any of its sides are horizontal. 
Also x — s'a±a'j3.(s'-s'^)~i, 
and 3/ = s'a+ax/3-(s'-0 — i; 
whence there will be two new positions of equilibrium, when 

• s IS between J and . 

189- T^o determine the positions of equilibrium of an 
homogeneous parabola, supposing the extreme ordinate en- 
tirely out of the fluid. 

Let EH be .the axis, and 
CD the extreme ordinate, AB 
the line of floatation, which 
bisect in F, and draw KF pa- 
rallel to EH: Let fall the 
perpendicular KL, and draw 
the tangent KT meeting HE 
produced in T; it is parallel to 
AB. Let S be the focus, and join KS. Take G and O the 
centres of gravity of CED and AEB. Join GO, which 
will be perpendicular to AB {ISS). 

Let EH =a, CH — b, and the parameter to the axis 

= — = c, KF=x, AF=if, KL = i, a = the specie gra* 
nty of the parabola, and <t = that of the fluid. 

Then, EG ~ fa, KO = fx, LT = BiE = — , 




id by Google 



and from simUar triangles KLT, AMF, 

KT : KL :: AF : AM = , '/ , 

Also the area EDC = -f EH x HC, 

and EAB = ^AM x FK, 

vcxy 
whence sab ^ ~~ — -~- — - 



.[I]. 



/c'' + 4z' 

As the secood condition of equilibrium is satisfied, if the 
axis be vertical, and .'. jr = Oj 

sab = tyxy = axf./cx; 



'="■©*• 



But if K does not coincide with E, 



KS = SE + EL 




Let this value of y be substituted in equation [IJ, 
and sab = n .i,JT^, 



whence x = a .( -^^ as \ 



Now GO being perpendicular to AB, the triangle* 
KLT, FNO are similar. 



whence KT : LT :: OF : FN 




id by Google 



and KIT. GNQ being similar, 

LT : KT " NQ : QG=^-4~^ 



Now QG = EG-EQ=EG-iQT-E'D=U-x + 
whence 2* = ^^^^^^^ — ~ — ^^^= ""\„'"^ 7^ . f — 



Gac-Sc^ -6cx 6ac — 5c' 6ac r s \-|. 
io " 10 10 " ~ ' 






whence two new pouitiona of equilibrium will be obtained, 

one to the right, and the other to the left, provided 6a ia 

/ " W «. . /6a-5c\4- 
greaterthan5c + 0a . f — I , or - less than I — I , 

Apposed to be real and positive. 

190. If a cylinder, which, when left to itaelf, floats ver- 
tically on the surface of a fluid, be depressed or elevated 
through a given depth : to determine the motion when let go. 

Let the plane of floatation pass through H 

when the cylinder is at rest; and suppose it to I 

be depressed till the point G is at the surface. 

The weight of AB \a equal to the weight of I 

a cylinder BH of the fluid (101). And when ' 

the cylinder is depressed till G comes to the surface, the 

accelerating force, which (107) is equal to the difference of 

the weights of the body and the fluid displaced divided by 

. , , , , . HGxaxj' flGxs' ., . 

the weight of the body, is = — ; = — ; , if the 

° ^ kx axs h X s 

height of AB = A,and s and s'be the specific gravities of the solid 
and fluid. Hence, the accelerating force varying as the dis- 
tance from the position of equilibrium, the motion is the same 

as that of a pendulum in a cycloid whose length is -> . & = the 

altitude of BH; 

for (force = ) —7 : (gravity = ) 1 :: HG : I = ~j, 

and .'. the time of an oscillation = ir\^ — ;. 

DolizedtyGOOgle 



In a similaT manner it may be ahcwn, that if the body be ele- 
vated, the force oe HG, as before. 

191 - Cor. 1. If the cyUnder has — th of its aus im- 
mersed when at rest; and -ih of the part extant is suddenly 
taken off;' to find ihe time of an oacillation. 

Since the cylinder rests with -th of its axis immersed, its 
specific gravity is ^th of that of the fluid (140). Now when 
-ih of the pirt extant is taken off, the new position of equili- 
brium will be when -th of the remainder is immersed, that 

1 (m-\).n + l . . 
IS, when - . ■ " is immersed. 



knd the time of id oicilUuon b t 



^/t 



gmn 



193. Cor. S. If the cylinder be depressed to J; to de- 
tennine its velocity after it has risen through any altitude x ; 
agd the time of its rising. 

LfA 3 : s' :: n - i ; -■. jlH={l-n).h. 

If therefore in Ais case AG be the height risen, 

GH= (I-n).A-xi 

. , ,- f (l-p).A-ar 

.'. the accelerating force = ; , 

nn 

, , „, (I -n).hdx-idx 
and vdv^glfax ^ g .- 1 — 7-T. ; 

whence u* = ■^. {s .(1-n) Ai-/} ; C being =0; 
.{i.il-n).hx-x^].. 



=v/! 
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= V — X arc I versin = 7 I . 

^ g I (l-n).hJ 

193- Cob. 3. To determine the greatest aUitude to which 
the body rises in the case of the last Cor. 
Here v = 0; .'. 2.(1 -«). Ar-a;* = 0, 
and cr!=2.(l -n).A. 

194. Cor. 4, The velocity is the greatest, when the 
force = 0, that is, when ( I - n) . A = r, which is j ust half the 
former altitude. 

195. Cor. 5. After ascending to the greatest altitude 
the cylinder again descends ^ after which it returns ascending 
as before ; the velocity increasing to the middle point and then 
decreasing again to the extreme point of motion, after the 
manner of a pendulum oscillating. The tenacity and friction of 
the fluid will retard the motion, and the vibrations will decrease, 
till at length the cylinder will rest in the middle pwnt of its 
vibration, where it will float io its quiescent state with the 
part ( I — n) , A extant. 

196. CoR. 6. The greatest velocity 






.].. 



\M. 



197> Cob. 7. The whole time of an oscillation 

« S g 

which agrees with the former value. And the times of oscil- 
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lation will be the same, to whatever depth the solid is 



19s. If the body be irregular, and the section of the 
vessel be not considerable with respect to the corresponding 
section of the body : to determine the time of an oscillation. . 

]jet JEFB be the surface of the fluid 
in the vessel; and suppose that when the 
body is depressed through a very small 
space AG, that the fluid ascends in the 
vesiel to H. Let a and b represent the l>^ 
sections EF and AB of the body and vessel. LetjlG = x, 
and M and M' be the magnitudes of the body and the part 
EQF immersed. 

Since the portion of the body depressed is equal in magni- 
tude to that of the water elevated ; 

AH-ib-a) ~ax; 

,.AH = -^, 

andHG = :r+-f^ = -^, 
b—a b—a 

whence = the quantity of water displaced. 

b — a 

Let i and a' be the specific gravities of the solid and fluid, 
and therefore the moving force upwards against the body 

abx , 
= - — xi. 

b — a 

TT 1 , ■ ^ ^ "^'^ 

nence the accelerating force = -7^^ X -; 

Ms b-a 

— ^ aftJ 

which varying as the distance from the point of equilibrium, 
the length of the pendulum = M' . — j- = M' .( — - ) : 
whence the time is determined, as before. 
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199* COr. If the section of the vessel be iDdefinitely 
great compared with that of the body, or b indefioitely great 

compared with a; the length ^ M' . -. 

300. Def. The Eqtalibrium of Stabiltti/ is that in 
which the solid floats pennanently in a given position ; that is, 
when the body, if its posiuon be changed, will have a tendency 
to regain its former position. 

201. Def. The Equilibrium of Instability is that in 
which the solid, though the two centres of gravity of the fluid 
and solid are in the same vertical line, is easily overset ; or, if 
its state be changed, the body instead of tending to regain its 
first position, has a tendency to revolve farther from it. 

302. Bef. The Equilibrium of ladijirence 'a that in 
which the solid rests without any tendency to move from the 
position in which it is placed. 

203. If a floating body revolve round a moveable axis, 
which always remains parallel to a fixed horizontal line; and 
in this manner be made to pass successively through all its 
positions of equilibrium in which the axis has the same direc- 
tion; the positions of stability and instability will succeed each 
other alternately. 

For, suppose the position of the body at first to be that of 
the equilibrium of stability ; then whilst it continues very near 
to this position, it will have a tendency to return to it (200); 
but as the body is more reclined, and this tendency thereby 
diminished, it will at length endeavour to recede farther from it. 
Before, however, this change taltes place, there will be a posi- 
tion in which this tendency is = 0; that is, where there is 
neither a tendency to return to, nor recede from its first posi- 
tion. This will be its second position of equilibrium. Now 
before the body arrives at this position, its tendency is to re- 
turn to the first, and therefore from the second: after it has 
passed this, the tendency is to recede from the first, and there- 
fore from the second. This second position therefore is one 
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of instability, since on eacfi side of it, the lepdenc; is to recede 
from it (201). 

After passing the second, Uie tendency to recede from it 
gradually decrease^, till at length it becomes = 0, when it 
arrives at its third position of equilibrium, which ia one of 
stability ; since on each side of it the tendency is towards it. 
In the same manner the fourth will be one of instability, and 
the fifth of stability, and so on. So that when the body hat 
returned to Its original position, it will have passed through an 
even number of positions of equilibrium which are alternately 
those of stability and instability. 

204. If a parallelopiped float on a fluid ; to determine its 
stability at 3 small angle of inclioation from a given position of 
equilibrium. 

Let DFBE be the body, G its 
centre of gravity, AB the plane of 
floatation when it is quiescent, and 
the centre of gravity of the fluid dis- 
placed; therefore GO the line join- 
ing the centres is iheii vertical (1S5). 
Suppose now the body to be turned 
thVough a smalt angte d, and ab 
become the plane of floatation ; I 
centre of gravity of the fluid displaced 
is no longer at O, but transferred towards those parts which 
have become more immersed. 

Now since the weight of the whole st^id remains unidtered, 
die magnitude of die part immersed will be the aame ; therefore 
aFb'=JFB, and ACa = BC6; for if not, the weight of the 
body would not be equal to ^e pressure upwards of the fluid, 
and therefore these forces applied at O would produce a ver- 
tical motion, which is not here taken into the account, being 
considered as inde^niteiy small ; and independent on the 
motion round G*. 

• If at the ori^n of the motion the weight of the bodyvKceed tht 
pressure upwards of the fluid, G wilt descend, and its motion he acce- 
lerated 
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But lince ACa^BCb, and tbey are small; if we suppose 
them generated by the revolution of the surfaces 'AC, BC 
round the axis of floatation parsing through C, and pp, g^ 
the paths described by their centres of gravity, 

AC X pp'= BC X qg'i 
whence the products of AC and SC into their respective dis- 
tances from the axis of floatation passing through C are equal; 
and therefore the centres of gravity of the surfaces AB,ab are 
situated in that axis. 

Let GO = a. AFB = aFb = S; and since is small, 
sin $:=$. 

Draw the vertical tine Gt, and Gn perpendicular to it. 

Then since the pressure upwards on aFb is equal to the 
weight of the fluid displaced, and that this force acts at the 
centre of gravity of aFb, let gn be a vertical line passing 
through Ihat poiiit. ^aw aFb = JFB + CBb- ACa; and 
if we suppose each of them collected in their respective 



Ierated(]07) : but as it descends deeper, the pressure upwards will 
be increased, till it arrives at that point at which it is equal to the 
weight of the body, when the acceleration ceasing, G moves in the 
same direction in consequence of its acquired veiwity, till the pressure 
upwards prevailing over the weight of the body, its motion is retarded 
and then destroyed. From this point, G having lost its velocity will 
again return towards its original position, and continue to oscillate till 
the resistance of the fluid has entirely destroyed its motion. 

The length of these oscillations will be so much the less, as the dif- 
ference between the weight of the body and that of the fluid displaced 
isless'in comparison with the former of them. If the body has been 
only slightly deranged from its position of equilibrium, this difference 
will itself be very imuU, and therefore also the length of the osciila- 
tioos; and these being inconsiderable may be supposed to have no 
influence on the stabiUty of equilibrium of the body. 

Q 
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centres of gravity, the fluid being homogeneous, their weights 
will be proportional to the areas, and therefore* 

aEbxait-AIBxCr+BCixfi-ACaxpi, 
= AFBxGV+BCbxpq; 
or Si = Siifl + iBCx«xt^B 






If the point O were below G, the perpendicular GV 
would fall in the opposite direction, and the equation would 
become 

Hence therefore in general x= \ — ^ + a J .0; where the 

uppei: sign is to be used when the centre of gravity of the 
body is lower than that of the fluid displaced, which is the 
case of loaded ships ; and the lower sign when the contrary. 

If then. W = the weight of the body or of the fluid dis- 

placed, W. | ± a i . d = the eflrort made by the fluid to 

retain the body in its position of equilibrium, or to carry it 
farther from it, and will therefore be a measure of the sta' 
tility. 

203. Cob. 1. When the centre of gravity of flie body is 
lower than that of the fluid displaced, the stability is positive, 

as also in the odier case whilst a is less than ~T-r . The pres- 



• Wood's Mtchanics (173). Whewell's Mechanics (62). 
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sore of the fluid tends to cause the body to return to iti first 
position, or Uie equilibrium is that of stability. 

If x = 0, the centres of gravity of the body and fluid dis- 
placed are in the same vertical line, and the whole pressure 
prodaces no effect in turning the body, or the equilibrium is 
that of indiference. 

If a be greater than — r- , and the centre of gravity of the 

body be above that of the fluid displaced^ x is negative, and the 
centre of gravity of a Fb is on the other side of Gi, and tends 
to cause the body to move farther from its first position ; or 
the equilibrium is that of iustability. 

206. Def. The Metace?itre is the intersection of the 
line of support with the axis passing through the centre of 
gravity, about which the floating body revolves through a small 
angle. 

207. Cob. S. Since Ga = aia9x Gg=9 .Gg; 

^ 12s- 

and g is the metacentre ; the stability therefore will be posi- 
tive or negative, or nothing, according as the metacentre is 
above, below, or coincident with the centre of gravity of the 
floating body. 

208. Cos. 3. Id determining the positions which bodies 
assume on the surface of a fluid, and their stability of floating, 
it is necessary only to find the distance between the two verti- 
cal lines which pass through the centres of gravity of the solid 
and of the part immersed. 

Ex. 1. To determine the stability of a homogeneous 
rectangular parallelopiped, floating perpendicularly to the sur- 
face of the fluid. 
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Let AS be the line of floatation of a 
vertical aection passing through the centre 
of gravity G. Through G draw the verti- 
cal line FGh, Let a = the breadth of the 
section of the pamllelo piped, and c = its 
length, and n : 1 the ratio of the specific 
gravities of the solid and fluid. Let O be the centre of gra- 
vity of the part immersed. 

Now n : I :: FC t FL; 

.: FC = nc, and GO = i.(c-«c), 

and AI = acn ; 

whence x = 9.i i .(c — nc)} which varies as the 

(liacn J 

stability. 

Cor. 1. To determine the limits of stability and instabi- 
lity depending upon the dimensions and specific gravity of the 
solid, let r = 0: 



— = i-(c-nc), 

ISucn ^ 

and B — n = — —5 ; 



«=i±v/i-i. 



Cob. 2. When — j is less than 4:> or when the height of 
the solid has a greater proportion to (he base of the section 
than ^2 : <^/3, two values may be assigned to the specific 
gravity of the body which will cause it to float in the equi- 
librium of indiff^erence. 

If, for instance, e = a. n~^±'^ i-h =0.7S868 and 
0.21132. 
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Cos. 3. If the specific gravity of the body be veiy small 
compared with that of the fluid, must be greater than 

|(c — nc) and the solid will float permanently with DE paral- 
lel to the horizon. 

Cob. 4. If the ratio of the height to the base of the 
section be less than \/& : v 3, no value can be given to the 
specific gravity which will cause the stability to vanish ; be- 
cause Y T — ^~i becomes impossible : in which case the 

solid placed with the surface DE horizontal must in all cases 
conUnue to float permanently in that position, whatever may be 
the specific gravity, supposing it always less than that of the 
fluid. 

Ex.S. To determine the stability of a square parallelo- 
piped, when one of the diagonals of a vertical section is iu 
a vertical position. 

Let LDFE be a vertical section, A B 
the line of floatation, G and O the centres 
of gravity of the solid and part immersed,, 
and n : 1 the ratio of the specific graviues 
of the solid and fluid. 

Ut EF=a; .: GF=^. 

And since CB = CF; .-. JFB = CB*. 

Soy^' ABF : DLFE :: n : l; 

.-. C& = AFB = n.I>LFE = na*, 

and CB^s/n.a, 

whence AB=9.^/n .a, 0F=\. ,^i.a. 
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.Cob. 1 . In order to obtain the limit separating the cases 
of stabihly and instability, f = 0, or 

5-= r=-.(3 — 2v'2»): 

12a*n 3^2 

.'. 271* = — 7=.(3-2x/2n). 
and 4V2« = 3; 

.-, n = ^=0.28l25, 
the specific gravity which will cause the solid to float in the 
insensible equilibrium; and therefore is the limit separating 
the specific gravities which cause the solid to float with sta- 
bility from those which produce the equilibrium of instability. 

Cob. 2. When n is evanescent, the solid will overset 
when placed on the fluid with an angle upwards, ^ being 

a , — 

less than — t^.(3-2V2b). 

Cor. 3. When n : 1 :: 9 : 32, the solid floats in the 
insensible equilibrium ; if the specific gravities are in a less 
ratio, the solid will overset ; but if they are in a greater ratio, 
it will float permanently with JuF vertical, or the angle 
upwards. t 

Ex. 3. To determine the stability of a square parallelo- 
piped with one of its angles upwards, when its specific gravity 
is greater than half the specific gravity of the fluid. 

Let LDEF be a vertical section in this 
case; and retaining the notation of the last 
Example; ABEFDA^na', 

and L(? = LAB = a'- na^ ; 

.-. LC = a^\~7i, AB = Za^\~-v, 
and GC = a.|-y-- ^T^}. 
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Let G' be the centre of gravity of ZAB ; then 
GC X areeDLEfsareajlBEFD^xOC-^ISxCG', 

or o'.{^_VT^,}=«%.OC-f (!-„)»; 

. pj, 3a-3V?.Vl'-».a + Va".(l-.i)i.a 
3 ■Ji. » 

' sJi" , -!3-(i-\^V^i^^)+\/8-(i-«)«l; 

.-. GO=OC-CG = Ot;-— T^. (Sn-SBv's.Vl^l 
=^'^^.{i-Sn-iJi.l,\-,{f*Ji.(\-n%; 

Cob. Id order to obtain the limit, x = 0; 
•'• 2-(»-«'* = yf ■l3.(l-»)-2v'«-C»-n)'}. ' 
or 4 v' 2 . V 1 - H = 3 ; 
■•• 1-'' = ,T- 
and n=j5. 

209- The fluid being considered as non-resisting, the 
floating bod; will oscillate about an horizontal axis passing 
through the centre of gmvity : to determine the nature of the 
oscillations, supposing them indefinitely small. 

Suppose the vertical line passing through the centre of 
gravity of the body when in equilibrio, to have been inclined 
by a quantity m. If 8 be the inclination of the body at the end 
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of the tune t, and a the arc described by a point in GO at the 
distance I from G, B = m~a. 

Let V = the velocity of this point, or the angular velocity. 
At the end of the time t the pressure upwards of the fluid tends 
to increase this velocity; and the angular accelerating force 

= -;-: to determine which, we must divide the sum of the 

dt 
momenta of the moving forces by die moment of inertia; 

that is, if j1 = — -T + a, and MA* = the sum of the products 

of each particle x the square of its distance from the axis 
passing through the centre of gravity ; since IV^^gM, 
dv Ag9 _ ^g ^ , , 

'*° 

but V = ■- ; 
dt 

As 
.-. vdv=-ifx(m-a).da, 

and 1^ = -^.(.ima-a') + C: 

k 

but when u:=0, a = 0; .-. C = 0; 

end .■. r = V --^ ■ -J^ma — a^i 
k 

k da 

whence dl — ,—— . y- .- , 

•sj Ag ^9.ma—a, 

and * = 7=== X circ. arc, 1 cos = . + C 

V^g L ml 

But when( = 0, a = 0; and .-. C' = 0; 

iii4ipnf*p -, — ° — 



- = circ. arc, 
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and = co» ; 1 

m k 



a = m. |l 



■¥} 



If now '"*^/*<^ = 0, !«■, IT, 4ir, 2ir, respectively; tha 



t.JTf 
' k 

values of a are 0, m, 2m, ". 1 therefore tbe bodj eftet 
deK;riWiig an arc m, mil asceud on the other side through an 
arc m in the same time. 

Also when , ^ = «■. a = «m. 
K 

and the time of a complete oscillation = J j^'^- 

e ^ 

And since A = — T" '*" "' 

"* _ Ji y- \/- "^ . which does not 
involve m, and therefore the oscillations w.ll be isochronous. 

./T 

210. CoE. Since in general, T = «■ V —. 

If k'.liS 
the length of the isochronous pendulum = -j= aSa + f 

Ex. 1. Suppose the body a prism, whose transverse section 
is DCE. so that ABC the part immersed may be an isosceles 
triangle. 

Let AB = i = ii- = iAF, 
CF=h. 
ADEB may be of any figure. Let G and O 
be the centres of gravity of the body and the 
partimmersed; .-. fO = ifC. UtFG = «; 

.-. OG = n-^A, and4CB = rA; 
R 
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.". the oistance of tbe metacentre from Cx= — ■ —, , 

3A 

which detenniDes the conditions necessary for the bod/s being 

in stable, unstable, or permanent equilibrium. 

And the length of the isochronous pendulum 

£x. 2. If the part immersed ABIH be a rectangle, 

let ^B=6 = 2r, BI=k. GF=n, 

S = 2rA, OF=^k. and G0 = »-4A, 

and the distance of the metacentre from Grs:— + (n — ^A). 

And tbe length of (he isochronous pendulam 
Shie' 
"r* + 3A.(n-iA)' 
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21 1. Xhe velocity of a stream at any part of a pipe or 
open chancel, varies inversely as the area of the section of the 
pipe or channel, perpendicular to the axis at that part ; sup- 
posing the pipe to continue always full, or the depth of the 
fluid in the open channel, to be always the same at the same 
place. 

For the same quantity of fluid which passes through one 
section, will in the same time pass through the aexl; else, 
either the fluid between the secUone will be condensed, which 
is contrary to the nature of an incompressible fluid ; or there 
will be a vacuity in the stream, which is contrary to the sup- 
position. Hence, if A and A' be the areas of die sections, 
and V and V the velocities of the particles at those sections, 
Axr = J'xr'; 
A, 1 1 



I 



The changes in the diameters of the sections are here sup- 
posed to be continual. \( there be any angles in the pipe, 
they will produce eddies in the motion of the fluid, and the 
proposition will not hold true. 

212. Cor. 1. If Ae areas of the two sections are as 
1 : s/^, the spaces due to the velocities at the sections, are 
as 2 : 1 •. 

' Wood's Mechanics, 241. Wbewell's Mechanics, 178. 
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213. Cob. S. The same demonstration is applicable to 
different sections of a fluid issuing through the oiiBce of a 
vessel^ whether the section be taken within or without the 
vessel; provided the fluid between the sections suffer no 
vacuity. 

214. CoE. 3. Tf the area of the orifice be indefinitely 
sniall, compared with the area of the base of the lamiiiEe, into 
which the fluid may be supposed to be divided; the mean 
velocity of the fluid at the orifice will he indefinitely greater 
than that of the lamins, that is, while the velocity at the orifice 
is finite, that of the lamine will be indefinitely small. 

215. If water flows in a channel, in a direction inclined 
to the vertical at an angle <p ; to determine the velocity at any 
section, the resistance not being considered. 

X«t ABCD be a section of the chan- 
nel, whose base is AD and surface BC; 
the water flowing in, the direction EF, which 
makes with the vertical the angle 0. Let 
o = the velocity of the section GH corresponding to the 
abscissa. ./^/f=f. Draw gh parallel and indefinitely near to 
GH. 

The gravity (g) which accelerates the lamina GHhg may 
be resolved into two, one in the direction EF. and the other 
perpendicular to it. The former of these will ^sg, cos. 0; 
and by the supposition, the pressure on GH is equal to that 
on gh in the oppo»te direction, whence the only accelerating 
force=g.cos. 0; 

.'. gdx . COS. <p = vdv, 
from which equation the velocity is determined. 

210, Cor. If s and S be the spaces respectively due to 
the velocities of the section GH, and the origin of the chan- 
nel ^B, 

s — S + X . cos ip. 

For I . cos di + C = — = », 

2ff 



i if— ^i 



Dohaat, Google 



133 

and when x = 0, s — S; 

.'. s = S -i-x .cos ^, 

217> If the section of the channel be rectangular, and 
of uniform wi^th ; to detennine the equation of the curve 
BGC, the surface of the water. 

Let h = AB, (he height of the first section, and y = the 
height of the section HG. The altitudes s, S due to the 
velocities are reciprocally proportional (o the squares of the 
sections (21 1), or of their altitudes i/, k ; 

and S . — = S + X . cos 6 ; 

y 

.'. S . (—— iy = ¥ . cos <p, the equation required. 

218. Cor. 1. The curve is of the hyperbolic bind; the 
convexity being towards the bottom of the channel, and con- 
verging to it as an asymptote. When the channel has only 
a small declivity, the curvature of the surface is inconsiderable, 
and may be considered as a right line parallel to the bottom. 
And if the bottom be horizontal, the surface becomes a hori- 
zontal plane, and the water flows uniformly. 

2(Q. Cor. 2. If the width of the channel varied, or the 
sections were not rectangular, the curve would be different. 
When, however, tlie width is constant, or considerably exceeds 
the height of the sections, as frequently happens in rivers, the 
curvature of the surface will differ but little from what has 
been determined. 

22Q. If the resistance to the flowing of water in pipes, 
or the channels of rivers be uniform, and equal to gR; tp 
determine the velocity. 

In this case the accelerating force = g. cos <p—gR; 
.". vdv = gdT. COS <p — gR.dT, 
from which equation v may be determined. 
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221. Cor. In ifaia cage the curve BGC will be deter- 
mined from the equatiou 

For V = - . v^ig^S (211); 

and gdx. cos (ft — gRdx = ^ .igS; 

dx ih S ^ 

222. The velocity of a fluid issuing from an indefinitely 
small orifice in the bottom or side of a vessel, kept constantly 
fuUj is equal to that which is due to the depth of the orifice. 

Let ^B W the surface of the fluid, and cd the ^ 
indefinitely small orifice. Suppose the £ 
divided into an indefinite number 
laminae, which duriug their desceut continue p 
Since the area of the orifice is iudefinitely : 
compared with the sections of the fluid in the vessel (214), 
the velocity of the descending laminx will be evanescent; 
and that which would be generated by gravity in the descend- 
ing particles will be lost. The small column edkg, there- 
fore^ which is discharged eveiy instant, must be expelled by 
the superincumbent column Ecd, or by a moving force 
s X Ee X O, if s be the specific gravity of the fluids and O 
the area of the orifice. 

Let now cdfe be a column which would have been dis- 
charged by gravity alone in the same time, and let V and F' 
be the velocities generated in the columns cdkg, cdft by 
the moving forces t x £c X O, s X ecx O; thesa moving 
forces wilt be proportional to the quantities of motion ; and 
sXEcxO : sitecxO :: Vxcdhg : F'xcdfe, 



uid, aadcdthe e 
the fluid to be n T 

of horizontal 
intinue parallel. (^ _lo 
definitely small P% 



D,.,l,z.dbyGOOgIf 



135 

or Ec : ic :: VxctPxeg : F'Xc^Xce 
:■ Vxcg : V'Xce 
:: V* I V*. 
since eg : ce :: V : V, being described in equal tinuf. 
Now if 11 = the velocity due to the height Ec, 
t!*: V ■.lEc-.ec': V ■: T"; 



and the velocitj with which the fiuid issues from cd is equal 
to that due to the depth E c. 

233. Cor. 1. If A = tbe depth of the orifice, andg = 
the force of gravity ; the velocitj with which water issues 
— i^2gh. Hence, if with a parameter = ig, and axis the 
perpendicular side of a vessel, the vertex being at the upper 
surface of the 6uid, a parabola be described, the velocity 
with which the fluid would issue from small orifices in the 
side, would be represented by the corresponding ordinates. 

324. Cou. 2 If any pressure be exerted on the surface 
of the fluid, die velocity of the issuing fluid will be increased ; 
and this increase will be such as would arise from supposing 
the upper surface raised till the pressures become equal. 

Thus when water is projected into a vacuum, as the pres- 
sure of the atmosphere is equal to that of a column of water, 
whose altitude is 34 feet, v — it/ig • (A + 34). And in 
general, if k' be the height of the column of fluid which 
would exert the same pressure as is applied at the upper 
surface, 

^ = N/2g.(A + A'). 

325. Cor. '3. It is evident also that pressure might be 
substituted for the weight of the incumbent column of fluid. 
Aad the jet thus produced 4ill have the velocity due to the 
altitude of a column of fluid which would produce that pres- 
sure. 
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22b. The accuracy of the generul coaclusion (222), is 
affected by several circumstances. It supposes the orifice to 
be suddenly opened, arid determines only the velocity of the 
first effluent water. The whole mass of fluid is, however, put 
in motion ; and the particles approaching towards (he orifice 
are not expelled by the same pressure. Their mutual attrac- 
tion also prevents their easy separation and escape : and their 
tendency towards the centre of the orifice, produces a con- 
traction of the issuing stream. To ascertain the efi'ects pro- 
duced by these causes, we must have recourse to actual 
experiments. 

Exp. 1. If during the efflux of water from vertical pris- 
matic vessels, whose orifices are small, minute particles be 
thrown in, whose specific gravity is a little greater than that of 
water ; they will descend vertically till they reach a distance 
from the orifice, equal to three radii of the orifice, when they 
incline on every side towards the orifice, describing curves 
which are convex towards the axis of the vesfeel. So that the 
stream of water near the orifice forms a converging conoid, 
the altitude of which is three radii of the orifice, the upper 
base, being the section of the vessel, and the lower the area 
of the orific^. 

The small portion of water which surrounds the conoid 
remains stagnant near the edges of the vessel. 

This concourse of all the particles to the orifice, through 
a conoidal funnel, equally obtains whether the orifice be in the 
base, or side of the vessel. 

Exp. 2. If on the water there be placed a stratum of oil, 
or any coloured fluid lighter than water, this fluid when it has 
descended to the distance of three radii of the orifice, will 
pass through the water to reach the orifice. Tliis experiment 
shews the conoid more distinctly to be converging and convex 
towards the axis. 

Exp. 3. When the surface in which the orifice is made 
is thin, the issuing stream continues to contract externally 
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througb a small space, in the same oblique and coavei^ing 
^rectioD; so that extemally another concHd is formed, which 
may be considered as a continuation of the former. This is 
called die ixna eonlracla: the lowest section of which, or die 
section at the greatest contraction ii called the xctian of the 
■oma contracta. 

Exp. 4. Tlie section of the vena contracta is distant 
from the orifice a little less than the radius of the ori6cej and 
its magnitude is about -f of the m^nitude of the orifice *. 

Exp. 5. The situation and nieaNure of the contraction 
remains the same, though the direction of the jet, or the 
height of the vessbl vary ; the orifice being small in compari- 
son of (he section of the vessel. 

327. Cob. 1. The velocity of the water descending in 
the vessel being almost insensible, and that of efflux finite, the 
acceleration takes place in the space comprised within the 
conoids. In this space as the sections of (he stream decrease 
rapidly, so the velocity increases rapidly. 

This prismatic tube therefore should be considered as 
terminated by a converging tube formed of these conoids. 
The exact form of this additional tube is not known, but its 
length is about four radii of the orifice. 

228. Cor. 2. In applying the theory therefore instead 
of the area of the orifice, we must substitute that of tjie 



It will undergo variations by vary- 
ing the form of the orifice, tbe thicknees of the sorface in which the 
eriliGe is made, the form of the vessel, &c. From different experi- 
ments the value* of 0.597, and 0.620 have been deduced. But in 
pracUce where oxtrcme nicety is not required 0.635 or | may be r&- 

If a cylindrical tube, whose length is rather more than twice its 
diameter, be lixed at the orifice, the quantity discharged is |i of the 
quantity which theoiy would assign. 
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section of the vena contracta, and reckon for tbe height of the 
vessel, the height of the suriace above the centre of that 
section. Indeed the mutual action of the strata, and the ac- 
celeration which is the effect of it, do not terminate at the 
orifice, but continue to the section of the vena contracta ; 
which must therefore be regarded as the lowest section. 

329- If a fluid issues through an oblique pipe in the side 
of a vessel which is kept full, the directrix of the parabola 
described is the same, whatever be the angle of elevation. 

For the fluid issues with the same velocity, whatever be 
the direction of the pipe. 

230. When a fluid spouts directly upwards, it rises 
nearly to the height of the stagnant fluid. 

For the velocity of the issuing fluid, is that which is due 
to the depth of the orifice (S2£), very nearly. And since a 
body ascends through the same space, to lose any velocity, 
through which it would fall, to acquire it by the same fbrce, 
the fluid will rise nearly to the altitude of the stagnant fluid. 
This is confirmed by experiments*. 

331. Cor. If the density of the compressing be dif- 
ferent from that of the projected fluid, the altitude of the jet 
will also vary. 'Dius a column of mercury acting on water, 
will expel it with a velocity due to an altitude repeated 14 
times nearly. And the action of a cylinder of water on mer- 
cury would only raise it to -j^th part of its own height. 

232. The causes which prevent a fluid from rising to 
the altitude of the stagnant fluid are friction, tenacity, the re- 
sistance of the air, and the re-action of those particles of fluid 
which have already attained their greatest altitude. 

" Those succeed best, wherein the altitude is not great ; because 
then the velocity and space passed over being less, the effect produced 
by the wr's resistance is less. 
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333. Cor. Hence, a small iaclination of the jet causes 
tbe water to rise higher than when, it is projected vertically. 
For the descending fluid falling a little to one side, no longer 
opposes the ascent of the rising fluid. 

334. The height and distance to which a fluid spouts, 
and the time of rising and falling at different inclinations of 
the jet may be determined. 

For every section of the stream perpendicular to its axis, 
may be considered as a projectile ; and therefore its range, 
greatest altitude, and time of motion, may be determined by 
the rules applied to other projectiles. 

235. If a cylinder or prism be placed upright on a hori- 
zontal plane, the range of a fluid issuing through a very small 
oiifice in its side, will be equal to twice the sine of a circular 
arc, whose diameter is equal to the depth of the fluid, and 
versed sine the depth of the orifice. 

The orifice being small, its radius is also ^ and therefore 
the vertex of the parabola described may be supposed to coin- 
cide with it. 

Let then JB be the altitude of the fluid, 
G Uie orifice, GC the parabola described, and 
AC the horizontal range of the fluid. On AB 
describe a semi-circle, and through G draw GF 
perpendicular to AB. 

The velocity at G is equal to that acquired down BG 
(222) ; and therefore the parameter to the point G = 4BG. 
Hence, ^ C = 4 BG x G4 = 4 GF\ 
and AC^EGF, 
or the horizontal range = 2 . sin BF. 

236. Cor. 1. Hence, the horizontal range ocsin^- 
where d = the arc of a circle, whose diameter is the depth of 
the fluid, and versed sine tbe depth of the orifice. 
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237. Cor. 2. The time in which a section of the fluid 
moves from the orilice to the plane is equal to the time in 
which a bod; descends freely down a space = GA. 

238. Cor. 3. When the orilice is at the point bisecting the 
altitude of the fluid in the vessel, the fluid will spout to the 
greatest distance ou the horizontal plane AC; and that dis- 
tance is equal to the depth of the fluid. 

For'^C = 2.sin0 = 2 rad. = AB. 

339- Cor. 4. If an orifice be made at a point /below 
the middle, at a distance firom it equal to the distance of G, 
the issuing fluid will strike the plane at C 

240. Cob. 5. Since the distance to which the fluid 
spouts, depends solely upon the height of its surface DB 
above the orifice; the horizontal range AC will be tfae same 
whetiier the fluid reaches down to ji, or the bottom of the 
vessel stands at some higher point P ; and will be the greatest 
when the fluid issues from an orifice half way between the 
planes DB and AC. If the bottom of the vessel is higher 
than the middle point, the nearer to that point the orifice is 
placed, the greater will be the distance on AC to which the 
fluid will spout. 

241. Cor. 6. If the side of the vessel be inclined to 
the horizon at any angle, and the velocity and direction uf the 
fluid be given, the range may be found. 

242. Cor. 7. If GH be made = GB, ' 
and the ordinate HF di'awn, and BF joined ; ' 
BF will touch the parabola. > 

Now HF^ = 4BGxGH=4GH'i 
.: HF=zGH= KB, 
and the angle HBF= 45" ; 
hence if orifices be made in every point in BA, all the issuing 
streams will be toucbeti by a straight line drawn from B, and 
forming an angk of 45° vridi BA. 
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Pbob. If an erect cylinder stand on the top of an inclined 
plane making a given angle with the horizon ; to determine 
where a small oriflce must be made, so that tlie fluid may 
strike the plane at the greatest distance. 

Suppose the fluid issuing from G to strike o, 
the plane at C Draw the horizontal line 
CE meeting BA produced in E. 

When the range is a max., AE as also 
EC is a max. But (240) EC is a max. 
when the oriflce G is at the point of bisection 
of BE, and .'. EC = EB or 2jBG (23B). 

But EC X tua JCE = AE, 
or 2 BG X tan JCE = 2BG-BAi 
BA 




BG = 



2.(1- tan AC£) ■ 



Cor. If ACE = 30", tin 30P = --j= ; 



BG = BA. 



■ i^-l)' 



3 + \/3 



Prob. a paraboloid resting on its base is kept con- 
EtaBtly flIUd with fluid. Find at wbal point a very tataU 
orifice must be made, that the latus rectum of the puAoU 
described by the issuing fluid may be half the latus KCtmti of 
the vessel. 

Suppose P to be the oriflce. Pa 
the parabola described by the fluid. 

het AN=x, en = 3/, 
PN=y, Pn=y', 
4a = the latus rectum of AP ; 
.". 2a = the latus rectum of Pa. 
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Then P« ; »( 


PN 


A 


or y :'2i' 


y 


2 


.-. i" : «• 


y 


y 



NG, 



2j;' 

Now the space due to the velocity at P = ^ of the parameter 
at the point P in the parabola P a, = the distance of P from 
the focus = as + an = ^' + f a ; 

.-. (222) y + |a = ar, 

and i' = x — \a. 



and 



whence x — \a= — , 

,'. X S3 a, and N^is the focus. 



Cor. Since ar' = j — ^o = Ja = ^ latus rectum of Pa; 
therefore n is the focus of Va ; or the foci of both parabolas 
are in the straight line ^¥n, 

Pbob. a hollow cone, whose vertical angle is 60°, is 
filled with water and placed with its base downwards. It is 
required to determine the place where a small orifice must be 
made in its side, so that the issuing fluid may strike the hori- 
zontal plane in a point whose distance from the bottom of the 
vessel is to the distance of the orifice from the top :: 5 : 4. 



LetilJV=j 
AU=a 



and AP = —7= 



\NM=a-x, 



Also by the supposition, 
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BO 


: AP 


:: 5 : 






BO = 


.J-s 


Jlnd 


BR 


= PR 


tan 30' 



And since • by the theory of projectiles, 



u = z . tan d 



4H.cos'0 ' 

= j=- . tan 30" - I T-_- I X r — r 

2^3 ^2^3 / 4j.cofl'30° 

_ 3-r+gg _ (3.c+2g)' 

~ 6 36x ' 



2a 



0±v/f> 



whence by the solution of a quadratic, x = 



343. To determine the horizontal range of a fluid issuing 
through an oblique jet. 

Let B be the orifice which is 
very smal), and BH the direction 
of the issuing fluid. On BD de- 
scribe a semi-circle meeting BH in 
H, and let fall the perpendicular 
HF, and make HA = HF. From A draw AC perpendicular 
to BE the horizontal plane, and with the vertex A, and para- 
meter = 4BD (jIC being the axis) describe a parabola BAE. 
BE will be the horizontal range. 

For BE = iBC = 4FH = 4,BOxs]n26 = 2Hx8mze', 
where H is the height due to the velocity of projection, andd 
the angle of elevation. 




• Whewell's Mechanics 091). 

t Wood's Mechanics (333). Wbewell (ISp. Cor. 5.). 
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244. Cor. 1. If Df=BF, tbm fh = FH; and if a 
pitrabola BA'E be described, the vertex will be in the perpen- 
dicular CA, and the parabolas will meet in E. This is also 
true for every other pair of parabolas whose vertices are equi- 
distant from a horizontal line passing through the centre of 
the circle. 

245. Cor. S. The range is the greatest when the inclina- 
tion of the jet is 4.^°. 

24o. Coit. 3. The directrix of all the parabolas described 
will be in the horizontal line drawn through the upper surface 
of the llnid ; and the foci will lie in the circumference of the 
circle described from the centre B, with the radius BD. 

S47> Cob. 4. If the ground be not horizontal, but in- 
clined at a given angle GBE ; to lind the range. 



Since u = z . tan — 



4 H. cos^e ' 
if BI=x and GBI = 



= lGs=x tan a. 



4/f .cos*( 
.-. J? = 4itf.cos*0.(tan0— tana); 
.*. range = t . sec a = 4 H . cos' . sec a . (tan - tan a). 
Pros. The inclination of a small tube in the side of a 
cylindrical vessel of water beii^ given, and its height above 
the horizontal plane ; it is required, from observmg the point 
of the plane struck by the stream, to assign the altitude of the 
water within the vessel. 
, Let P be the orifice, and PT the direc- 
tion of the issuing fluid, inclined to the 
horizon at an angle a ; and FP the height 
of the fluid above the orifice. 

Let BD = b,PB = c,mAFP = H; 
b" 




= 6 , tan a - 



4 H . cos'a 



idbyGOOglf 



26. siii2a + 4c.coa^a' 
and the altitude, of the water = c + 



2,b . sin2a + 4c.cos^a ' 

248. The velocities of fluids issuing from equal orifices, 
and the quantities uniformly dischaiged in equal times, are 
severally in the subduplicate ratio of the depths of the orifices. 

F or the v elocity being that due to the depth of the orifice 
oc Vdepth. 

Again, suppose the quantity uniformly discharged in a 
given time to be formed into a column whose base is the ori- 
fice, the length of the column being the space uniformly 
described by a particle of the fluid during the passage of the 
column, with the velocity at the orifice. Its base being given, 
^e content of sucb a column ex: the length oe the space uni- 
formly' described in a given lime with the ve locity at the 
orifice oc the velocity at the orifice oc i^/depth. 

This is true of fluids of different specific gravities. For 
though a superincumbent column of one fluid may press with 
ft times the force of a similar column of water, the column of 
that fluid expelled is n times as heavy as the similar column 
of water; and the resistance bearing the same proportion to 
the moving force, the velocities will be equal. 

249. It is found by experiment, that the quantities of 
water discharged in equal times by different orifices, are nearly 
as the areas of the orifices, the altitude of the water being . 
the same. 

250. The velocity of a fluid issuing from an orifice in the 
side or base of a regular vessel is uniformly retarded. 

For if V= the velocity at the upper surface of the descend- 
ing fluid, and o^that at the orifice, 

(211) f : « :i O 1 ^. 
T 
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Now the vessel being regular, O : ^ ib an invariable ratio i 
.', Foe o oc :^ depth, 
or F^oc in the subduplicate ratio of the space to be described 
before the whole velocity is deatroyed. But by Mechanics* 
Vo^s/ FS; aud therefore in this case F is invariable, or the 
force which retards the descent of the surface is an uniform 
force. 

251. Cob. 1. The descending surface is under the same 
drcumstances with a body projected in a direction contrary 
to that in which an uniform force acts, and moving till its 
whole velocity is destroyed. 

252. Cor. 2. The quantities of fluid discharged through 
an orifice in the bottom of a vessel, in equal times, decrease in 
the ratio of the numbem I, 3, 5, 7, &c. taken in an inverted 
order. 

253. Cor. 3. If t = the time of emptying an upr^ht 
prismatic vessel ; the quantity discharged in t" when the vessel 
is kept constantly full, will be double the quauUty in the 
vessel. 

For the space which the surface would describe with the 
first velocity continued uniform for ^', is twice the space which 
the surface does actually describe in that time. And the 
quantity discharged when the vessel Is kept full, may be mea- 
sured by what would be the descent of the surface, if it coultf 
move with its first velocity ; therefore ibe quantity discharged 
in the first rase is double that in the latter. 

354. To explain the clepsydra. 

Since the upper surface of a fluid descending in a regular 
vessel is uniformly retarded, aud moves till its whole velocity 
is destroyed; suppose the motion to continue through n equal 
portions of time ; ihen the spaces described in the first, second, 
third, &c. successive portions reckoned from the beginning of 

• Wood, (a*5). Whewell,<l78). 
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the motion are in the ratio of the quantities 2n— ), 2n~S, 
in — 5, Sec. If therefore the surface of a cylindrical tube be 
divided into portions in the ratio of fiu— 1, 3n — 3, in — 5, 
See. reckoned from the top of the tube, and then be filled with 
water or loose sand, which is suffered to issue through a small 
orifice in the bottom ; at the end of the first, second, third, &c. 
portions of time, the upper surface will have successively de- 
scended through the first, second, third, Sec. divisions; thai 
is, the descent of the upper surface will mark the passage of 
time. 

255. Any vessel may serve for a clepsydra : but that 
form is most commodious in which the fluid descends through 
equal portions of the vertical axis in equal portions of time. 

To determine this form. 

Let X = the altitude of the fluid ; 

.•. (222) the velocity at the orifice « ij%gz. 

Let y = the ordinate of the generating curve ; 

.'. n-^* = the area of the descending surface. 

Let ti~its veloci^; 

.'. (211) ^/2g7 : V :: tt/ : O, 

.0*/2^ 
and V = —^^-fS-. 
try* 

And SHice the surface descends nniformly, ■^— will ha 

equal to some constant quantity a, which will depend upon th« 
whole height and the time in which the clepsydra will be 
emptied \ 

■ • y^ = — r^ >( ^j 

the equation to a parabola of the fourth order. 

2. If the clepsydral vessel is prtiunaUcal, and one section 
a rectangle, one of whose sides = y, and the other = f, th« 
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area of the surface =pyj 

.„d °^^'=.., 

the equation to the common parabola. 

3. If the section be a square or circle, the centre of wliich 
is in the axis of the clepsydra, the bounding curve will be 
(as above) a parabola of the fourth order. 

4. If the horizontal sections be similar parabolas, and 
A = (he upper surface, and A' = the surface corresponding 
to the depth X, and b and y be the abscissa of those sections, 

A' y , 

J = ri' hy the property of similar figures; 
.-. A' = 



whence - -„- 

and y* = — j-r^ . x. 

The same will be true for any similar figures. 

256. If water flows through a small orifice in the side 
or base of a vessel kept constantly full ; to determine the rfela- 
tion between the quantity discharged, the area of the orifice, 
the depth, and the time. 

Let Q= the quantity discharged in the time (", 
A = the depth, 

(222) the velocity of efflux = */2gh; 
and the vessel being kept constantly full, every particle issues 
with the same velocity ; 

.". the quantity discharged in l" is = O^igk, 
and Q=Ot ^igh. 
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S&f. Cor. 1. Knowing therefore three of these quantities, 
the fourdi may be found. 

, o^_a ^_ Q- 

0„/igh' t-Jzgh' BgO**"' 

Ex. If the vessel be a vertical prism, the horizontal sec- 
lions of which — A\ the time in wUch a quantity equal to 
the content of the vessel would flow out (the vessel being kept 

hA A . /~h 

constantly full) is = ~ — ■ = — \/ — , 

258. Cor. 2. The quantities discharged by two orifices 
in the same time are as the areas of the orifices and the square 
roots of the depths jointly. 

359- Cob. 3. If n = the ratio of the section of the Vena 
coutracta to that of the orifice O, 

(228) Q = nOt»Jigh, * 
Q 
'' '^^ OtJTfh' 

If therefore an experiment would give the quantity dis- 
charged in a given lime through a ^ven orifice, and a given 
depth, n might be deduced, or the raUo of the sections de- 
termined. 

260 To investigate an expression for the time of empty- 
ing any vessel, through an orifice which is small compared 
with a section of the vessel. 

\jtiAB = i, BC=y, fdill^ 

0= the area of the orifice^ Vc^^^ 

and S = that of the descending surface ; jl 

which, when the figure of the vessel is known, will be given in 
' ternis of x and y. 

TTie velocity at the orifice = ^/Sgx ; 

.'. the quantity discharged in l" = f/igx, 



id by Google 




261 . CoE. 1 . If the vessel be generated by ihe revolution 
of a curve round a vertical axis, S = irif', 

262. Cor. 3. If any pressure be exerted on the surface 
of tbe fluid, and k' = the height of a column of the fluid 
which would exert the same pressure, 

263. To find the time of emptying a cylinder or priam. 

S -di 

In this cage S is constant, and dt = — — y= X — T^; 

and this vanishes when x =3 A ; 

.-. 0= - /— X -Si'+C, 

2S ^ ,_ 

whence t = r: — 7= x (v A — vx} ; 

and when x = 0, the whole time of emptying 

264. Cob. 1. The times of emptying cylinders or prisms 
dirough equal orifices in their bases oc S-^/^. If the bases 
be equal, tbe times oc .^h. And the altitudes being equal, 
Ihe times are as the bases. 
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363. Cob. 2. The time of emptying the altitude 
(A — j) : the time of emptying the altitude (A' — x') 

: : ^ (v/A - ^/ x) : ^ . ^/i?"- ^/?'. 

Hence the limes in which the surfaces of two cylindrical ves- 
sels filled with fluid descend through any heights are in the 
compound ratio of their bases and the difference between the 
square roots of the altitudes of each surface at the beginning 
and end of its motiuu directly, and the areas of the orifices 
inversely. 

ii66. Cor. 3. Since t = ^ ,— .{^J~^/^; 

But in uniformly Tetarded motions » = Bi— ^f ('•. 
ocity: 

••■-^■^ 

aod in a vertical prismatic vessel the surface of the fluid de- 
scends with a motion uniformly retarded ; the retarding force 

bemg = -^i". as would appear from Art. 250. 

SSf. Cob. 4. Since the time of emptying an altitude 
{k"^ x)ac •,//» — 1>^/ 1 ; if h,h',h", A'", &c. be the different 

• Wood^ Mechanics (938). Wbewell (180). 



And in this case, the iniUal velocity =i -— tt/igh very nearly ; 
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heights^ and 

a clepsydra would be formed. 

For the surfaces would descend through k — h', h' — h", 
h —h , &c. in equal times. 

3d8. Cob. 5. If the vessel were kept constantly full, 
the velocity at the orifice being = sj^gh, the quantity dis- 

chareed in the time t ( = - — 7^= I would be 

O V 2fi A X -r — i^ = 2SA = twice the content of the. vesael 
(as in 253). 

26Q. Cor. 6. If a cylinder of given altitude empty 
itself through a given oiifice in »", the diameter of the cylinder 
may be found. 

xS" 
ForS = =f-i 
4 

whence i=./'i»°2ji. 

Or if the diameter be given, the :height may, be found 
_ Sn'Q'g 

270. Cob. 7. The time in which the surface descends 
to CD, or in which. the quantity ABDC is emptied through 

an orifice at G = — — 7=' . (^/A — */r ) ; and the time in 

Digitized by Google 



which the same quantity would be emptied throu)^ as orifice 

2S / 

f h — s\ therefore the times 



ai J3 = -; 7=^. 

of emptying the same quantity at G and H a 
Kihjh—fjx : tjh — i. 



371' Cob. 8. The time in which A.B would descend 
to CX) with the first velocity, or the time in which a 
quantity equal to ABhC would run out (257), supposing 
the vessel to be kept always full from without, 
S 
= 7 Z" i — r X (A - x). 

Hence die time of emptying ABDC at G, when there is no 
supply from without, is to the time in which an equal quau- 
lily would run out, when the vessel is kept always fu)l 

:: 2.(n/4-^/7): -^. 

And when x = 0, or the surface descends to EF, the pro- 

r- ^ 
portion becomes 2^ * ■ " /-^» or 2 : 1. 

273> It is almost impossible to ascertain the exact time in 
which any vessel is exhausted. For when the descending 
surface has nearly reached the orifice, a kind of conoidal 
funnel (226) is formed above the orifice: and the pressure of 
the superincumbent column being removed, the water falls in 
drops, and the time of emptying is increased. Instead there- 
fore of endeavouring to determine the time in which vessels 
are completely exhausted, it is usual to determine the time in 
which the upper surface of the fluid descends through a cer- 
tain height. And from this it appears that the times of dis- 
charge by experiment differ very little from those deduced 
from the corrected values of theory (238) : and that the error 
in the latter is always in defect: which may arise from (he 
multiplier being too great for the corrected area of the orifice. 
U 
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When the orifice is in the side of the vessel, the altitude of the 
surface may be reckoned from the centre of gravity o£ the 
orifice, unless wben it is large. 

Peob. There is a hollow cylinder with a given small 
circular orifice at the distance of (a) feet from its bottom ; out 
of which, when the cylinder is full, the water will spout to 
the distance of (b) feet from its bottom on a horizontal plane ; 
but after it has continued running for t", it will spout only to 
the distance of (c) feet. What are the dimensions of the 
cylinder. 

Let DG and EG be the altitudes of the 
water above the orifice at first and after ^'. 
Let r = the radius of the cylinder, AG = a, 
AB = c, AC = b. 

Hie time of emptying DG : time of 
emptying EG 



therefore the time of emptying DG 

: (time of emptying DE = ) t :: b : h- 

.■- the time of emptying DG — ; 




but (263) this time also 

S , 

/2DG = 



~Os/g 






~ 0\/^ga' 



and r^ = 2iv^ 
fl-.(6^c) 
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4a 4a 

6*+4c* Otsjlga 

Ahd the content of the cylinder = x — ^ — s_. 

4a b — c 

373. To determine the time in which a cylinder will empty 
itself into a vacuum, its upper surfuce being exposed to the 
pressure of the atmosphere. 

. Let h = the height of the vessel, and A' = the height of a 
column of fluid, which in equal to the weight of the atmo- 
spliere. 

Then (262) t = f . ~ ^'^^, 

= -—4= X 2.(r + A')* + C; 

But when x = h, t = 0; 

... = ^ . a . CA+A')* + C, 

0^2 g 

whence, t =' ^ .— . {(A + A'^ — (x + A'^ j, 
0^/2 g 

and the whole time = 7= . Uk + A')l — A'H. 

274. Td find the time of emptying any part of a sphere. 
L«t r = its radius, and x = any depth from the bottom ; 

.-. S = T-CSrj-T*), 

, .^ -w.(.%rx~x').tlx 
and at = ?= — ~ ; 

Tt /'* 4- 2 4.\ „ ■ 

.'. (= — T=^ ■ \~rx 1* I + u, 

Oj^g VS 5 /^ ' 

and when ( = 0, i=»2r: 
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■ , "• (leyi . 4.2.1 

O^Sg I IS 3 a J 

276. CoK. Hence, the whole time of eniptymg a sphere 



l67rr^ 



270. To determine the time of emptying any part of 
a bemispfaerej through an orifice in the vertex. 

Here, as before, t = ^ . (- rx^ - ? r^l + C, 

hut t=0, when x = r; 

whence. =^^.il^.r--*r/+?xn. 

277- Cob. 1. Whenx = 0, Uie whole time = -.-^!^. 

15 oJh 

278. Cor. 2. Hence, the time of emptying the sphere : 
ibe time of emptying the lower hemisphere 
:: 16:^/2 : 14 :: 8,^ : 7, 

379- Cor. 3. And the times of emptying the successive 
hemispheres are :: 8:^/2 — 7 : 7. . 

280. To determine the time of emptying any part of a 
hemisphere through an orifice in the base. 

IT 1 t T J . «■ p(.r' — x').dx 
Here « =r — a: , and f = 7^=. . / ^ 

OVsg ( 5 ] + '" 
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aad :t = r, when t=:0, ■ 
.■.o=-^^.?r+ + C, 

ovsg 5 

whence, 1 = ^ *-— .(-'■^ - 2 r' «+ + ? »"^1 . 

281. CoK. 1. The whole time of emplyiog a hemisphere 

through an orifice in the baae = - . j= . 

5 0V«« 
S83. Cor. 2. The times of emptyiug a hemisphere 
through an orifice in the vertex, and in the baae are as 
14 8 
-:5::7:.». 

383. Cor. 3. The time of emptying the upper hemi- 
spfaerCj at the vertex of the lower : the time of emptying it at 
the base of the upper one :: 8 .^/s — 7 : 12. 

284. The tim^s of emptying hyperboloids, and spheroids, 
may be determined in nearly the same manner. 

Pros. The times in which two hemispheres are emptied, 
the one by an orifice in the vertex, and the other by an equal 
orifice in the base are as 3 : 5. Determine the proportion 
of the radii. 

Since (277) the time in which the first is emptied 

_ 14 TfT 



and (881), the second = - 



15 5 ' 

whence 36 : 35 ;: r'r : /t, 
and (36)T r'(35)T :: r : r'. 
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385. To determine the time of eroptjing a paraboloid, 
through an orifice in the vertex. 

Let r ^ the radius of the base, and h = the altitude, 
then S = — r— ; 

and ( = / — ■ . = ,_ X ^— + C 

V Oh^igx Ok^g 3 ^ 

. X [h^-xi]. 

o _ -- i» 

And the whole time 






286. To delermine the time in which a given cone will 
mpty itself through an oriGce in the vertex. 

Let DC = a,\ 

DG = r.} then JEG =— , 



••-/- 



iya^ yj^gx 



= X -T^+C 



- X [a^'-x^]. 



5 0a''>/2g 

e of emptying 

the time of emptying a cylinder of the same base and altitud< 



And the whtJe time of emptying = t^ = -i-th of 

5 0v'2g 
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297- '^^ ^^^ t'l^ ^■'"^ >" which a cone would empt;r 
itself by an orifice in the base. 



In this case, let CG = x, 

the descending surfoce = 
— irr" .(a — xf.dx 



.ia~xfi 






idi — aaridi+jidi) 



'^'■' n6 4- „ s 4 , 4 4- 2 .1 



And the whole time of emptyinz = — . j^ = — of 

the time of emptying a cylinder of the same base and altitude 
(263). 

388. Cor. The times of emptying two equal conei, 
through equal orifices in the vertex and base, are as 



389. A cone being placed with its slant side parallel to 
the horizon ; to determine the time of emptying it through an 
m-ifice ia the vertex. 

'UtAC = a, CB = b, CE = x; 

,-. DE=j-, and fG = 2^/T .(6-i), 

and DFEG^^^DE.FG^^—.x-^x.ib-xy, 
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mdCM=x.8mCEM=x.sm9, ]ie = CBJ; 

4^ y-> . dx.aii6 

3fr .7 * Oa/ 2g . (i - r) . sm S 

3bO ^ 2g 5 
and when x = 0, f = 0; /. C — 0; 
/sine 4 



... , , . 8abi>^sia9 

And the whole time = . 

15 0V2g 

290. To find the time of emptying a pyramid whose base 
ia a square. 

Let CM=x, MD=y, and the height of 
the pyramids A; then it is evident thatxoc^^ 
and therefore suppose y~nx; and the side of 
the square = 2y ; 

-■. the descending surface = 4y* = 4»i*x*; 

/—ir^x^dx 4n' 2 4. „ 

^ , = - -T—f= X-X^+C 
0V2ga: 0V2g 5 



And the whole time = 



8jf*A-fr 
50 ^T^' 



iQ\. A groin is generated by a square moving parallel 
to itself, the section through its opposite sides being a semi- 
cubical parabola; find the time of emptying through a given 
oriJice in the vertex. 



L,Goo<^lf 



1«1 

Siace ^ = ax*; .'.a ^ide of die,Bquares=8^=fia'i'7T, 
and the descending surfiaces4a'^j:^; 

uOs/Tg ^ ^ 

,,..,. , 24o^:A* 24***+ 
And the whole time of en)ptyinE= == = ==, 

iS b — the extreme ordinate. 

293. A cube is bisected diagonally by ,a plane, and one 
half being filled with a fluid is placed w.ilb the bisecting plane 
parallel to the horizon, and the vertex downwards. Find the 
time of emptying through a small orifice at the vertex. 

Uta = JiB = AD, imA,x=Bgi 
.'. ac = 2x, and the descending surface = 2 ax. 

and t = 0, v^hen x = BG = 
. 0= •**■_ 




id by Google 




and the whole time = j= . 

soVF 

293- A hollow paraboloid has its axis inclined to an 
horizontal plane, till the surface of the fluid contained in it 
passes through one extremity of its base. In this position 
a hole being made at the extremity of that diameter which 
passes through the centre of the fluid's surface, and the 
greatest perpendicular that can be drawn from the snrfoce of 
the fluid to the base being given ; to determine the time of 
emptying. 

Let QFQ' be the surface 
of the fluid, which therefore is 
an ellipse, and QY = VCC. 
Let DJ'jE be a section of the 
pacaboloid perpendicular to 
the jixis, and FV its section 
with the ellipse ; therefore 
QF", FP are the semi-axes 
inajor and minor of the ellipse. 
Let VP be the diameter 
through y the centre of the surface ; P is the lowest point of 
the paraboloid ; since a tangent at P is parallel to Q'Q, and 
therefore to the horizon. From Ct draw QtR perpendicular to 
Q.C \ it is the greatest perpendicular that can be drawn from 
the surface of (he fluid to the base, aud is therefore ^ven. 
Let / = the latus rectum, and dpthe angle of inclination of 
ihe axis to the horizon. 

ThenBB' = /x(j4B-iIQ0; and .*. iJB is known. 

m 

found, whence the angle may be determined. 
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And (Euclid, 1. 47.) QQ!, and .*. OF also determined. 
Again rF' = Dr>tVE=Nl?-Nr'=lxPy; 



whence 



iSPxPV) nl: iSP:. 
.-. VF' = Qr'. tir 



and PK= 



; 



and .*. also PH which is =: PVx sin 9. 
Let PH=h, ar-a, rFsa.tmfi and let gfq' be 
any section parallel to the surface, and therefore similar to 
OfW; 



■■• ?/?' ■■ 



QFCH^wa'.mie-.-.qo' 
qfq'^wa' , staff .-; 
e.xdx 



QJ" :: Ph : PH :: , : 4; 



=/- 



ira' . sin 

and when ^ = 0, x~h. 
Sir a' sin B 



+ i'+C, 



340 VsJ 



!4i-rf}. 



And the whole time = — — 7=— . 

30V2g 

294. If a prismatic vessel contain fluids of different spe- 
cific gravities which do not mix; to determine the time of 
emptying it dirough a small orifice in the base. 

I^t ABCD be the vessel, containing 
anj number of fluids whose upper surfaces 
axe EF, GH, IK, LM, AD, &c. and 
whose respective specific gravities are 
s, s*, a", s*", &c. Now the pressure which 
-produces the discharge of the fluid through 
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the orifice, is the aaiAft as if fliere were sAbsthuted in the |riace 

of the upper fluids, another whose specific gravi^ is i^ and 

,. , s'xGE s"xJG,/'xL/ , , ,-^ 
having an altitude + H h &c. (69). 

The problem then ti reduced (o that of determining the time 
of emptyii^; a quanUty of fluid BEFC, whose altitude at first 

S B S 

altitude H; then (963) T = —-t== x (.^/fl"- ,/j^, where 

X is a variable distance. And in order to determine the time 

in which the lower fluid is discharged; or the tiine ia 

which the imaginary upper surface has descended through A 

^„ ^ s'.EG ,»".GI rxIL , 
space EB, made x = i- + Bcc. 

The lower fluid being now discharged, in place of the 

upper fluids HI, IM, &c. substitute one whosti specific 

..,_,, ,. _. . s"GI , i".IL . ^ 
gravity is « , and whose altitude is — j — i , 1- etc.; 

and making H* = £G + ^^^ + ^^^^^ + 8lc. 
<IL ^ 



And proceedmg in a similar manner, whatever be the number 
of fluids, 

the whole time = r+r'+r" + r" + Sw. 

29^- ^ prismatic vessel of given dimensions, with its sides 
vertical, is filled with fluid ; there are t^o given and equal 
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small orifices,oBe at the bottom, ths Otter bbectiog tfae altiUide. 
To find the time of emptymg the upper fa^f, supponig bath 
orifices to be (^ned at the same instant, 

Let 2a = the altitude of the vessel^ 

X = the altitude of the surface from the upper orifice 
at the end of^, 

r = the radius of the base. 



Then Oit/igx, and 0,^ig.(,a+x) are the quandties 
diflcbarged in a second through the upper and lowet orifice* 
respectively ; 

and 0,^^.{^x + ^a+x).dt=-ir7^dx; 
r* dx 



. dt = 



OtsJ Zg >^j:+*/a+x 
■x — itjx 






•■•'=-(Wii'<t*-<'+"!--''f+'^^ 



1 j; = a; 






SOas/Tg 
and the time required when x = Oj is 



7j»x(2V2 -«)•■■• 



' SOa^ig 
4irr*a* f- 
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296. If ABCD, GHKI be two cylindrical or priamaUc 
wsiels filled with fluid ; to ^etemme t\m time in which the 
surfaces would descend through any ^veu height, the fluid, 
issuing through a very small orifice in the base of the lower. 

Let jf and B = the horizontal sections of , 
the vessels. 

The velocity at the orifice at each instant |pL....t 
being that which is due to the depth below the ^-^e k ; ■ 
surface, the fluid will issue, whilst die surface has not descended 
below BC, as it. would through the same orifice in a vessel 
AEFD. 

Hence the lime down AL— j ■ .(^ AE- /^ LE); 



and the Ume down AB=r- -t=^.{>^ AE- 



But when the surface has arrived at NP in the lower vessel. 



2B , , 

the time down GN= , — x {./GH- .JNH); 



whence the time down AQ 

= Q^J^.{A.(,jAE'.jBE)+B.{,jGH-Jmi)). 

397- Cor. It is found by experiment that whilst the 
fluid is at a certain altitude above BC, the velocity at a 6 is 
that due to the depth, even if ai increases till it becomes 
= HK, provided HK is small compared with AD, and GH 
small. The time therefore in which AD descends to BC may 
be found as before. But when the surface ai;rives at Gl 
(and HK = ab), GHKI will descend as a heavy body, and 
withaninitialvelocity which is to the velocity at H£ :: B : A 
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nearly. Hie time therefore of falling dirough GH will be 
found. by the common formulae. 

298. If the vessels ABCD, FCEG, HELK, of any " 
figure, be supposed to communicate by small apertures C, £; 
and the fiuid to issue at X ; to determine the heights due to 
ihe velocities at C, E, L; and the quantity issuing, when it 
becomes regular, that is, when the first receives as much as 
flows through L, and AB, CF, EH remain the same. 

-The orifices at C, E, L being small with D|— iA 

respect to the dimensions of the vessels, the "luin, ^ 
small column which passes through them will |1 \ 

not disturb the continuity, at least sensibly. Pro- ^ 

duce GF, KH 10 O and a Then the columns CFOB, 
CFGE communicating through C will be in equilibrio ; as 
also CQHE, EHKL; therefore the velocity at C is that due 
to DF, tiie velocity at E that due lo GH, and the velocity at 
L that due to XL. 

Let AB = h, DF=x, GH=y, XL = zj and C, E. L 
the areas of the apertures at C, E, L respectively. And let 
Q represent the quantity which Sows through any of the orifices. 
.-. Q = Ct.jtji = Et^igy = Lt^-2gx, 
and A = jr+y-f-z; 



whence x = h. 



CL' + CL'+eV 



CE'+cv+rv 

. CE 

.299. If the vessel^JBCD be kept constantly full to the 
height CD, and communicate with the prismatic vessel FCEG 
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bj i^amill orifce at C', the-flnid issuing throng a smalLorifice 
at £ ; to determine the position of the sMrface of the fluii in 
FCEG at the end of any given tijne. 

'Let-!YO be the position at the end of f, and no 
the next successive position. 

I^t < 
of CG. 

During the tisK dt, a quanti^ flows through C = Cdt^Zgx, 

and through £= Edt ^Zg .(fi — x); 

and the difference of these = NOon, 

or Cdt s/agi — Edt V«ff ■ (A = x)= — Adx ; 

A dx 

hence di = > j X '' '/ , ■= ~ 7=. 
V2g E»/h--x~C.<s/ X 

»• _, 

lieti=Y. and £ V A'-y' — Cy = £2; 

My N, P, Q being constant quantities which are easily 
determined ; whence t may be found in terms of r. 

300. If FCEG were not prismatic, A would not be 
constant, but some function of x and constant quantities de- 
pending upon the figure of the vessel ; in which case the 
calculation would be more complicated. 

301. At the commencement of the motion, the fluid in 
CG sfa^ld 4HiTe a certain altitude, in order that the fliuid pass- 
ing from ASC'D may not cause irregularity iu the motion in 
CO. This condition will be 'Satisfied >by assuming, when 
t =0, DN= a given quantity a little le«s than k. 
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303. The computation becomes easy if we suppose that 
there is no orifice at E, but tliat the fluid which passes 
through C remains in the vessel CG. 




303. The time in which the fluid would be at the same 
level m the two vessels, will be = -:; — -7= x ^ A . This 



value is exactly the same as that of the time in which the 
vessel CG filled to an altitude h' would empty itself through 
an orifice = C (263) ; that is, it is double the time in which, 
if kept constantly full to the altitude h', it would discharge a 
quantity A h' through an orifice = C. 

304. If a vessel ABCD filled with fluid, be supplied at 
a given rate with fluid, a part of which issues through an orifice 
at D; to determine the position of its surbce at any timej 
supposing the infiui slower than the efflux when the vessel is 
full. 



Since tbe quantity received is proportional to A| 

the time ; it b evident that duri ng the time dt it ■ 

may be represented by Odt ^/2g6; O being 

a given orifice, and 6 the constant altitude due to * 
the velocity at O. 

Let N£ be tbe position of the surface, and CN—Xf 
then Ddt ,^igx — Odt »J^gb= - Adx, 
-Adx 

Y 
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305. Cor. 1. The quantity which flows through D 
duiing the time t, is 

which may be determiDed in a manner aimilar to the above. 

306. Cor. 2. It is evident that the surface of the fluid 
will not descend below that point where the rates of influx and 
e£^K are equal, Aat is, where D.Jx = 0^b, 

or 1 = ^.4. 

307. Cor. 3. In this case the time = 

which is infinite: and consequently the surface of the fluid in 
the vessel cap t)ev«r arrive at the point where the rates of 
ipfluz and eQux are equal. It appears also from Cor. 1, ^at 
the quantity diichvged would be infinite. 

308. A vessel ABCD being filled to AB, is WDptied 
through a small pipe which communicates with a second 
vessel EFGH containing at first a portion of fluid whose 
upper sur^e is IK, and whu^ flows through an orifice at G. 
If after a certfiin time the surfaces are at LM and NO ; to 
determine the relation between their altitudes and the time. 
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Let NQ = X, , aiid the ebrfac« 
NO = Xf which will be given in terms 
of T, front the Jigure of tfae vessel. 
Let LP=y, and the surface LM= Y, _ 

wkicb tiso will be known in terms of jr from the figure of the 
veMel. Also let J and -B = the areas of tfae orifices. 

The height due to the velocity at H=y~x; 

.". in the time dt the quautity issuing =Adt^S.g.{y -x), 

which is = — Td^i 

-Ydy 
.: dt = . ^ 

A^ig-iy-x) 

And the increase of the fluid in the vessel EFGH is 

A dt Ajig.(y-x) - Bdt .Jigx, 

which is = Xdx; 

Xdx. 
Hence dt = — j= — — — . — — r — 7= j 
^9.g.(Ajy-x-B^x)' 

Xdx Ydy 

= — ;r-7=+ . / ■ 

f y—x~ B^x A^y~ 
from which the relation of x and y must be determined ; and 
thence the time. 

But this cannot be done generally. 

309> Cor. l. If the vessel be kept full, ory = 8, and 
be constant, 

Xdx 
dt = 



from which the relation of t and x may be fm^. 

3 lO. Cob. S. After some time the surface of the fluid in 
the second vessel will settle at a permanent level, as much 
fluid issuing as enters in an equal time. This piermanent alti- 
tude will be found by makmg dx = 0; 



and .'. -; — f „ /~ + "j — /^- = 0, 

'y-x~B^x A^' - 
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whence A^a—x^B-sJx, 

311. Cor. 3. When (be vessels are prismatic, the 

equation (308) becomes homogeneous, and therefore the 

variable quantities are separable; X and Y being constant. 
Let them be M and N ; 

Mdx Ndy 

ihen - — / — ' — „ ,- + . /— — = 0. 
A»Jif—x— OaJx AsJ y — x 

Suppose y = zx, and z— 1 = u*, 

dx 2N.(Bitdu~Au'du) 



then - 



■ NAu^-NBu^+mA+Njtj.wNB' 
which being rational may be integrated. 

313. Cob. 4. If whilst the fluid is passing from one 
vessel to another, none escapes ; and the vessels are prismatical, 
3 = 0; then 

Mdx + Ndy = 0, 
and making the whole vanish when y = RP = a, and x = b, 
a height also given ; 

.-. Ma: + IV> = Afi+]Va; 
whence 

and t being = 0, when y = a, 
iTijM , , , , 

313- CoH. 5. To determine the time when the fluid is on 
3 level Jn the two vessels. 

Na + Mb 

liCt X = V = —:r- ■ 

^ N+M ' 
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Also whep N=M, t - , . , — . 

314. In the preceding cases the form of the ori6ce has 
not been considered ; it being of little importance in horizontal 
apertures ; but in each case it has been supposed to be small 
in comparison with the depth of the fluid. 

If the orifice be lateral, and of such a magnitude that all 
its parts cannot be supposed equidistant from the surjace of 
the fiuid ; it may be supposed to be divided by horizontal planes 
into an indefinite number of rectangles or trapeziums: and 
each of these being considered as a particular orifice, all of 
whose parts may be supposed equidistaut from the surface of 
the fluid, the quantity which ought to be discharged in a given 
time may be determined (25f)). It will be only necessary then 
to find the sum of all these elementary quantities, in order to 
ascertain the whole quantity discharged from the entire ori- 
fice during the same time. 

PsoB. To determine the nature of an orifice to be made 
in the vertical side of a vessel which is always filled to the 
same ^tilude; so that the quantity discharged through any 
portion of it may be always as the height of that poftioo: 
and when the whole orifice is open, (c) cubic feet may be dis- 
charged every second ; the top of the orifice being (a) feet, and 
the bottom <J>) feet below the surface of the fluid; and the 
ordinates parallel to the horizon. 

Let y = ihe ordinate at the depth x, 

and m = that at the depth &. 

Then the velocities at the depths x and b being = ^Zgx, 
and ^9.gh, the quantities discharged through the elementary 
trapeziums will be as ysflgx and m^9>gb. But as the 
(quantity dischai^ed varies as the height of the orifice, equal 
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quantities will in the same time be dischai^ed through each ; 

•■- ^/^/* = "l^/^ 

and if'x — m'bi 

therefore the curve passing through Ae extremities of the 

ordinates will be an hyperbola of the second order. 

Also since the quantity discharged through each trapezium 
is the same, the whole quantity will be equal to that whidi 
M'ould be dischai^ed through an horizontal rectangular orifice 
at the depth b ; the s ides b eing Qm and (b-^a), that is, it will 
be»* 2«.(A-tf).,y2ji; 

but by the. supposition, it is != c. 



■^ Sg.ih-af 

pROB. If an orifice tn the form of a parallelt^ram be 
made in the side of a veesel full of water; Ihe quantity Bow- 
ing through it ID any given time will be two-thirds of (be 
quantity that would flow through an equal orifice placed hoir- 
zontally at the whole depth in the same time, the vessel being 
kept constantly full. 

Let AB be the surface of the fluid -^p 
in the vessel, CDEF the given orifice ; 
the velo city at I ) : th at at any point 
H :i ^CD : :^CH. With abscissa 
CD therefore, add ordinate DE, describe A parabola CLE. 

thenV :v :: .^/CD : ,/CH :: DE : HL; 
and if the abscissa be divided into an indefinite number of 
equal parts, as GH, or the area into an indefinite number of 
equal rectangles Gh, the quantity which flows through 
Gh : the quantity which flows through an equal orifice at the 
depth CD 

:: GHxHL : GHxDE :: GiLH : QghH; 
and as the same May he proved for all the other correspond- 
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lag ' areas, the quantity which flows through the given ori- 
fice : thequantily through an equal orificeatlbedeptb CD ::the 
auni of the areas GxLH : the sum of the areas GgkH 
:: the area CDE : Df ;: 2 : 3. 

Cob. 1. If d and b be the altitude and breadth of the 
orifice, 
the quantity discharged in any time I is = ^abtij^.ga. 

Cor. 2> Hence the squares of the quantities discharged 
in the same time through the same orifice itnder different 
altitudes vary as the cubes of the altitudes. 

3 1 5. To determine the relation between tha time and the 
quantity of flntd issuing from a vessel through a vertical orifice; 
die vessel being kept constantly full. 

Let ASC be a vertical orifice, formed by a plane 
qurve, the vertex of which i.s A, and whose perpen- 
dicular depth from the surface of die fluid is AE. 

■Let ED = h, EA-k'. AM=x, PP' - 1/, 
PMF', pttp being two horizontal ordinates indefi- 
nitely near to each other. 

The area of the small trapezium PP'p'p = ydx, 
and the velocity of the fluid being that due to the altitude 
{h' +x), the quantity issuing through PP'p'p in the rime t, 
will be = tydx ^2g . (A' + j;) ; and therefore the quantity 
(Q) isBuing dirough the whole orifice in the time t, will be 
= 'n/ Sg - (.fy dx y/h' + X + C). 
Now the nature of the curve which forms the orifice 
being given, the relation of x to ^ will be known ; let therefore 
the value of y be substituted in the above equation, and the 
quantity discharged will be detemiined. 

316. CoR. Since the velocity at the highest point of the 
orifice is the least, and increases from thence to the lowest 
point where it is the greatest : there must be some intermediate 



id by Google 



depth where the velocity is such that if the whole column 
issued with the velocity due to that depth the quan^ty issuing 
in any time would be the same as through the given orifice. 

This depth is called the mean height. 

To determine- this depth R; 

The velocity at that deplh=:^2gff; 
and the quantity issuing in the time f, =ti^2gH.{J'tfdx + C). 

(^/iJH.(/J,<ix-(-C) = t^(.f)di^l^ + T+ C); 

.(/y''»s/A'+i+c)' 



Ex. I. Suppose the orifice to be a given rectangle. 
Here y is constant, and 

and Q = when x^O; 

■■■0 = ly,J^.{^k'i+C\; 

And when a: = A — A', the whole quantity = \tys/^ .{hi — A'*} . 
To find the mean height. 
The area of the orifice being —y . (A — A'), 
and the whole quantity eflSuent = ^ty >^2g.{hi-h'i], 
jj_ \Uhi-h'i)y ^ 4 (A»-A'V 
(A-A'f 9" (A-A? • 

Cor. I. If the upper side be on a level with the surface 
of a fluid, 

4 4 
9 9 ' 
if a = the height of the rectangle. 

Also Q = ^ty.^g.hl 
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Cob. 2. If the earn of the sides of the rectangle be equal 
to a given line, and the upper side be on a level with the 
surface of the fluid; to delennine the value of the aides so 
that the quantity discbai^ed' through the whole orifice in a 
given time taaj be the greatest possible. 

In tbis case ^ty,./2g.ki — mn.; 

.'. yA* = max., 

and y + h — a; 

whence 0dy + \yh'dh =0^ 

or kdt/ + ^ydk = 0; 

whence y =^hi 

and .•■ h+^h~ai 

or h =--f a; 

■■y = ■!-«■ 

Cor. 3. If the orifice be a trapezium with two hori- 
zontal sides respectively =ep and Sq, and altitude =«, the 
mean height might be found. 

For fydx + C = a.(p + q), 

and y~p-] .J^j 

which Values 1>eing substituted, ff may be found; 

And if the upper side be on a level with the surface of 
the fluid; 

225' ip+gf 

Ex. 2. If the orifice be a triangle, whose vertex is up- 
wards and base horizontal. 

Let a : & be the ratio of the altitude to the base^ 
bx 
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and Q.~t.-s/^i.{fxdx^k'-k-x + C) 
and Q = 0, whenx=Oi 

.•.o=-,.-^V5i.{i»* + c}. 

=i--l.-JTg. {34* +2*'' -iVh*] «rheiii = 4-*'. 
Cob. 1. To Hod H, 

" ~ (15)*.C4-4')' • 

Cor. 2. If the vertex coincide with the surface of the 



„ 2 6 ( s 

AndO = — (.-n/2^.34"'. 

. Ex.3. If the vertex of the triangle be downwards and the 
base horizontal. 

b 



Here y = 



.»-*'-»), 



and Q=(.-^/«J'.(/(/^-4'-I).<^IV'4'+* + C) 
■■~t. -V2J. {34"*" + 24"*" -344'*), when x = 4- 4'. 
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CoE. 1. To find H. 
As before, H = , — rr- ^ r, 17^3 • 

' (15)' (A -Ay 

Cob, 2, If the base coincide with the surface of the fluid. 



And Q=— f.-v'Sg-SA^- 
CoB. S. Hence the quantities dischai^ed in the same time - 
through two equal triangular orifices in the side of a vessel 
kept constantly full, the one having its base, and the other its 
vertex upwards, and their summits coiociding with the surface 
of the fluid, are iK the ratio of £ : 3. 

Ex. 4. Three eqnal orifices of the same depth, are made 
in the side of a vessel ; one a rectangular parallelogram, die 
second a semi-circle, and the third a parabola. To determine 
the raUo of the quantities of water which flow through them 
in the same time, the vessel being kept constantly full. 



l3 



Let £il be the common altitude, and 
i=a\ if* = I ; and let EB, ECd, £Z>^ 
represent half the aperture of each. -n 

Since the area of each = ^»ra'; d~ 

/. AB^s-^tea, and AH^^^va. 

And the quantity will ocJydt,.Jxi 
.-. Q : Q' : Q!" =f^-7ra.xUx -./FH.x^dx -./Fl.xidx 

2ffl— X : f^-TTuJa.xdx, 
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Ex. 5, If the orifice be a circle- 
Let the radius AO = r, and the height 
EO of the surface of the fluid above the 
centre of the orifice = nri and let the 
augle 4 OP =1; 

.-. PM=r. aiuz, OM — r. cos z, 
and EM = nr— r.cosi; 
,■. Mm = d.AM= rdz .siaz; 

hence PMmp = r^.a'm^z.di, 
and Q = ty/ig./ydx.^h' +i: 

^ gf-v/gg-rysin'z.d^ ^wr-r.cos z 
= ^tr^-/^gY.fa\f?z.dz,s/n^^^9Z 
Now fdz.si^z-s/n — coaz = fdz{\ ~ cqa' z).^n~ cos 2 

= /rfz.(l -COS*. !).):«*- J a-i.co8Z~i.p-*.cos*z 
-^B-^.cos^z-SU:.). 

And as the integral v&nishes when z = 0, and is complete when 
2 = 360°, the calculation will be lessened; as the quaatides 
which involve cos. z, cosSz, &c. may be neglected, since 
the integrals contain sin z, sin 2z, &c. which vanish when 
z = or 360". 

Now since cqs*z = i.(l + cos 2z) = J, when cqsz = 0. 
cos'r =-f cosz + ^coa3E = 0, 
cos*z =| + 5Cos 2z + ^cos4r =|, 
cos* z = I cos z + g cosSz + ^ cos 5. a = 0, 
■cos«i=^+g.cos2z+gcos4z + ^.cos6z = 4 



Ecc. = &c. 

.A--L- 
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three tenns of which aeries wiil be lufficieDt, since it con- 
verges rapidly. 

(I 4 9 \ 

16 1024n* / 

Cob. 2. When the surface of the water just touches the 
extremity A of the diameter AD, n=l] and the preceding 
formula gives the quantity discharged in a given time. 

It may also be found in finite terms as follows: 
Since Q ~ 2tr' i^ ig'r .fdz aia* 1 1^ 1 — cosz. 
Let 1— cos« = y;' .\ l+cosi=2— y; 

and dz sin* z ^^ I — cos « = y^y's/^—y, 

and Sydyj9.-y= -iy .(2-y)* + -j/(2-y)*rfy 

= -|y.(3-y)»-^.(2-y)V+C 

= — jsin'z.^l+coBZ-^.Cl + coszyr + C; 

.-. Q = a(f^^/2gr.| -f3in'z^/l+cosz-^.Cl+cosz)^ + CJ: 

but Q = when !; = 0; 

whence 
Q = «*r'*/2^|i^^-|sin*!;V»+co8Z-— .(l+cosz)*]; 
and|nhpn x— 160°, 

leyi" 



Q=gfi^^2gf. '"'^ " =Ae quantity through A^D\ . 

and for the whole orifice 0.™^t^ tj^r .■^. 
Ex. 6. Compare the quantities of fiuid dischai^ed by two 
equal parabolas in the side of a reservoir kept constantly full; 
one of them having its base, and the other its vertex down- 
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wards, and the summits of both coJDciding with the surface of 
the Auid. 



Let JD, ad he the axes of the para- 
bolas. Draw the double ordinates CB, c b 
at the same depth; then the velocity at 
CB : that at cb :: ,JaE : ^57. 

Hence the quantities discharged in equal limes through CB 
and cb are in the proportion of CB : cb :: ^^E : ^ae 

::AE:^JExDE. 
Take .'. MN = AD, ML = JE; draw NR 
perpendicular and equal to MN; join MR, and 
draw the ordinate LSI'; -MTN being a semi- 
circle. 

The quantity through CB : that through cb 

:: ML : ./MLxTn :: LS : LT; 
therefore the quantity through ACD : that through acd 
-.: MNR : MTN i: 4 : -r. 

317- If ^ vessel empty itself through a vertical orifice; to 
-determine the time in which the surface will descend through 
a given height. 

When the orifice is opened, let the surface 
of the fluid in the vessel be at £; and at the end 
of the time (0 at F. Lei EF= ?. 

If during the time (0 the vessel were / \ 
kept constantly full to F, the quantity dis- L^ -J- 
charged would be (315) = t^S,g.{fydx^x + k' -^z + Cj. 
In this expression z is supposed constant, and therefore the 
integral may easily be found, and C determined according 
to the required conditions, viz. that when x = 0, Q = 0; 
and the complete integral, determined by making x = A — A', 
will contain only z and known quantities. 
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Suppose now that a portion of fluid issues during the in- 
definitely small time dt, and the surface descends through 
F/sidz. And therefore if^ = the area of the section of the 
vessel, the quantity issuing = Adz. But the surface may be 
supposed to descend with an uniform velocity through Ff, and 
the velocity at each point of the orifice to remain the same 
as when the surface was at F; hence the quantities issuing 
will be as the times; and. 

•"■ ty/^.(fydx^x + k'~z + Q : Adz :; ( : dt; 
Adz 

^ ~~j2^7{fydriJT+W^7+cy 

1 /» Adz 

The form of the vessel being known, A is also known in 
terms of Z and constant quantities, and the integral in the deno- 
minator contains only z and invariable quantities ; and there- 
fore tbe value of t may be ascertained, and C determined by 
taking t = when z=0. 

Ex. 1. Let the vessel be a vertical prism^ and the 
orifice a parallelogram. . 

In this case A and y are both constant ; 

uiA/ydx^x + h'~z=^i/ .(x+h'-z^ + C, 
if ; be supposed invariable. 
Now this =0 when i = 0; 

.-. = *y.CA'-z)»+C; 

.-. the integral = 4-y . {(x + h' - z)i - (h' ~ z^} . 

And when x = h — h', it becomes = fy . {(h — r)* - (V — z)l} ; 

LetA-£c=>/'; dz=—dyl/; 
and if a c: the height of the orifice, hs=h -|- o ; 
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3A ~yf/*d^ . .(^-a^.ii'^.. 

lUultipljring numerator and dencMninator by i^' + (^/' — a)*. 

If ■>},=: (j)*^ and ^ — a = j^, the expression wiU be re- 
reduced to forms which are easily integrated; and when 
^ = A, f = 0; aod tbe surface may be reckoned from >/r=iA 
to>ff = a. 

Ex. 2. To find the time of emptying the prism by a 
vertical parallelogram' reaching from the surface to the base. 

In this case suppose DF=x, and the height of the 
fluid = k. 

The velocity at F=»/ig .(k- x)i 
and the quantity issuing through the orifice in thfe time t, sup- 
posing the vessel kept full, 

which determbed between the values xssO and x = h, gives 

-A dh 3J dh 

if a B the original height. 

And the whole time of emp(yine=~^ — 1=^ X I - — — f=V 

which is infinite. 

Ex. 9. To find the time of emptying a cone by an orifice 
CAB in its side. 
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Let AE be tbe axis of the cone; CB = b, 
and CA — I; the angle EAC = a, and 
AR = x, PR beiDg perpendicular to AE. 
,'. jlP = x.seca, and Pp = dx seca. 
Let A = the vaiiable ^titude of tbe fluid 
above A. 





15/n-.tan*a dh 
46v'2g-seca",^/i ' 



15«-/-taa*o 



13 IT /.tan* a 
^A-s/Sg.sec 
if a = the original height.' 



- X yj+C 



-■Qa-Jh), 
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l5 7 rf.tait a f— 
And the whole time of emptying = r== x^a. 

318. If a vessel be filled with fluid to At), and raised 
vertically by a weight P attached to fi stridg, which will not 
stretch, and supposed without weight, pauiog over two 
pulleys E, F; to determine the pressure on a very small poly 
tion pq, or the height due to the velocity of the fluid issuing 
through pq. 

Let G be tbfe centre of gra- % f 

vity of the vessel and fluid con- 
tained in it, at any gives time; 
M the whole mass. If P and 
M were acted on only by gravi^ 
and moved freely, they, would 
describe the indefinitely small 
spaces (suppose) Pt, Gx in the satne instant: but in conse- 
quence of their action on each other, let P describe PA, and 
G describe Gy. The quantity of motion lost by the first being 
equal to that gained by the second in the same direction, ac- 
cording to D'Alembert's principle, let g represent the force 
of gravity, and/ the simple accelerating force Pk or Gy, 
Px{g-f) = Mx{g+f)i 
P~M 

_ , ^ g.(P-M) SgP 

which expresses the forCe ^t pushes up each particle of the 
massM, in sndianianner, that if an equal force were impressed 
in a contrary direction there would be an equilibrium. In 
this latter cale there should act, against every point in the base, 
a pressure which is to the pressure that the same point would 
sustain if the fluid was acted upon only by gravity 

..liL- 



P + M ■ 



: iP : P + M. 
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- L«t A 31 H^ the height of the fluid in the vessel ; 

ike height due to the velocity *t pq would be =* x ■pTTj! 

and this also represents the pressure of the fluid on escfa 
point oi pq. 

319. Cos. 1. neace dQ=:0dty/2g.y-~—^. 

■ 320. Cox. S. The vessel being suppoaed to empty 
itself through^^ without receiving any fresh fluid, let f = the 
variable altitude Hq, X the horizontal section of the vessel, 
which is a function of x, M= C +J'Xdx; 



,, -Xd,.^P+C+fXdT 

whence at — ^= — i-ijc^jj. — — , 

OjTi.JWx 



which will ^ve the relation between t and x. 

321. C 
then/=0, 



P~- M 
321. Cor. 3. If in theequation/=g. ■^— rri., P = Jlf, 



Then the vessel is at rest, at least for an instant. 
Also dQ = Odt^igh. 

2P 

323. C0B.4. IfP = 0, =0; 

therefore (h« preawre on pq ft 0, or tbc fluid will not issue 
through the orifice. Which is also evident from thisj that 
every pardcle in the mass M will descend by its own gravity, 
widi the same velocity. 
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333. Cos.5. If AT be greater than P, and each of lliein 
be finite ; Jli^njll descend and P axcend ; therefore y becomes 
negative; but the velocity is such as would be acquired down 

2P 

a height = A. ^^. 

334. If the vessel ASCD containing a portion of 
fluid, be drawn along a horizontal plane by means of a weight 
P attached to ^ string, which is supposed to be without 
weight and not to stretch, passing orer a pulley ;' to determine 
the position which the surface of the fluid will have when it 
has arrived at an unifonn and permanent state; and the pres- 
sure OD any point in the base. 

Let M be the sum of the 
masses of the vessel and water; 
and Pt the space which the body 
would describe in an instant by 



• /= 



its gravity, but in consequence ^ 

of the action of M, let it only 

describe Pk, whilst JTf describes an horizontal equal space. 

Let.g^ represent the force of gravity, and y the accelerating 
force Pk.- 

By D'Alembert's principle Px(j—/) = jtf/; 

P + Af 

Whence each particle is impelled in the direction £Pby a force 

gP . 

■= — ~, and if an. equal force were impressed in a contrary 

direction, there would be an equilibrium. In this case each 
particle of the fluid would be acted on by two forces, one 
vertical represented by g, the other horizontal represented b; 

gp 
7j— -rj, and these would produce a compound force 

Vi- + (P + M)' 
*■ P + Jlf 
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In order then that there may be an equilibrium in the 
fiuid, or that the fluid may have a fixed and permanent 
situation, the surfoce must be perpendicular to the direc- 
tion of this force : and as it is always constant in quantity 
and direction, the surface' of the fluid must be an inclined 
plaoe LM, such that drawing XN parallel to the horizon, 

,LN_ P + M 

LM~1JW+(P+W 
It is evi<lent that XN and LM are given in magnitude. 
The point X is determined from' the figure of the vessel, 
and the quantity q[ fluid. For suppose (for instance) 
JBCD to be rectangular; at rest, the horizontal surface is 
HI, and iu altitude CH ; , 

.-. HCxCB=i.iLC + BM).CBi 

whence 2HC = LC+BM^iLC-MN, 

imi LC = HC + iMN, 

which is known, since MN = y/LM'— LN' a known 
quantity. 

If now from any point T in the side of the vessel 
TZ is drawn perpendicular to LM; the pressure against the 
indefinitely small area Tt, in this case, will be to the pressure 
against it, if at the depth TZ, and the fluid be at rest 
and acted on only by gravity 

^P-MP + M? 
■•*■ P + M '^ 

JT^+lP + Mf ■■ P+IH- 

_, . .„v TtxT Z^P'+iP + M)' 
Ine pressure . . will be ■ 

335. Cor. Knowing the pressure on Tt, we know the 
velocity with which the fluid would issue at the instant of 
making a small orifice at Tt. 
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326. It BMj be observed that if the vestei loses no fluid, 
the surface will remain inclined, and will keep the same in- 
clination as loBf as P moves with an uniformly accelerated 
motion. But if the vessel, having moved for some time with 
an uniformly accelerated motioo, comes lo rest or move uni- 
formljj die snrface will lose its inclination, and at length 
become horizontal. Which is also evident from the Proposi- 
tion; for if P = q, f=0, apd there bmg only a vertical 
force, the surface which is perpendicular to it, must become 
horizontal. 
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Sect. V. 



337. Def. By the Resistance of fluids is meant that 
force by which the motions of bodies therein are impeded or 
retarded. 

338. This resistance depends upon the inertie, the 
tenacity, and the friction of the fluid, supposing the particles 
to be in contact : but the two latter causes being very incon- 
siderable, we sliall consider only the resistance arising from 
the inertia of the fluid. 

S39> The ^^umon hypo^sis, vpon vhidi are founded 
the laws of this resistance, vn. that the flwd consists of an 
inflnite number of parallel fitaraents in 'die direction of its 
motion, each of which communicates its impact on the body, 
without impeding the action of the others, is not true : the 
results deduced from it, in many cases differing from those 
which actual experiments give. It leads however lo several 
curious conctusione, and may even be of service in examining 
the deductions to which we are led by experiments. Perhaps 
theory alone may not be adequate to meet the general ques- 
tion. Its deficiencies therefore must be supplied, and the 
formulie, which it affords, modified by a series of actual ex- 
periments. 

330. The force with which a stream impels a plane, is 
equal to the resistance suffered hy the same plane when 
moving in the same direction, and with the same velocity 
through the fluid*. 

* Du Buat's experiments would le^ to the inference that this is 
not pracisdy the case : tbt phsnomcoa not being the lame when the 
body ii at rest B£ wben it is in motitHi. 
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Since the motion cotnmuiiicated to a body B, at rest, bj 
another body ji impinging upon it with a certain velocity, is 
equal to the motion lost by B impinging with the same velo- 
city upon A at rest: therefore the motion communicated to a 
plane by a stream impelling it with a certain velocity, is equal 
to the motion lost by the plane when moving in the same manner 
and with the same velocity through the fluid. But the former 
motion measures the force with which the stream impeiit the 
plane, and the latter measures the resistance suffered by the 
same plane, when moving io the same manner, and with the 
same velocity through the fluid. 

331. CuK. Hence whatever is proved concerning the 
force of a stream impelling a plane, ia true of the resistance 
suffered by that plane under the same circumstances. 

332. If a stream impel a plane opposed to it perpendicu- 
larly ; the force with which it impels the plane will be as the 
area iA) of the plane, the densi^ («) of the fluid, and the 
square of the velocity (v) of the stream, jointly. 

For the force against the plane will be as the number of 
particles, and the force of each, jointly. And that number 
will oc Ax sxv; since of these three quantities any two 
being given, the number of particles impelling the plane will 
vary as the third. Also the force of each particle will octtj 
for the fluid being supposed to be homogeneous, the magni- 
tude of each particle is the same. Hence therefore the num- 
ber of particles x the force of each, that is, the whole force 
against the plane oc Asv'. 

Here we suppose that after the particles strike the plane, 
the action of them ceases, whereas they must in reality divei^e, 
and acting upon those which are behind affect their velocity : 
hence therefore a difference will arise between theory and ex- 
periment. 

£x. 1. If two streams of fluid whose specific gravities 
arc as 5 : I, moving with velocities which are as 2 : 3, 



Digitized by Google 



All pcrpradtoBlwiy mi pitnw wbose ansa are u J : 4 ; th« 
taecea wri! heaaSxSx*: 1x4x9 y. iS : Q. 

Ex. 2. If the specific gravities of water aiul air be as 
dOO : 1 ; to determine the velocity of a stream of water, 
whose force may be equal to that of the wind blowing 3000' 
feet in a minute. 

Here F :/:: (SOOt^'x I : *)'x900; 
.-. »'x 900 = (3000)', 

and ii* = (100f ; .-. c=:100. 

333. CoK, 1. The renstance will vary aa the Weiglilt 
of a ccAuitin of Said whose btise is the area of (be [dane, aai 
altitade tAe 3pa<^ (lirougti wfifcti a body must descend, by tbel 
force of gravity, to acquire the velocity of the moving plant). 

For the imstMice oe A.>i^i and the altitude of sncfa a 
column would ac t/*. 

334. CoK. 2. Let r =^ the radius of a cylinder, and 

«>it»tfae velocity wilfe which hi move^ M b> fitiid in the direotion 

ot iw gxia. Then the space through which a body must fall, 

by the force of gravity, to acquire the velocity (v) will be 

v' , . , ,■ , jlir' trt*tv* 
=s-r-; .*. the resistance to the cylmder o<: o^— — '—; 

and if d be a constant quantity, 

war's v' 
the resistance =■ — . 

335. Cor. 3. If the weight of the tiyUnder = « ; the 

retardi&g force, itieasured by ttie »el6city destroyed in di6' 

.... , fl-ar's/ 
cylmder in one second = — -. . 

aw 

336. C4X. 4. If / = the length of the cylinder, 
j.ssits specific gnivity, w^ifr^ls; and dierefore the retard- ' 

«*/ 
ing l6rce = ~^- 
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337- If ^^^ fluidi of the same kind impiogfe i>erpendi-> 
culari; on two planes whose areas Bie A and a, with velocities 
V aod V, and the planes themselves move in directions parallel 
to that of the fluid with vdocities V and v'; the iinpulsive 
forces, or the resistances will be as 

A.^F+Vf : a . iv + vf, 
according as the motions of the planes and fluid are in 
opposite or the same direcdons. 

For the effect will be the same, whether the planes are 
supposed to be at rest and the fluid in motion, or the fluid at 
rest and the planes in motion. It is necessary therefore onlj 
to consider the relative velocities ; which will be the Bum or 
difference of the absolute velocities according as the motions 
are in opposite or the same directions. 

338. Cor. If one of the planes, as A, be at rest, 
VsO; and therefore the resistances will be as 

AV : a.{v ±v'f. 
Hence therefore the impulsive force perpendicular to a plane 
at rest may be compared with that perpendicular to one in 
motion. 

339- '^^^ force with which a stream impds a plane op- 
posed to it obliquely oc sin* of inclination. 

Let AB be a physical line opposed ob- 
liquely to a stream impelling it in the direc- 
tion DA or EB; and Aff an equal physical 
line opposed perpendicularly to the same 
stream. Draw AG perpendicular to AB, 
and meetiug BE in G. 

Since the forces impelling A^ and AB are as the number 
of particles and force of each ; and the numbers which impel 
A'B and AC are in the proportion of AB : JC^ or 
rad : sin J3; and the number which impel AC would, if suf- 
fered to proceed, impel AB in the same time ; therefore the 
numbers (N and ji) which impel A& and AB are as 
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tsd : BID B. Take GB in tiie directioii of the stream to re- 
present the force of r particle against j/B". This may be 
resolved into two GA, AB ; of which GA only will be effec- 
tive on jIB; hence if F be the force of a particle against 
AS, andy the effective force of a particle on AB, 
F : f :: GB : GA :: rad : sin B, 
and ^ : n :: rad : wa B\ 

.'. the whole forces against AS and AB are as rad* : sin' B. 
And as the same may be proved of all other physical lines into 
which the two planes may be divided, the whole forces against 
the planes wUl be as rad* : sin^ B; and the first and third 
terms being given, the force against the plane AB will vary 
as the sin* of inclination*. 

340. Cor. 1 . If be the force against the plaue when 
perpendicular to the stream; the force impelling it obliquely 
= ^ . sin* 9, if = the angle of inclination. 

341. Cos. 2. If equal planes move in the same fluid 
and in directions equally inclined to themselves; the resistances 
are in the duplicate ratio of the velocities (332). 

342. CoR. 3. If the same body, of any figure, moves 
in the same fluid with different velocities, and always keeps 
thp same position in regard to the direction of its motion ; the 
resistances will be in the duplicate ratio of the velocities. 

343. Cos. 4. If different planes, differently inclined, 
move m different fluids, the resistances perpendicular to each 
plane will <x A jv* . sin' B. 

* It appears from experimentB, that the resigtaurea vhlch arise 
from oblique impulses do not vary as the sin* of the angles of iocliiiB- 
tion ; but that when the angles are between 50° and 90° the common 
theory may be used as an approxicqation, observing that it always 
^ves the resistaoces a httle less than experiment, and as much less 
as the angles differ from 90°- 
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]Sx. 1. A paralUlogniB and 'a tnaig)« of tb? awae biw 
«)fd altitude move in a fluid with velocities wkicb ere as S : S- 
They are inclined to vhe directiotis of tbeir tnetaiMii at anglcf 
of 4d° and 30* respectively. To compare the reiistvnoes on 
the planes in directions perpendicular to tbsra. 

The areas are as 2 : 1, the squares of lh« velocities as 

4 : 9i and the sin* of inclination as i i-— ■ ) : (z) ' 

.'. the resistances are as ^ : i :: l6 i 9- 

Ex. 2. If a stream of fluid fa!l perpendicularly on a cir- 
cular plane, and at au angle of 45° on an ellipUcal plane, 
whose minor axis is equal to the diameter of the circle, and 
impel these planes with equal forces; to determine the pro- 
portion of the major and minor axes of the ellipse. 

Let X and r be the aices ; the areas of the planes are as 
*^ : rx, and the sines of inclination as ^^ : 1, the forces 
will be as SV : rx; whence x : r v. i : !■ 

344, The force with which a stream impels a plane in 
the direction of its motion oc sin' of inclhiation. 

Proceeding as io the last proposition, (339)i it may be 
^wn that the force, wiA which a particle impels AB in 
the direction perpendicular to the plane, will be represented 
by GA; which not being wholly effective in the direction 
of the stream, may foe resoWed into GC„ CA ; whereof CA 
being perpendicular to the direction of the stream, has no 
effect in communicating motion in that direction ; tbc^fore 
the force (_F'), effective in the direction of the stream, i$ repr^ 
sented by GC; whence 

F:F::GB.GC:: GB* : GJ* :: rad* : »in* fi, 
and (339) ^ : n :: red : si^ B, 

.'.the whole forc«s are aa rad^ : sip S. 
Mow the same being true for evny other line into which each 
of the two planes rafty be divided, the forces gainst the ptatws 
are in that ratio ^ and the first and third terms being given. 
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Ibe foKB with which the ilreua impela Ae oUique plane in 
ihe dkeetion of tho stream oe ain^ of inclination*. 

345. Cor. ]. The force ImpeTTrng the plane in the direc- 
tion of the ■trran si <p un' B. 

346. Cor. £. When different planeti differently inclined, 
move in different fluids, their resistances in the dirsctions of 
their motions oc A X s X v' X siu' 0. 

Ex. A trapeziiim h«s two opposite sides equal, and the 
other two ^ralLel. Compare the resistance upon it when 
it moves in the direction of the parallel lidesj aad when it 
moves in a direction perpendicular to them. 

Let AB = DC; then the angle a p 

ABC = l^CB 3= 0, and let fi = Ae re- / \ 

sisUnce on AB BMiving ia the diredioh b c 

DA; and r and r the resistances on AB and AD respec- 
tive!;, when mowing perpendicularl; ; 
.■,R:r :: sin^ 6 : rad*, 
but r : / :: JB -.AD; 
.: R-: r :■. AB X sin'^ : XDxrad'. 
In the same manner if R' = the resistance on AB or DC 
when moving perpendicularly to Dtt, 



R' 

.-.««' + / 

but r' 

.-. iR'+r' 



r' :: ABx cob^0 : ADxrad^', 

r' ■: EABxcos'e + ADxrad' : ADxtad'; 

R :: ADxnA' : AB X siit'fl; 

B:: 24JJxcos'fl-|-Ai)xrad* : ABxain^O. 



* By experimeots on plant bodiw moviag both in air and water, 
the resistances have been fouDd not to agree with the laws here de- 
duced. Part of the differeuce maJ/ be occasioned by the tenacity of 
the fluid, and the tHction of its particles against the body : but the 
.greater part arises from tbe force after resolution, not taking effect, 
as ii here supposed ; tfae part which is considered not effective b«ng 
not aU lost. 
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347- The force with which a stream impels an oUique 
plane in a direction perpendicular to that of the stream 
oc sin* of inclination X cos of inclination. 

It has been shewn (339.) daee Fig. 194) that the force with 
which a particle impels the oblique plane AB in a direction 
perpendicular to the plane is represented by GA ; which not 
being wholly effective in a direction perpendicular to the 
stream may be resolved into GC, CA; of which GC, being 
in the direction of the stream, has no effect in communicating 
motion perpendicular to that direction ; therefore the force 
{F") effective in the proper direction is represented by CA i 
and 

F : F" :: GB : CA. 
Now G£ : G^ :: rad : un B, 
and GA : CA :: rad : cos B; 
.-. F: F" :: GB : CA :: rad* : sin BXcosB, 
but N : » :: rad : sin B; 

.'. the whole forces are as rad' : sin* B x eta B; 
and, as before, the force which impels the plane in a direction 
perpendicular to the direction of the stream oc sin* B x cos B. 

Pkob. At what angle mnst the rudder of a vessel be- 
incliued to the stream, that the effect produced may be a 
maximum ? 

The effect oc sin* Q x cos Q = max. 



2 gin X cos X (jd 


sin Bxde 
cos 


= 0, 




e 


and 


2co«'8 


= sin's. 




or i- 


- S sin' « 

.-. .in e 
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Pbob. To determiue the angle CDA, which a plane X5 
mast make widi a stream impelling it in a given direction CD, 
so that the plane may be urged in another given direciioD 
X)£ with the greatest force possible. 

Let CD represent the force of a particle 
of the Suid. Resolve it into CF parallel, and 
FD perpendicular to AB ; of which FD alone 
is effective on the plane. Draw JIG perpen- 
dicular to EDG ; then FD may be resolved 
into FG, GD ; of which GD only is effective 
in the given direction DE. 

Now GD : FD :: {coa GDF=) sin ADE : rad, 
and FD : DC :: sin ADC : rad; 
.-. GD : CD :: am A.DC x sia ADE : rad', 
and GDocCDxam ADC X iia ADE; 
also the number of particles ocAHoc cos BAHocsin ADC\ 
.'. the whole force impelling the plane in the given direction 
oe tin* ADC x sin JDE, which = max. 

Also CD J + ADE = CDE = a given quantity ; 
.-. dCDA=~dADE. 
d(sin' CDA) d sin ADE _ 
""'^ sin* CD^ sin ADE ~°* 

g.cos CDA X dCDA cos ADE xd JDE _ 
°^ sin CDA sin JDE ~ ^' 

whence 2 . tan ADE = tan CDA ; 
or tan IDE : tan CDA :: 1:2; 
and tan ilDE+tan CDA : tan ADE ^ taaCDA :: 3 : 1, 
that is, sin CDE : ainiCDJ-ADE) :: 3 : 1; 
.-. 8in(CDil-AD£) = ^8iii CDE = sin 2/3 (suppose) J 
.-. CDA-ADE = Z^; 
let CDE = CDA + ADE = ia, 

a™i ^E^a-S "'*'''' "* '"**^ '^■>°'™- 



id by Google 




eoo 

PKOa. If a. plaoe nove witb » vclocit7 v, i» a (Hrection 
-«4iich makes an angle 6 with the direclicm of the stream wkm 
vfllocitj is 7; to detepmine the angle at which tile plane mu« 
be inclined to the direction of its motioa, so that the effect at 
the fluid (nay be the greatest possible. 

Let the plane ABC move in the 
direction fJB with the velocity u, 
which represent by 0B; and let 
DB represent the velocity and direc- ■ 
tion of the stream. Join £>£'. 
The effect will be the same as if the 
plane were qh rest (330) and acted 
upon by a fluid moving with a velocity DB'j therefore the 
force in direcUon perpendicular to the plane 

•xDB" X lin" D& A': 
ajti ite efficacy in the proper direction 

oc D&' X sin^ DffA' x sin ABH, which siimx. 
Now the angle DBB" being giveB> as also BB^ aad BDi 
the anglq BSJ^ and BD are also given, and therefore the 
efficacy is a max. viheaev^ DB^ A' X mu ABH =ma\. thatis, 
when tan DffA' — ^. taa ABB (gee last Prob.) 

Draw £Gf perpieadicular to the plane. And since BG, GI 
are tauggu^ of the angles ABH, A'B'D (o the same radius 
BG; 

.-. GI = iGB. 
Draw /K,DZ perpendicular to HL,aadlelGB = i/, Gl( = x. 
From similar triangles ilB'G, Biff, BS : BG :: BJ : BK, 

or V : y- y. Sy : BK = ^i 

Also BBf i BG .:BI:IK. 

or » : X :: 5ji : 1£ = --— ^. 
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And DL=V.aia$; and -B'X = T. cwfl— o. 

But DL : L& V. IK : KSf, 

Sxv Sv* — v* 
or V.sm6 : r.cosfl-r :: — ^ : -^ , 



whence 3/- t>* = 3ry . — ^j^^; 
but i!' = i*+y'; 
.-. a/-j' = 3ry. ^^.^^ -Sry.Q. 

and T + 3Q.- = «; 



wheDce - 



= \/^ 



. yA I 9 / y.co.9-» \' 3 f\cc 
■^ ' + ;A V..i„9 >> V V. 



COS tf — « 



which is the natural tangent of GB&, or the co-Ungent of 
GSH the angle required. 

Cos. If the angle d be a right angle, sin 0=1, and 
cos B = Q, 

And if the plane be at rest, or v= 0, 

- = */ 2, which answers lo 54° 44'. 

y 

Prob- If an isosceles wedge move through a fluid in the 
direction of its anis ; compare the resistance on the sides with 
that on the base. 

Cc 
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Siixre the same Dumber of particles of 
fluid which strike againat ^C would, if suf- 
fered to proceed, strike AD in the same 
time, the ratio of ihe resistances will be the 
same as that of the force of a particle 
against each. Take ab to represent the force of a particle 
against AD; draw ac perpendicular to AC, and cd perpen- 
dicular to ab : tlien will adhe the effective force of a particle 
against AC in the direction of the axis ; cd being destroyed 
bj an equal and opposite force. Hence 
res. to AD : res. to AC :: ab : ad :: ab* : ac* 
:: AC : AD" 
:: rad* : sin'^CD; 
and the same being true for the other side and corresponding 
base, 
the res. on the base' : res. on the sides :: rad^ : sia'j ACB. 

Cor. 1. If ACB be a right angle, the resistances are 
as 2 : 1. 

Cob. 2- The same may be proved in the case of a cone. 

Pbob. If a stream impel a cube in a direction perpendi- 
cular to one of its sides, and agaia in a direction perpendi- 
cular to one of its diagonal planes. Compare the forces. 

The force perpendicular to AC ; thatper- 
pendiculartoAB i; ilC : A-B :: 1 :fl^/2, and 
the force gainst JB : that against the sides 
:: 2 : 1 (by the last Prob.); therefore 
the force perpendicular to AC : that against the sides (when 
moving in the direction of the diagonal) :: 3 : »/2 :: mjz : 1. 

Prob. The resistance on a cube moving in a fluid in the 
direction of its diagonal is to the resistance on the same cube 
moving in the direction perpendicular to its side :: I : :\/3. 
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Let died be a side of the cube. Join bd, 
sad make be perpeDdicular to the plane abed, 
and — ab. Join de, wliich is therefore the 
diagonal of the cube, and the ai^le bde is 
its inclination to any ooe of the sides. 

Now de* = dft*+ie* = rffl' + aft'+fie* = S6e'; 
.-. de = ->/s.bei 
and rad : sin bde :: de : eb :: .^/3 : 1 ; 
therefore the resistance on one side of the cube, iDoving in the 
direction or the diagonal, is to that (H) when it moves perpen- 
dicular to the side :: I : S^/S; 

.*. the resistance on the three sides : £ :: 3 : 3^3 :: 1 : ,^3, 
Prod. To compare the resistance on the curve of a 
cycloid moving in tlie direction of its axis, with that which 
' would oppose the base. 

Let ABC be the cycloid whose 
axis is AB. Complete the paral- 
lelogram A BCD. Draw GP pa- 
rallel to A B, and let it represent the 
force of a particle perpendicular to 
the base. Draw PFE perpendi- 
cular to JB, GQ perpendicular to the tangent PQ, and QR 
perpendicular to PG. Tlien will Gil represent the force 
or a particle on jP. Join AF. 

The force of a particle against H : that against P 
:: GP : GR :: GP^ . G^ 
:: AF" : FF? :: BA : BE :: Hi : HP. 
Hence the whole resistances on the base and the curve are ati 
the sum of all the Hi's : the sum of all the HP's :: the 
parallelogram BD : the semi-cycloid ABC :: i : -^ :: A : 3. 
Frob. a solid generated by the revolution of a common 
cycloid about its base, moves in a fluid in the direction of its 
base. To compare the resistance against this solid with Ihst 
against its circumscribing cylinder. 
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sum of vm'i 



Through any poiut P draw GPH 
parallel to the base CB; PQ a tangent 
at P; and taking GP, as before, to re- 
present the force of a particle against 
H or the cylinder at v, GR will repre- 
sent the effective force against P in the proper direction. 
Hence 
res. on v : res. on P :: GP : GR :: GP* : GQ* : 

:: AB :: AH :: vm : vn. 
if vm = AB, and vu = ^H; 
.'. res. on cylinder : res. on cycloidal solid : 
: sum of fn's. 
Now vm : vn :: AB : AH; 
.-. Cr : vu :: DC : Dv, 
whence the locus of the point ft is the straight line Dr. 

But if the figure revolve round Cfi, the sum of all the vn's 
will be a cone, and the sum of the vm's its circumscribing 
cylinder ; whence 
res. on the cylinder : res. on the cycloidal solid :: S : 1. 

348. If a plane figure, or a solid generated by the revo- 
lution of a plane figure round its asis, move iq a fluid in the 
direction of its axis; to determine the ratio of the resistances 
on the curve or surface, and on the base. 

Let BAC be a curve whose axis is 
AD, in the direction of which it moves. 
Take Pp a very small arc ; and through 
P draw GPQ, perpendicular to BD\ 
and let GP represent the force of a 
particle against BD. Draw PF a tan- 
gent at P, and GP perpendicular to it, and FH perpendicular 
to GP; then will GH represent the effective force of a par- 
ticle against P. Hence the force of a particle against Q : the 
effective force against P 

:: GP : GH :: GP^ : OF* :: dz' : dy\ 
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Now if tbe figure be considered as a plane, the same number 
of particles which impel Pp, would, if Ruffered to proceed, 
impel Qq in same time, and oc Qq oc dy. Hence the whole 
force on Qq : the effective force on Pp 
:: dz" X dy : dy^ 

:: ^. : g. 
whence the whole force on the base : that on the curve 

But if the figure be a solid generated by the revolution of 
a curve surface round AD, the number of particles impelling 
the surface, and the corresponding part of the base, wUI b& 
proportional to the annulus generated by Q,^ or to 

Ivy X dyxydy, whence 
the force on the base : that on the surface 






£x. 1. Let BAC be a semi-circle. 
rdy 




which, when y = r, becomes m r : r-^r :: S : i. 
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Ex. 2. Let BJC be a cone. 

Here djf : dz :: BD : BA, 
and res. on base : res. on surface :: -^y : f „ 3 v. ydy 
:: BA^ : BD\ 

Cor. 1. If Ji = lhe resistance on the base, the resisUnce 
■on the surface = JR . sin^ BAD, 

Cor. 2. If the angle at the vertex be a right angle, the 
resistances are as. 2 : I. 

Peob. a right cone and a cylinder whose bases are the 
same, move in the same fluid in the direction of their axes ; 
to determine the ratio of their velocities, when the resistances 
upon them are equal *. 

Since when they move with the same velocstyj the "re-' 
sistances are as 2 : 1, and that ctct.par. the resistance ocV ; 
.', tlie res. on cylinder : res. on cone :: iV : v'; 
and .'. V : V :: 1 : -s/^- 
Ex. S. Let BAC be a paraboloid. 

Here y* = 4ax; .". ydy~iadx, and -;— 5 = ■^— ?; 

, i p ydy 

.'. res. on base : res. on surface :: i;y : I 5- -: 



:: \y° : 2a' x h.I.(4a*+y). 

• If a cylinder moves in a fluid, so that the direction of its motion 
shall always coincide with the axis of the cylinder, the anterior plane 
surface only will communicate motion to the fluid j since the curved 
surface, being parallel to the direction in which the whole body moves, 
neilher accelerates nor retards the particles of the fluid ; these, as well 
J the cylinder, being supposed so smooth that no friction can have 



any sensible effect. 
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El. 4. Lei BAC \m > spkere. 

The rejislance. will be :: J/ ./ '<■''-!' ^ ■ H '') 

:: 2 : 1, when y = r. 

Cor. Hence the resistance to a sphere is half that to its 
circumscribing cylinder moving in the direction of its axis. 

349. The force therefore retarding a sphere, measured by 

the velocity destroyed in one second, is = ,ifv> = the 

weight of the sphere (335). 

350. Also if / = the specific gravity of the sphere, 

3 ' 

.'. — ^ — 7= the velocity generated or destroyed in the sphere 

in 1" by a force equal to the resistance of the Buid, when the 
body moves with the uniform velocity v. 

351. It is found by experiment*, that the resistance 
which a plane surface meets with, when directly and perpen- 
dicularly, striking an indefinite fluid, is equal to the weight of 
a column of the fluid vibose base i« the area of the plane, and 
altitude the height due to its velocity. Suppose therefore 
a =3 1, and z = the space through which the sphere must 



* If the fluid is not of indefinite extent, but merely a vein which 
strikes a plane surface at rest, the absolute measure of the resistance 
is difTerent ; being equal to a little less than tbe weight of a column 
J of the fluid whose base is tbe area of the surface^ and whose height 
u double tbe height which is due to the velocity of the issuing vein. 
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move with the velocity o,' whilst a force equal to the resisttsce 
continued unifomi, generates this velocity ; then 



I6rs' 
l6r 



Pbob. Suppo<ie a sphere to move in a resisting medium; 
it is required to cut off a segment, by a plane perpendicular 
to the direction of its motion, so that the resistance on the 
remaining frustum may be three-fourths of (hat on the end of 
a cylinder circumscribing the sphere. 



Since 
I. on DA 






and res. on DE 

and res. on OB 
.'. rea. on DA 
whence 

res. on DA : res. on DB 
but since res. on DE 



res. on OB : 
res. on AB : 
res. on AB : 



y -y - f" 

res. on DA :: 2r'y 



.*. res. on DE 
and res. on DE 
but rea. on OB 
.". res. on OB 



res. on DB :: 2r'y : 
res. on JDE + res.onDB :; 
res. on DE : 

rea on DE + res. on DB : 



whence 2r' 
and 2y* = r' 



.•.,='VT 



■y-y : ''■• 

2ry-/; 
- ary +,', 
'')'■■'■'+!'■. 
r' : y'; 



y^- = r-\/r'-^^^,.(.-'/ZI^^. 
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Pbob. Given the base acd height of the frustum of a 
cone moving through a resisting medium ; to find the whole 
altitude, so that the resistance on the frustum may be a min. 

Let the resisUnce on the base 
CHB = v .CO^, since the resistances 
on circles oc their areas ; therefore that 
on FDG = w . FIf ; and the resistance 
on the surface of the frustum 
=(re8. on CffB - res. on J=GD) . sin' C50 




, the resistance on the frustum 

= ^.(CO'-FD')'^_+^.FD' 
CO'MCS'-CO').FD' 

= '• cs^ 

CC+OS'.FD' 

-"■ c? 

CO'+C O' X PS' 
CO'+DS' 



whence 
Let OD = iI, OC = b 



CA" 
, OS = xi 



(t'+j')xg.(T-a).Ji-it' + (i- 



(J' + i')' 

whence i* — ar-6* = 0, 

«id i = i(a + v'o'+4*'). 

Dd 



i)'}xaTiij_„ 
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Hence the following construction : 

Bisect OD ID Qi join QC; produce OD, and make 
QS = QC i S in Hie vertex of the cone required. 
For CQ' = CO*+OQ' = ft' + ^a*: 

.-. CQ=^b* + ^a'; 
and OS = OQ+CQ = ^a+^^a' + ib^ = x. 
Cor. Since ihe angle CQO = QCS + QSC 
= 2QSC= CSB; 
.'. CSB is acute as long as CQO is. 
When .-. Q comes to O, CQO, and .'. CSB are right angles ; 
.'. the limit of QCS is 45°, and then CFD will be its sup- 
plement, and .'. = 135". 

Pros. If CAB be a paraboloid, and from a point P a 
tangent be drawn forming with the tangent at the vertex 
a frustum of a cone ; to determine the place of P, so that 
the resistance on CPQA may be a min. 

Let AM=x, MP=y, .: TJtf=2r, 
andy* = 4aj;. 

Taking wy* or itrax to represent the 
resistance on the circle whose radius is 
MP ; irar will represent that on the circle 
whose radius is AQ; ,'. the resistance on the surface PQ 
1 circle JtfP-res. on circle JO). Bia" PTM 

PM' 
■ pj'. 

iax _' Sva'x 
x + 4x' a+i 

the resistance on jIP ^Zirfydy.-^ 




= (res. o 
= Svax . - 



AIsc 



!x/a 



Z^dx 



PM^ 
PT*' 



■■ ^-rfiadx . ; 

^ a+x 
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.■. the resistance on CP = R~iv f — ; — , 

if il = the resistance on the whole paraboloid. 

Hence the res. on CPQA 

= R-2frf — ; V — ; — +«-ox = mm. 

J a-\-x a + x 

_ 4yfl'dT 3-tra .{(a+x) .dx-xdx] ^^^^^^ ^ 

" ~ o + x (a + xf 

or Stto' — 47ro'.(a + ar)+ira.(« + i)°=0, 

whence r = 2 a ; ■ 

and if S be the focus, AM=iAS. 

Also y = 2 ^0^ = 2 fl v'^; 

... tan. MTP = ^ = ^ = -^ = y^- 

352. If a sphere of given magnitude be projected in a 
fluid whose specific gravity is to that of the sphere ;: j : s j 
having given the velocity of projection, to determine the velo- 
city of the sphere at any given point; and the time of describing 
any given space. 

Let O be the point from which the body is projected 
with the given velocity b. 

Let OP = T, and the velocity at P = v. 



I6rs 



b 

= hyp. log. -. 
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Let c = the base of hyp. Ic^s. ; and c = "t-^, ; 



and v = be ". 



since when ( = 0, x = 0. 

353. Cor. 1. If the spaces be taken in arithmetic 
progression, the velocities are in inverse geometric progression. 

334. Cor. 2. If « be given, x = ~. (hyp. log. -Ji 
and / = — ■ ( 1 ) ■ 

oc \v -' 

355. Cor. 3. If ( be given, v = - ;— ; 

" bct+l 

and X = - . {hyp. log. (6<:( + l)5. 

356. Cor. 4. To determine the space through which a 
body must move, so that the velocity at O may be to that at 
P in the ratio of h : 1 . 

In this case b = nv; 

but r = Ae''"'= jiT , e~"', 
vhence e" = n; and ■". cx = hyp. logn, 

and X = -. (hyp. log. n) = x (hyp. log. n). 
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357. Cob. 5. Hence (355) bct+l=n, 

and t =■ —1 — . 

DC 

358. Cor. 6. The velocity lost by a sphere projected 
in a fluid, during the time of its describing the space x, will be 
equal to that part of the initial velocity which is expressed by 



359. CoH. 7. When ex is very small, the velocity lost 
will approximate very nearly to ex. 

For in this case e" = l+cx very nearly. 

360. If the sphere descend from rest; to determine its 
velocity at any point of its descent ; and the time of descend- 
ing through any given space. 

The force (107) with which the sphere endeavours to 
descend in the fluid = g . — ;— ; 



l6sr' 

dierefore die whole force acting on the sphere is equal to the 
difference of these forces, 

s'-j 3sii* 
* s l6s'r ' 

whence (g. —7 -■ , -^ . dx = vdv, 

3s , Svdv 



. -^.^=-hyp.log.(l6gr.'^-r*)+C. 
Now when x = 0, v = 0; 
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. 0= -h,p.log. (l(!gr.^')+C. 






.x = hyp. 1(^. 



. , iGgr.W-s) 



\6gr.{s'~s) — 3iv ' 

3sv* 

~l6gT.(.s'-sy 




since in this case C = ; t being = 0, when x = 0. 

361. Cor. 1. If a heavy spherical body descend in a 
fluid, it is endent that it will every instant of its descent 
strike the fluid with the velocity acquired at that point ; and 
that this impulsion, which from the nature of fluids is trans' 
mitted in all directions, will thus operate against the bottom of 
the vessel. 
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Kow the resistance =cw* = cffl.(l—c~*"); and as e is 
greater than unity, e~*" decreases as x increases, and 18 = 
when tc is infinite ; in this case therefore only, the impulsion on 

the bottom becomes = cm =g. — j—, which is the gravity of 

the body in the fluid (112). 

This result is employed to illustrate the sinking of the 
barometer in rainy weather ; for the distance from which the 
drops of rain fell is never very great, and therefore their action 
at the surface of the earth is always less than their absolute 
weight; whereas while they are held in solution they press 
with (heir actual weight ; the mercury in the barometer there- 
fore ought to fall during rain. 

363. Cor. £. If s' be indefinitely greater than (, then 
will c~'°'= 1 — 2ci very nearly; 

whence v = ^m.(l~e~*") = ^m.2cx= j^igi = the 
velocity acquired whilst descending from rest by the accelera- 
Uon of gravity through the space x. 

363. Cor. 3. If the retarding and accelerating forces be 
equal, 

s' - s 3sii* 

the motion of the body in the fluid will be uniform, and the 
greatest that it can acquire. 

Then V =Vl6rg.^^ = ,y^. 

Biit in general, v = \f m. — jjt— ; 

.'. e'*'— !=«*", or i: is infinite. 

364. Cor. 4. This greatest velocity is equal to that 
acquired by a body in descending through the space ~ by 
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by the relative weight of the 
body ia tbe fluid*. 

365. Cor. 5. Since — = 1— e~'"; 

■'■ ' ~ ; /^ ""yP- ""S- 1—7= — ) 

I ^ 2b 

= 0, y^. hyp. log. ( 1 + /— ■ 

If / be iodefisilely greater than 5, •s/m will be indefinitely 

greater than v when x is finite; .". . — — will beindefi- 
^ m—v 

nitely small; and therefore 

2t> / 2o V 

-y= = hyp. log. (1+ /- ), 



and .". ( = - T=. , — — = - , 
Zc^m ^m — v g 

the time of descent ia vacuo to acquire the same velocity. 

366. Cor. 6. If ^ is less than s, the force with which 

Ibe sphere endeavours to ascend in the fluid = g . — ;-, If 

therefore v = the velocity which it will acquire in ajicendiag 
through any altitude x, in a fluid of greater specific gravity, 

r~ n — =s^ u i6g:r.(s-s') 

v = ^ m . ^ \ — e ; where m = — =— . 



• Wood's Mechanics (248). Whewell (178). 
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367- CoE.7. Ifi-begiveD, J= — .h.l. ^— ^Y 
and ( = ==. hyp. tog, (^t= )• 

368. Cor. 8. If ( be gisen, t) = ,^/m . j . 

e*" ' + 1 



Let — T — 



369. If a sphere be projected dowmeards from a given 
point with' a givea velocity ; to detennine its velocity at any 
poiat of its descent ; and the time of describing any spac«. 

Let a = the velocity of projection. 
From what has been shewn before, it appears that 
2.vdv 



8 


■7- X <I x = 


s —s 
3s 


-w* 




~ 


1= -hjp. log 


(>«« 


' Si 


-'•) 




= - hyp- log 


16gr 


(.'-.) 


-3ji>" 




16gr 


«'— )- 


-3*a' 



^i,. _ l6gr .(^ - s)- Siv' 
l6gr.{s' — s) — Ssd" 
,_ l6gr.(j' — s) — Ssa' /■ J6gr.(s— s) _»»j\ 

=(m-a*).r-%-e-"'l; 
Lm — a J 
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whence » = \ 
Also since — 



V: 



m~ a 
ivdv 



2dv ■ 



l6gr. 



But when ^ = 0', v = a; 



hence ( = r — 7= ■ hyp . log. 



+ C. 



.-. = 7==.hyp.W. {^^7= )+Ci 






w + ii ^/to- 






<m-a').c-' 



■, ( = - 7=.h. 1.1 — T— " T----^ ■■ ■ ■' -"r^" ;•■■■ X ^7=" J ' 

hence when v or x is knowD, I may be found. 

370. Cor. If the velocity with which the sphere is pro- 
jected be equal to the greatest velocity it can acquire when 
descending from rest ia (be Suid, that is, if a = ,^/m, the velo- 
city will contique uuifonn. 

_ ,^ d* dx 
But dt^— = — ; 
V a 

, . X 

.'. in this case t = - ; 
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S'Jl, If the sphere be projected upwards with a given 
velocity ; to determine its velocity at any ppint of its ascent ; 
and the time of asceading througb any given apace. 

Id the preceding propositions it has been shewn that the 

force ^tb which the sphere endeavours to descend in the 

s' — t Siv* 

fluid = g . —p — ; and the retarding force = ■ , - • 

In this case ibese forces act in the same direction, and 

' or (cm+cv*) .dx= —vdv; 

ivdv 
.-. 2cdx= - r; 

.•. 2cx= —hyp.\og.(m + v^) + Ci 

Now when x = 0, v^a^ 

/. 0= — hyp. log, (m + a') + C; 

, /m + a'\ 
,'. 2ci = hyp.!og. ^^—- ^^i 




m + fl* 

■ J —— i- ^''^'°. 

gain '-— - q_c' mW 

and .■. t=s 7=x (circ.arc.tan =-7=)+C 

s= — j=- X (difference of two circ. arcs 

a V \ 

whose tangents are —r^ and -~r= J . 
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373. CoE. 1. If v-0, x= — .byp.i(^. ('^^— ^y 
=i-.hyp.log.(n-°^), 

which is the greatest height the body cao ascend to with the 
velocity a. 

373. Cob. 2. In this case if s' be indefinitely greater 
than s, Aen m ,will be indefinitely great, and .*■ — very small; 

hence hyp. log. ( IH — ) = — ; 

and therefore the heisht ascended in this case = — , 
- H 

the height through which the body will ascend in vacuo to 
lose the velocity a, 

374. Coa. 3. To determine the velocity of -the sphere 
when it retums again to the point of projection. 

1 .1. 1 "•+«' ■ 

Liet hyp. log. =z; 

m 

the space through which the body descends from rest = x 



and 2 CI = z. 
But (360) the velocity = ^m.{\-e-*") 



^ V»«-(l-e"'). 

Bl + dS 



37s. Cob. 4. Since z = hyp. log. (^^i^), 

m 
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Iheiefote die velocity of the sphere when it returns to the point 



m + a 

If ,'. i' be indefinitely greater than a, and .*. m indefi- 
nitely, great, the velocity of the body when it returns to the 
point of projection = a, as it ought, 

376. Cob. 5. The time of ascending to the greatest 
altitude, that is, till v = 0, is 

I X a ,. 

= — 7=. I circ. arc, whose tan= ■"> — l. 

Hence therefore (360) if icx = z, the dme of ascending and 
descending again 

1 r/ <» \ . i + ^/l — e~*-i 




henfce the time of ascent and descent 

=;7s[("''''°°7s)+*'"'p''^('+ v-»+1'- )]- 

378. Cor. 7- When the ratio of s* : s is very greaty 
this time becomes — , the same as in vacuo^ as wilt appear 

ig 

by proceeding in the same manner as before. 

379- -^ Sphere movmg in a fluid with a given velocity (k) 
meets with a resistance equal to the weight of a column of the 
fluid, having for its base the greatest section of the sphere and 
height (A). If the resistance oc:(vel.)"; to determine the velo- 
city at any point of the body's motion, and the time of 
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describiBg any given space, when the spliere is profecteJ whb 
a given velocity. 

Let 6 = the given velocity of projection, and £ = the re- 
aJBtance wbich tite sphere meets witb, when moving vrith the 
velocity v; 

then 1^ : vf :: wr*hs : R; 



and the retardine force = e.— = e -in^hs .^tz- rr 



4rs'ft" 



3g&S 



, Sehs , dv 

4rs A" «"-' ' 

, SgAi _ 1 1 



°i»-aV?^'"ft»^/' 



^ 4r J ft"/ 



Let ^ = („-S).J-.^. 



then df = — 



rfar _ dx.<l +0jy"' 
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380. CoK. 1. If M=l, orRocy, 

Sgksx 

4rs A 

4r/fc ,, . 

and r= ^--Co-o); 

Sgks 

hence the dimiuution of velocity is proportioaal to the space 
described. 

381. CoK. 2. If n=l, and v = 0, 

X =■ — . b, 

3ghs 

the greatesB space tbe body can describe with the given velo- 
city of projection, or tbe space described before its motion 
be destroyed. 

383. Cob. 3. When « = 1, di = — = ^ : 

4rs k 



3S»' 

tri'k ^ 



4r/i , , /- *rs'kb \ 

383. CoR. 4. In this case if x = — ■-— , * will be in- 
3gA» 
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Aaite ; therefore in an)' finite time the body will not lose all 

irs'kb 

its velocity (381), nor describe the finite space : — . 

Sghs 



384. CoR-5, Since, yvhenn = l, -^-j-.dx = dv 



ir/k 



_ dx ^rik dv 

~ V ~ Sgks V ' 

irs'k , " 1 ^ 

and t = — — - X hyp. log. ~+C 

. *rs'k ^ , 6 

.: v = be *"'*' , 
from which it appears, that the body will never cease to move 
forward, whatever be the density of the fluid. 

385. CoR.G. Hence also, if the times be taken equal, 
the velocities at the beginnings of those times are in geome- 
trical progression- 

386. Cor. 7. If the body be projected in a fluid, directly 
to or from a centre of force, and be attracted towards that 
centre by a constant force ^, or by a force which varies ac- 
cording to any given law of the distance ; the velocity of the 
bodyj after any given space has been described, may be 
found ; as also the time of describing it. 

For when the body descends, the whole accelerating force 
= — the retarding force of the fluid, and when it ascends, the 
whole retarding force = ^ + the retarding force of the fluid; 
whence 

vdv=: ±{<p + ip').dx, 
in which equation the values of and tf>' being substituted, 
the relation of v and x, and therefore of t and x may be found. 

387' Cor. 8. If be constant, and the resistance as 
in(.S79), and« = 2. 
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■p' 




(.»■ 


vdv 


= ±(* + ;«»') 


.di. 


and 







--— X hjp. log. (^ + Aw')+ C 



and e*"' 



_ 1 

whence v may be found ; and .*. t as before. 

388. If a body revolve in a resisting raedium rotinci a 
centre of force, and the law be .given according to which it 
varies ; to determine the ratio of the reustance to the central 
force, lo that the body may describe any given curve. 

Let AQP be the curve in which the body 
moves round the centre of force S', Q the 
place of the body at any time. Let SQ=y, 
and j1Q = Z{ and lefysj chord ofcurvature 
passing throi^ S\ and r = the velocity of 
the body at Q. 

Then if ^ = the centripetal force, 

'-r^ = tliQt part which acts in the direction of the 

curve or tangent ; 
if .'. f =the whole force in the direction of the tangent; 




=*■+• 



d: 



Now ^ = — ', OT v = /i^/^yf 
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. ., dx dz 
and dt= — = — ■ 

... j„ ''' „ _ ■td(j>-K j,dy 

sppy S^ipy ■' . 

„ j- ydcji + ipdy 
idz 

«<;« • d! 

_ ydtfi+tpdy + itpdi/ 
idx ' 

.•. Iht ca,tnt>et.l force : d,' ■: A ■ - V^* + *i2±lM. 
'^ '^ air 

.. J _ ydtp + ipdy + Zifidif 
i^dt 
389. CoK. It the eenlre i> at an infinite distanee, 
p IS constant and acts in parallel lines; .■, rfri) = 0; 

and the centripetal force : ^' ;: I : - '^T+lfe 

■ '. substitnting tlie-value of dy, 
the centripetal force : A' •■ I ■ - ^V*^' 



Ex.1. If the curve be a parabola; y = ax'i 
• '■ dy = na3^~^dx, 

ifjf = ».(»- i)ai»-'ii', 

and dx = rfx^l +ii«a*x*''-*; 
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im 

^ydt '_ «■(«- l).(n-8).aj"~'rfj*.A/l +hVj:^— * 

_ (w -g) ■ *y 1 + «V j^"^ 
~ 2.».(»- l).<»jf-' 

Ex. 2. Let the curve be a logarithmic spiral, and 
forc« oc y ; 

■*■ 7=3'. 
and d^ = nay''~^dy, 
•yd<fi + ipdy+^<f)dy _ in + S)ay'dy _ n + S b 
iif>dz ^iftdz ~ i ' c' 

since dy : dx in a given ratio. 
Hence the centripetal force is to the retarding force in a conr 
atant ratioj 

and .*. the retarding force oc^. 

Cob. 1. Since «* oc ^y <x y *' ; 

R y 1 

v' y"*' y 



.'. density <; 
Hence if density oc - 



the body may describe the 



rad. vector 
logarithmic spiral whatever be the value of n. 

Cor. 2. If 11= - 3, ortheforce oc-^, the resisUnce =0- 

Ex. S. 1^1 the curve be a quadrant of a circle, and the 
fMce act in parallel liiies, 

.-. dy = dy, 
dy + idy _. Srfy _ 3 PC 
tdt tdt~aPO' 

SPC 



and - 



and centripetal force : t^' : 



IPO' 
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Cor. 1. Wben rad : sin AP :: 3 : S, the reUrding 
force is equal to the force of gravity; 

and at D the retarding force : gravity :: 3 : 2. 

Cob. a. The velocity ac .ypB, 

aad retarding force oc PC; 

... PC sill AP 
.'. the densi^ oc — — e - 
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390- If a stream of water impinge perpendicularly on 
the float-boards of a vertical wheel, and escape from it the 
instant it has made its impact ; the force of the impinging 
water 11 proportional to the square of the diflerence of the 
velocities of the stream and the wheel. 

For (337.) in genera!, the force <x J .{V±,vf 
oc iF~vf. 

391- Cob. Hence F=a J .{V—vf; where a is a con- 
stant coefficient to be determined. 

392. Cob. 2. The float-boards of a horizontal wheel 
being inclined to the horizon so as to receive the direct impact 
of a stream whose inclination to die horizon = 9; 

F=aA.iF-v.co»6)\ 
For the .velocity v being resolved into two ; one in the 
direction of the stream = v . cos 0, and the other perpendicular 
to it and = v . sin 6, the former only will be effective in 
diminishing the impact. Whence the relative velocity 
= V~v.cosQ, 

and .'. F=aA. (V-v.coifff. 

393. If a weight W be raised vertically by a string 
winding round the axis of a vertical wheel, the area of whose 
float-boards is given ; to determine the vehjcily of the circum- 
ference of the wheel, the water being supposed to escape 
immediately after impact. 

Let ^ = the velocity with which the water impinges on the 
float-boards, 

v=:the velocity of the circtimference. 
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R and r=:the radii of the wheel and axle, 
aad i'slhe force of the water to turn the wheel when its 
velocity = v. 

Then (391) F~aA.{V-v)\ 



-^.- 



and . . „ — , V - J ■ 

Now the acceleration of the wheel ceases, when (he force of 
the water to turn it, is etfual to the weight which opposes it ; 
that is, when F.'k = W.r, 



^ aJR 

the velocity of the wheel when the acceleration ceases. 

394- On the same supposition, to determine the weight 
Tf, so that when the wheel has acquired its uniform velocity, 
the momentum of W may be a max. 



tW f 
. tlfe momentum = -^ . I i 




whence WV - .. . ^ - 

and Vd'W-\dW .W^y ^^; 

395. Cor. 1. If If' = the weight of a column of water 
which is equal 10 the force of impact, 
W -aAV; 

whence W = i .^ .W . 
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396. Cor, 2. If W" be a weight suspended from ihe 
axle, whicb would exactly balance the force of the water 
acting at the circumference ; then 



and therefore when the tnoroentum of the ascending wei^t 
is a max. it is =\W". 

397. Cob. S. To determine die velocity of the Wheel 
when the momentum generated in the weight ascending uni- 
formly is a max. 



^ aAR 

= r— |.r:=iF (3&4.). 

398. Cob. 4. In the same manner it may be stie^ii, 

V 

in the case of the horizontal wheel, that v = i 

'cose' 

399- Cob. 5. Since the unifonn velocity of the ascend- 
. ^ ., rV 
ing weight IS — — , 

and (394.) the weight moved isy. n^^; 
.*. the momentum generated =-^.aAV'^. 

400, Cob. 6. Hence also the momentum generated 

401. Given the weight W; to determine the ratio of the 
radii of the wheel and axle, so that the uniform' velocity of the 
ascending weight may be a max. 

This uniform velocity = — . ( V — \/ -~—\ . 
_?_ aAR/' 

■ I-\/Er 1 - 
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^ = 




R : r : 


:: 9(f : iaA\' 




:: l)W : iW . 



403. If all the water which passes a vertical wheel W 
supposed to strike it ; the force of the stream will vary as the 
relative velocity. 

For die number of particles impelling the wheel in a given 
time will be invariable, whatever be the velocity of the wheel. 

403. On this supposition, to determine the velocity of the 
wheel. 

F=aA.{,r-v); 

a A aAR' 

404. Cob. 1. To determine W, so that when the wheel 

has acquired its uniform velocity, the momentum of W may be 

a max. 

Wr 

The uniformvel. of the circumference of the wheel = V =;: 

aAR 

\ the uniform velocity of the ascending weight = ^ - ( ^ t^ | » 

. R V aAR/ 

T f . W^T\ 

and its momentum = n • ( ^ ^ 7j? ) ' 

■■•'''^-ai; — 

,„ aAVR 
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405. COE. 8. .In this case H'' = aAV, 

and .-. W = ^. — .W'. 

406, Cor. S. To determine the velocity of the wheel, 
when the momentum generated in the weight ascending itpi- 
formly is a max. 

Wr 

(40a), ''-y-;^. 

a A vs. 

and (404), W = ; 

It 

.: v=V-iV=iF. 
407- Cor. 4. The unifonn velocity of the ascending 
weight being =^F.-, 
.'. (404) the greatest momentum generated in it 

408. CoK. 4. This momentum also = ^W'F. 

409' l^e Compound Float consists of 
two balls A and B joined by a thread, the 
one of less and the other of greater specific 
gravity than water; with their weights so 
managed, that when the instrument is thrown 
into the water, the upper ball remains nearly 
immersed. Left to the action of the stream, it acquires an 
equable motion, when its velocity is observed, and at the same 
time by means of a simple Jioat, the velocity of the surface of 
the stream is measured. Hence (41 1) the velocity at B may 
be determined ; and by lengthening the string, the velocity at 
different depths below the surface ascertained. 

410. When the motion of the float becomes equable,' to 
determine its velocity (n). . . i 

Gg 
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Let a and /J be the diameters of the baits, 

V and F' the velocity of the water at A and B. 
The force which accelerates Aoca' . (F— «)*=(!«' . (V— v)*, 

and the force whkh retsrds B^a^.ip— V'f. 
But as the motion, by the supposition is equable, 
aa\{V-vf = a^.{v-Vj, 
or a,(r-t.) = ^.(«-n; 
whence «-= ^^^ • 

411. Cob. 1. The velocities V and v being luiown from 
pbservadon, V may be ascertained. 

413. CoK. 3. If tbe balls are equal in magnitude, the 
velocity of the float is an arithmetic mean between the velo- 
cities of the water at A and B. 

413. Cor. .S. In order that A may be nearly immersed, 
die specific gravity of the float must be nearly = that of water. 
Let a and s' be tbe specific gravities of A and B. 

The specific gravity o/tfae float = — ■ , ■ „, ; 
a -r p 

and (his must be = 1 nearly, 

or i and s' must be so taken, that *a' +s'^~a^+^ nearly! 

If the balls be equal in magnitude, the specific gravity of 
water must be an arithmetic mean between their specific 
gravities. 

414, The Hydraulic Quadrant consists of a graduated 
vertical quadrant having two threads moving found its centre ; 
by die shorter of which, a small weight is suspended in the air, 
nd ibt longer, sustaining a. weight of greater specific gravi^ 
thanwater, is carried by ttie action of a stream, whose velocity 
it re^iwed, from the vertical. The ai^le coatained. by the 
threads is measured by the intercepted arc of the quadrant. 
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416. Given the angle between the threade; to detemiine 
^ veledtjr of the stresin. 

Let P be the weight in the water; and draw 
the vertical PG to represent it. Let the angle 
ACD~9, and the angle which the stream makes 
with the vertical = a. 

Since the impulse of the fluid ocv*, let it 
s: Qv*, and take PE to represent it. Complete the parallelo- 
grun EC\ its diagonal PF will be in Ibe direction of the 
atring, and PFG = a - 0. 

Alto PG t PE :: sin PFG : sin GPF. 
or P : Qv^ :: sin (o - 0) : sin0; 
, , P sin e 

'*' * ^ Q*8in(a-d)* 
4l6. Con. If ihe stream be horizontal, 

, P sin e P 
t^=-. — - = jr.Vine. 
Q cos U 

417- If the siring passes over a pulley, and P be' 
balanced b; a weight W attached to its other extremity; 
given JV, to determine the velocity of the stream. 
Pf*=PG* + GF + 8PGxGPxcosa; CX 
.-. Tr = P' + QV+«POr'.cosa; | \ 
.-. tf«' + 2P.coso.QB' + P*.co»'a * 
= P*.co8*a-P'+JF* 
= AT* - P* . sin' a ; 
.-. Qi.' = - P . cos o + s/W - P* . sin' 



and v^-7^'-J-P.cota+y/W'~P\tio*a. 
418. Cor. If the stream be horizontal, cofl<f =0;,. 

and » = -^ . y^lfCrp^. 
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419- T^e Screw of' Archimedet coniiuts of a tube 
wound spirally round a cylinder, to the surface of which it is 
altached. The cylinder is moveable about its axis, whicli is 
inclined to Ihe bonzon, and the ends of the tube are open. 

To explain the action of the screw; suppose G to be the 
highest and P the lowest point in the arc AGPg (see fig. to 
An. 43S) ; th^n a ball placed in the tube between G and P 
will descend to P by its gravity. Now suppose the cylinder 
turned round its axis so as to make P ascend and the point of 
the spiral next to P on the right descend, then the ball de- 
scending by its gravity will move to that point or towards the 
upper extremity of the tube, and by the continual rotation of 
Ihe cylinder will at last escape at the upper orifice. If the lower 
end be immersed in water, the water will rise at first in the 
screw to a level with the surface, and being afterwards forced 
to the upper orifice, by the action of (be screw in the manner 
above described, will be there discharged. 

The bate of the cylinder not being' entirely biroersed : at 
each revolution round the axis, whilst the lower orifice is out of 
the water, a portion of air is introduced which separates the 
strata and causes an intermittent discharge from the upper 
orifice. 

4S0. To determine the equation of the screw. 

Let ^BC be the base of the cylinder 
whose radius = 1. From any point P 
in the screw draw PC perpendicular to 
the base, and from C draw CD perpen- 
dicular (o its diameter. 

Let AD = x, DC=7f, CP 
the arc AC = 0, and the arc of the 
screw AP = s. 

llien by the property of the circle y' = tx — x'i and 
by the construction of the screw, if a = the constant incli- 
nation of the screw to the plane of the base oi the cylinder, 
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.;■, ■ dz = d$ .ttn a; 

.■. z = 0.taB.a. 
These two equaliona give the double curvature of tfae screw, 

421. Cor. By the property of the screw s = $ ^seca; 
whence any arc of the screw has a constant ratio -to the arc 
of the periphery of the base which is under it. 

' Let B V Sir, tfae length of the screw = Sn- . sec a. 

423. To determine the altitude of any point P above 
the horizon. 

Through B draw the horizontal plane HBR; and let the 
angle ABH, which measures the elevation of the base above 
the horizon, or the declination of its axis from the vertical = E. 
Through P draw a circle parallel (o the base ; and complete 
the reclangle PCDF. From D and F \A fall the perpendi- 
culars DH, FR ; and draw DS parallel to the horizon. 
The angle DFS = ABH = E; 

and DH=DB.sin£ = («-x).8in£; 
.-. FR = FS + DH=^FD.cosE+DB.aiaE 
= z.cos E + (i—x).aia E, 
the height required. 

433. Cor. I. Since s = d . tan a, 
and jlD = ver8in j4C, 
or i = (l -cos $)i 
.'. the altitude above the horizon may be expressed by 
0. tan o.cos E+(l +cos B) . sin E. 

424. Ct»B. 2. To determine the points where the height 

of the spiral above the horizon is a nmximum or a minimum. 

(jd . tan a cos £ — (Jd . sin . sin £ = ; 

. - tan a ■ cos £ tan a 

.", sm 8= : — = = =. 

SHI £ tan £ 
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If then be an arc of the circle ACB whose sbe is 

=, the ordinate to the spiral drawn from the extremity of 

Uial arc will determine the point in the spiral where the altt- 
lude is a max.; and the ordinate drawn from the extremity of 
the arc (180— d) will give the min. 

435. Cos. 3. If the screw were raised so that a be- 
came = E; $ would be a quadrant, and the point of the 
spiral thus determined would be the bisection of^/; which 
would not indicate either max. or min.; but merely the point 
of contrary flexure of that arc of the spiral which is in one 
half concave, and in the other convex to the base. 

426. Cor. 4. If the screw were raised farther, so that 
a be greater Uian E, both values would be imaginary; and for 
the whole spiral, the alutude of its points above the horizon 
would proceed continually increasing. 

437. To determine the Hydropkorous arc. 

Through the point G correspond- 
ing to the greatest altitude above the 
horizon draw the horizontal plane Gg. 
The arc GPg will be the hydro- 
pborouH arc. 

It is evident, that in a revolution 
of the cylinder, only the portion GPg 
, of the spiral tube can be filled with water; for if more entered, 
lising above the point G it would fall back, and flow out of 
the lower orifice. 

438. CoR. To measure the length of the hydropborous 
arc, the point g must be determined, which is 011 a level 
withG. 

Let the circular arc ABc corresponding to it = ir+ X, the 
arc AC corresponding to G being=Eni; the height (423) of g 
above the horizon 

= (7r + .Y).tan.o.cosi; + (l -cos X).sm£, 




idbyGOOglf 



SS9 

Mince f OB (x + X) = - cos X, 

and the height of G =01. tana .cos £+(1 +cos mi.am E. 

In order .'. to determine X, there arises the equation 



or (484) cos X - 
from which equation X being determined, CBc, which is 
ir+X—vi, is also known; and therefore also the length of 
the hj^drophorouB »rc = (ir + X — m) .sec o. 

429. To determine the quantity discharged by the screw. 
This will be determined by the length of the hydrophorous 

arc : since at each revolution ax much will be discharged from 
the upper orifice as one hydrophorous arc coutaios. If there- 
fore its length (428) be measured, and multiplied by a section 
of the tube, the quantity discharged in each reTolution will be 
ascertained. 

430. Cor. 1 . If a be greater dian E (426), m is ima- 
ginary, and there is no hydrophorous arc. Hence therefore 
it is an essential condition that the angle of declination from 
the vertical should be greater than the angle of inclination of 
the spiral tube to the base. 

431. Cor. S. The less a is compared with E, so much 
the less will be the arc m, and so much the more extended 
the hydrophorous arc. The spiral tube should therefore wind 
round the cylinder in as narrow a compass as possible ; and 
the cylinder should be inclined to the horizon as much as Uie 
altitude will permit, to which the water is to be carried, and 
the fltreugth of the machine. 

432. Cob. S. In order that the screw may supply as 
great a discharge as it is capable of, the base of the cylinder 
must be so f&T immersed in the water that its surface may 
[ouch Uie beginning of the circular arc which subtends the 
hydrophorous arc. To immerse it deeper would be useless. 
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since only GPg is filled with water. If elevated higher, the 
whole arc GPg would not be filled. 

- The arc therefore rising out of the water should = 2f»; 

and its chord = 3 . sin m = 2 . =■■ 

tan E 

433. To determine the force necessary to keep the screw 
when full In equilibrio. 

Let W= the weight of the water in GPg. This weight, 
which may be supposed to be collected in the lowest point P, 
tends vertically downwards. Let it be resolved into twoj 
one in the direction PQ' the side of the cylinder, and the 
other PQ perpendicular to it ; the latter of which is the only 
effective force, and = W. sin E.- 

Draw &q. parallel to PQ. Then it is 
evident that the distance from the axis of the 
cylinder at which the force PQ is applied, 
is equal to the ordinate C^N. But 
Q'-V=sin JQ' = sin{fl-~j«) = sinm: /. the 
momentum of the water GPg to turn the 
cylinder in a contrary direction is = 

W. sinni .sin £= Tf^.tan a. cqh E. 

And since when the screw is full there are as many hydro- 
phorons arcs as spires, and the number of spire§ is equal to 
Uie length of the axis divided by 2ir.tan a; if Z = the length 
of the axis, 

the sum of the momenta =-- x TT.tan a cos -E 



Let now f =the force required, acting at theextremity of a 
handle whose length is /; its momentum = Fl; 
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LW 

.-. Fl = =—.coH.E, 
2t 

LiV 

and F = — r-, ■ cos E. 

434. If water ascend and descend in the erect legs of a 
cylindrical canal which is every where of the same diameter; 
it will perform its oscillations in the same time as a pendulum 
whose length is half that of the oscillating column. 

Let X= the length of the asis of the fluid 
in the canal ; AB, CD its surfaces at rest. 
Take BF= CG ; then if the surface CD be 
depressed to GH, the suriace AB will be 
elevated to EF; therefore, the excess of th^ 
water in the 1^ KL above that in MN will be 
equal to twice the weight of the column AF, orio Ax'i FB ; ' 
if j1 = the area of the horizontal section ; 

.'. gA X 2FB = thc moving force, 

and LxA= the quantity of matter moved; 

, . , A.2FB iFS 

.", the accelerating force =g . —^ a~~ S ■ ~^ — ■ 

If a pendulum be constructed whose length l = iL, and 
an arc d be taken = FB, the accelerating force of the body 
beginning to oscillate at the distance 6 from the lowest 

point = g •-: ^ g- — f~ = *^^ accelerating force on the 

water in the canal. And these forces vary according to the 
same law ; therefore the time of an oscillation of the pen- 
dulum is = that of the water. 

435. Cob. I. To find the actual tine. 

The time (T) of an oscillation : ^ down il r. 2ir : 1; 
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436. CoH. 2. Since the accelerating force ocjFB the 
space described by the water, the oscillations will be 
isochroDous. 

437. Cor. 3. If the oscillating column be increased or 
diminished, the times in which the oscillations are made will 
increase or decrease in the subduplicate ratio of the length of 
the pendulum. 

438. Cor. 4. From this proposition Sir Isaac Newton 
inferred that the undulatiotis of waves are of the same kind as 
the' oscillations of water in this canal. 

For in waves, the undulations are petforraed in such a 
manner that the highest parts become the lowest, and the 
force which depresses ihe eminences is always the weight of 
water contained in those eminenres. 

This however he considered merely an approximation. 

439. Cor. 5. The unduliitlnus of waves are performed 
in the same time as the oscillnilons of a pendulum whose 
length is equal to the breadth of a wave. 

Let JBCDE r 
present the section of - 
two waves. A i 
C will descend by the force of gravity, or a force equal to the 
weight of the elevated portion ; and the undulations will be 
performed like those of water in the canal. Hence, if a pen-' 
dulum be constructed whose length /is equal to half the dis- 
tance between A and C, ot'B and D; the parts A and C will 
descend so as to be the lowest in the time of one oscillation of 
the pendulum, and in the time of another they will become the 
highest, or the pendulum will vibrate twice whilst A has 
moved to C But a pendulum, whose length =4^ will 
'vibrate once in the same time that this oscillates twice ; 
hence the waves perform their undulations in the same time 
^s a pendulum whose length ^ AC the breadth of the wave. 
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440. If the legi of tb& canal be inclined at an; angles 
to ihe horizon ; to determine the time of an oscillation. 

Let <p and (pt be the angles of jf\_ /^ 

iiicliiiationj and jJ = tlie area of a \JVb c/jC 

sec I ion perpendicular to the sides. VT /[/ 

Take FB = DH; then if the surface \ \ / /^ 

CD be depressed to GH, the surface j^ 'k 

AB will be elevated to EF, since the 

contents of these columns are equal. Draw FY, CX per- 
pendicular to AB and GH; 

then FY=FB.3in^, 
and CX=CG.sm^' = FB.aiaip'. 
Hence AB is raised perpendicularly through a space FB . sin <p, 
and CD depr£saed through FB . sin 0' ; 

.'. the whole moving force = j^(sin ^■j'sin <!>'),■ ^ • FB-y 
and the quantity moved = L x ^ ; 

. . , .■ . (dnd + siDf).PB 
. . the acceleratmg force =g ■ — ' — ' j — ' . 

Let a pendulum be constructed whose leuirth = -i^ — — - — : — -7 , 
siu^-|-am^ 

and an arc 6 be taken = FB ; then if a body begin to oscillate 

from the upper extremity of this arc, the other being the 

, , . . {sin0 + 9ind>').fJ5 
lowest point, the forcfe at the beginning = g . ' =— ' 

which is equal to the force accelerating the surface of the 
fluid at the beginning ; therefore the times of vibration are 
equal, as before. 



Also r = 



2^\/- 



g.(sin^ + 3in^') 
441. Cor. If ein <p = sin <f>' = i , 
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t of a lec- 



442. CoK. If a aleiuLer columa of fluid oicillatM ia a 

circular tube ; to determine the velocity of the fluid, and the 

time of its oscillations.. 

Let O be the centre of the tube, and 

CAB the position of the fluid when at 

rest; cAb its position at the time (f) from 

the commencement of it,s motion. Let 

AB = AC = a. Bb = Bd = z, and let ^ = the a 

Hot perpenfiicular to the axis of the tube. 

Tbe moving force is equal to the pressure of the fluid is 

dBb, or to the pressure of a column whose altitude is EF. 

Now OjP=cos jld = co8 (a — i), 

and 0£=cos Ab=siCO» (a+z); 

.-. £J'=cos(fl-z)-co8(a + i). 

Also the mass moved = the fluid cAb = Za x A; 

, , . ■ cos (fl - z) - COS (a + z) 
.. the acceleratmg force = g . ■ — . 

frfz=-^.{cos(a-z)— cos(a + i)).dt; 



And vdv 



:. »' = 5.{Bin{a-z)+8in.(a + z)} + C; 
when n = 0, let 2 = z'; 
.', «* = 2. {sin(a — 2)4'sin(a + E) — sin (a -z')- sin (a +*')} 



-*« 



— ' . { am a X cos : — xin a X cos z 



') 



» /ig.am a / ; 

V=\' -S . ^COS Z-C09 z i 



pdz a/ a / • o^ 

whence /= - / — = V ■ — ^ f / ji 

J V 2^ . Bin a t/ ^ cos z — cos t 

which cannot be determined generallj;. 
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If ibe greatest amplitude of the oscMationi be small, it 
may be determined in the following manner : 




. . t— Y : X arc i cob =—,t 

g.sm a I z } 



+ C, and C' = 0; 



g 

and the whole time 6f an oscillation =q ir \/ r^ . 

g .ama 

443. If the tube in which the fluid oscillates be 
cycloid ; the oscillations will be isochronous. 

Let CAB be the original 
space occupied by the fluid, and 
let B be raised to b, and con- 
sequently C depressed lo c ; 
Cc being = Bb. 

hetAD = a,'\ 

jsJ) Bb = Cc = Bd^.. 

Taking any point P m the fluid, let AP = t, 
Now the force at D = g; 

and .-. the force at P = — ; 
whence the pressure on dx at P = ^ .xdx; 

.*. the whole pressure = — .a* + C. 
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But since cA balances Ad, and the whole ii)odoii is pro- 
duced by the pressure of bd; 

.'. ihe whole pressure = — . | Af^ — A^\ 



= -^^—. . z = the moviDg force ; 

and the mass moved = 26; 

.'■ the accelerating force = -.zo^z oc Bb, 

whence the oscillations will be isochronous. 

444, Cob. The oscillations will be performed in the 
same dme aa those of a pendulum whose length = a. 



idbyGOOglf 



S4T 



Sect. VII. 



445. Def. a force applied at the surface of any fluid 
is called a Compressing Force. 

446. Def. An Elastic Fluid is one whose dimensions 
are diminished by increasing, and increased by diminishing 
the compressing force. 

It is not implied in this definition, that the dimensions of 
an elastic fluid can be increased or diminished without limit; 
but that so far as human power can increase or diminish the 
compressing force, the dimensions of the fluid may be dimi- 
nished or increased. Experiment shews that the atmosphere 
near the surface of the earth is compressed hy the weight of 
the superincumbent column of air into at least the IJOOOth 
part of the space it would occupy in vacuo. And if it were 
rarefied and condensed to the greatest degree that has yet 
been efiected, the ratio of the spaces occupied by the same 
quantity in its states of greatest rarefaction and condensation 
would be as doOOOO : 1 . 

447. If a fluid consist of particles which repel each other 
with forces varying inversely as the «"' power of the dis- 
tances between their centres ; the compressing force will vary 
as the (« 4- S)"* power of that distance. 

Let a verbcal rectangular parallelopiped of the fluid be in- 
tersected by a plane parallel to the horizon. Then the fluid 
being at rest, the pressures upwards and downwards against 
the plane are equal. Now the pressure upwards, that is, the 
action of the square surface contiguous to the plane, varies as 
the number of particles in the surface and the force of each 
jointly : and this number varies as the number of particles in 
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a line and the number of lines in llie surface jointly. But 
eacK of ihese varying inversely as {d) the distance between the 
centres of two contiguous particles, the action upwards 

oc-^ X — Qc „ , ■ And the pressure downwards is C the 
a or a * 

compressing force; 

•— ^- 

448. Cor. 1. This fluid will be elastic if tt + 2 be 
positive. 

For suppose the compressing force increased; thentf^', 
and therefore d is dimtnishedj that is, the dimensions of the 
fluid are diminished, ^nd if the compressing force be dimi- 
nished, the dimensioDS of the fluid will be increased ; there- 
fore the fluid has the properties of sm elastic fluid (446). 

449. Cob. 3. The fluid will be elastic if the particles 
repel each other with forces varying inversely as any root or 
power of the distance between their centres ; or directly as any 
root or power leas than the direct duplicate. 

For in the first case n, aud therefore n-|-2 is positive; 
and in the second, n is a negative number less than 2, and 
therefore /t+2 is positive, or the fluid will be elastic. 

450. If the particles of an elastic fluid at rest be equally' 
afi'ected by gravity, the fluid will be of an uniform density. 

Let A, B, C be three contiguous particles in the same 
horizontal plane, and therefore equally affected by gravity ; 
then is B equally distant from j1 and C. For if possible, let 
it be nearer to A than to C ; in which case, if the repulsive 



than by C ; but if the repulsive force oe d^ where » is toss 
than 2, B wi)l be less repelled by A than by C ; whwce 
notion will ensue, which is contrary to the supposition. 
A, B and C therefore must be equally distant. And as this 
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may be proved of any other three contiguous particles under 
the same circumstancesj the density of the fluid must be 
uniform. , 

451, If the law be given according to which the parti- 
cles repel each other ; to determine to what root or power 
of the density the compressing force is proportional. 

Let a vertical rectaDgular parallelopiped of the fluid be 
intersected by any number of planes parallel to the horizon, 
and therefore to each other ; the distance between each two 
being equal to a side of (he base. Then the fluid between 
any two contiguous planes occupies a cubical space ; and 
since Qoc Mx D, and in (his case M is given, Qoc D, 
But the quantity contained in a cubical space is as the num- 
ber of particles in a line, (he number of lines in a surface, 
and the number of surfaces in the cube ; for any two being 
given, the number varies as the other; and each of these 
1 



Hence D ' oc -— oc C (447). 

If therefore the law by which the particles repel each otber^ 
be known, that is, if n be known, the variation of the com- 
pressing force in terms of the density may be determined. 

452. The atmosphere is found by experiment to be 
affected by the force of gravity. 

For a vessel when exhausted weighs less than when filled 
with air. 

453. Cor. If then the atmosphere be supposed to be 
divided into an indefinite number of laminse perpendicular to 
the direction of gravity, it is manifest that the lower will be 
pressed by the weight of those above : and this compression 
will increase cat. par. in proportion as the compressed 
lamina is lower in the atmosphere. 

I I 
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494. The weight of water is to that of air as 800 : ] 
nearly. It must however be observed, that the weight of air 
in diderent at differeot times. The ratio of 885 : 1 has been 
deduced, the barometer standing at 29-7 inches ; and that of 
850 : I, the barometer standing at 30 inches. The ratio of 
336 : 1 has also been deduced, the barometer staadiog at 
29>27 inches, and Fahrenheit's thermometer at 53" ; which re- 
duced to 30 of the barometer and 55" of the thermometer is 
as 833 : 1. 

455. Air is an elastic fluid, the density of which at a given 
temperature is proportional to Uie compressing force. 

1. Air is a fluid; since it yields to the smallest inequality 
of pressure, and its parts are easily moved amongst them- 
selves. 

2. It is elastic. Let a cylindrical glass tube 
abc consisting of two parallel branches con- 
nected by a third at right angles to them be so 
placed that its parallel branches may be perpen- 
dicular to the horizon. Into the open end let 
a quantity of mercury be poured sufficient to 
fill the base vw ; and the end c he hermetically 
sealed ; cw having a graduation expressing equal 
parts of its capacity. The air in cw is in its 
natural state ; and the force compressing it is the weight of 
a column of atmosphere of the same base and altitude equal to 
that of the atmosphere; or (as will be shewn Art. 541.) the 
weight of a column of mercury whose altitude H is the height 
of the barometer at the time of the experiment. 1/ now mer- 
cury be poured into ab, it will rise also in cw, suppose to x. 
The compressing force in this case is the weight of the mer- 
curial column {zy + H), since if a horizontal plane xz inter- 
sect both branches of the tube contiguous to' the surface of the 
mercury at x, the columns vz and tox will balance each other 

1 



the density in cw : the density in ex : 
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hence the dimensions are diminished by increasing the com- 
pressing force; and, by reversing the experiment, it will 
appear that they are increased by diminishing it ; or the air is 
an elastic fluid. 

S. Also from the graduation it appears that 

ex .{zy + H) — cue . H, 

or ex : cw :: H : Zf, + H; 

• but the compressing forces are as H : zy + H i 

.'. the densities are as the compressing forces. 

By reversing the experiment the same may be proved when the 

air is rarefied. 

456. Care must be taken that the air inclosed in the tube 
v!c should be of the temperature of the external air, and con- 
sequently that the space occupied should only vary from the 
variation of the eompressing force. Without such precaution^ 
heat and cold not acting equally on the two airs will cause a 
difference in the results ; and it will be difficult to separate the 
effects produced by them from those of the compressing, force. 
The included air must also be free from vapours, and the tube 
dried from any humidity which may attach itself to the surface 
of the glass : for if there be any vapour, its pressure will not 
be according to the same law. And the experiments should 
not be made rapidly in succession. . , 

457. Cor. 1. Since the elastic force is equal to the 
force of compression*; the different elastic forces of the same 



* That the elastic force is equal to the force of compression is evi- 
dent from the principle that action and re-action are equal; for 
admitting the air to be in a state of equilibrium, there must necessarily 
exist a force in any giveu quantity of air to resist and balance the 
external pressure. The same is also evident from experiment. For 
let one end of an open tube be immersed in mercury contuned in 
a closed unexhausted vessel 1 if the tube and vessel be placed under 

the 
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mass of air when occupying difierent spacea are inversely as 
those spaces. 

458. Cob. 2. If P = the pressure of the air in its natural 
state in wc, and p'mta^ other pressure, S and ^ the spaces 
occupied in the two cases, then 

S : S' :: p ■ p; 

and.-. S' = S .^i 
P 
whence if the first pressure be known and the space originally 
occupied by any portion of air; the space it will occupy, or 
the magnitude to which it will be reduced by any new pres- 
sure p', may be determined. 

Also iSp" be any other pressure, and S" the corresponding 
space occupied, 

p p 

whence S" may be determined from S', independently of the 
initial pressure. 

459. Cor. 3. Since the space in which 
any quantity of air is confined varies in- 
versely as the compressing force, the forces 
which confine a quantity of air iu the cylin- 
drical spaces AG, BG, CG, are inversely as those spaces, or 
inversely as the altitudes JD, BD, CD. Hence if with AD 
and DHf which is perpendicular to it, as asymptotes, the 
hyperbola IKL be described, and the ordiuates AI, BK, CL 



the receiver of sn ur-pump, on exhausting the air from the receiver, 
the mercury rises in the tube ntarly to the standard altitude. 

Hence in any closed unexhausted vessel which removes the incum- 
bent pressure of the external air from substances placed within it, the 
substances so placed sustain a pressure from the air's elastic force 
equal to the weight they would have to suEtaln from the pressure of 
the atmosphere. 
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be drawn ; the forces which compress the air in AG, BG, CG, 
will be directly a^s the ordinates AI, BK, CL. 

460. Cor. 4. Particles of air repel each other with 
forces varying inversely as the distances between their 



compressing force C oc J) * . But in this case Coc D; 

. , = 1, and » = 1 ; 

3 

or the repelling force oc -■ . 

461 . Cob. 5. ■ Since water is but in a very, small degree 
compressible, the particles must be kept asunder by some 
repulsive force, whilst D remains nearly constant. And since 

CocD * ; DocO**; in order therefore that C*« may be 
nearly invariable, n must be a very great number, or the 
repulsive force of the particles of water must be inversely ag a 
li^;h power of their distance. 

463. Cor. 6. If the compressing force ''^ D ' , the 
repulsive force will ^t;- 

For since Q oc MD, if the same supposition be miade as 
in .Art. 451, Q<xD, and .'. D oc —^ 



.'. the compressing force oc— x -jjoc — xthe number of 



particles in the surface. 
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But C K the number of particles and force of each ; 



463. The Sea-Gage is an inatrument for measuring the 
depth of the sea, when it cannot conveniently be done with 
a fathom-line. It consists of a gage-bottle AB 
into which is fised the gage-tnbe EF, the upper 
end of which is hermetically sealed, and the 
lower immersed in mercury. This is enclosed 
in a tube GH, pierced with boles so as to admit 
the water into the bottle AB, and having on its 
top a large empty ball or full-blown bladder. 
To the bottpm of AB is lixed by a spring a 
large weight K. 

When K is attached, it causes the iostrument 
to sink, till striking against the bottom of the sea, it becomes 
detached from AB, when / buoys up the gage to the surface. 
In the descent, the water pressing on the surface of the mer- 
cury causes it to rise in the gage-tube EF. If therefore on 
the surface of the mercury a small quantity of viscid matter be 
placed, which will adhere to the tube; the height to wUch it 
has been forced by the pressure at the bottom of the sea wiU 
be shewn ; and therefore the space into which the air in the 
tube FFhas been c<»npressed, and consequently the depth of 
the water, which is reciprocally proportional to the space 
occupied by the air, may be ascertained. 
. - '464- The IHving'Bell is a machine for the purpose of 
conveying persons below the surface of the sea, and enabling 
them to respire. 

It niay be of any figure ; but was usually that of a bell or 
a truncated cone with the lai^er base downwards; in which 
the water ascends to a less altitude than if it had been a hollow 
cylinder. But the form of. a parallclopiped has been found 
more convenient and safe for the workmen ; and in consequence 
has been adopted on the suggestion of Mr. Smeaton, 
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It is poised with lead or heavy materials, and suspended ia 
such a manner that it may descend with its open base down'- 
warda and parallel to the horizon, filled with common air. 
During the descent, the dimensions of the included air become 
contracted by tbe increasing weight of the water which com- 
presses it. At the depth of about 34 feet the hell is half 
full of water, the pressure of the incumbent water being then 
equal to that of the atmosphere : and supposing its figure 
regular, tlie capacity of the whole and the part occupied 
by the air in any case bejng compared, the altitude to which 
the water rises will be ascertained. 

When the air within the bell becomes unfit for respiration, 
an addiuonal supply b introduced by means of a leathern 
tube through which it is forced from above by a forcing- pump. 
In some cases the tube communicates with a barrel which 
contains fresh atr and is let down near the bell. 

465. Having given the form of the Diving-Bell and tbe 
depth it has descended ; to determine how high the water 
will have risen. 

Let MN be the surface of the water, 
BAC the bell, and Pp the surface of the 
waterinit. Let AF=x, FP=y, EA=k, 
and AD = l>. Then if a = the altitude of 
the mercurial barometer, 14a will = that 
of the water-barometer, or the altitude of a 
column of water which would produce the same pressure as 
the atniosphere. Liet M and m represent the capacities of 
ABC and AFp respectively. Then when the air occupies 
tbe space M, it is in its natural state, and therefore supports 
a column of water whose height = 14 a; and when it occupies 
the space m, it sustains the pressure of a column of water 
whose height = Ha + EFs: l4a-{-k + x. But since the den- 
sity varies inversely as the space occupied by the same qnantity, 

14a : I4a + h + x :: m : M, 
from which proportion x, and ,', FD may be determined. 
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I Ex. 1. Suppone (he bell to be a' paraboloid, and the 

equation to the generating parabola to be y*=Acx. 

M=2cir6', and m = 2cfl-x*; 

.-. Ha : 14a+A+jr :: i' : 6^ 

or »*+(l4a + A).j'=14ffli*, 

from the solubon of whicb equation x may be found, 

Ex. 2. If the bell be a cylinder or prietn with ita axis 
. vertical, 

M : m:'.b : xi 

and .-. 14a : 14a+A+X :: i : b, 

whence x*+{l4« + A).a?= 14a6, 

Let A = 45 feet,. b = 5, and suppose a = 30 inches; 
■ ' ( "o ) =1600, and I4a6 = 35 X 5= 175; 
-•. 37=^/1775-40 = 42.12— 40 = 2.12 feet nearly. 
Ex. 3. If the bell be a cone, M : m :: b" : x"; 
.•. 14a : 14a + A+x :: J* : i*, 
whence x*-\-{Ha+h).^=\iab'', 
Uie solution of which will give x. 

Ex. 4. If the figure be generated by a parabola moving 
■ parallel to itself. 

Let ASC be the generating para- 
' bola, A a the length of the vessel, and 
APpp'P'A the part into which the 
water does not enter. 

Then 
M:m:: ABC x JaiAPP' x Aa:: ABC : APP' :: b* : ^, 

. whence 14tz : lia + h+x :: z' : ft* 
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and xT+(i4ffl + A).iT=14aiT, 
^m the solution of which x will be detennined. 
Cor. Supposing the water to h^ve risen half way up the 
axis ; to determine the depth of the bell. 

JJerex^ib; and .-. " y— + (I4a + A).-^^ = H"**, 

whence ft= 14^ , IvS- ij -■ji- 
4oO. i\« the distance from the surface of tbe earth 
Mcreues, the deonty of the ur decreases. 

For siace the density varies as the compressing force 
(455), and the compressing force is the weight of the incum- 
bent almosphere, diat force must be less at a greater dian at 
B less akitude ; whence the density must also decrease. 

467. CoE. A cubic inch of the air we breathe, would 
be so much rarefied at the distance of 300 miles from the 
surface of the earth, as to £11 a globe equal in diameter to the 
orbit of Saturn. And at a distance from the earth's surface 
-of IQOth part of its radiuSj the rvfty of the air js greaWr 
than that to wluch it can be reduceil in the receiver of the best 
.air-^ump. At small elevations the densities become incon- 
sideFsble. 

468. Dep, An homogeneous atmosphere is one of the 
same uniform density as that of the air at the earth's surface, 
and whose weight is equal to that of the atmosphere which 
surrounds the earth. 

.469' '^he altitude «f an homogeneous ptnvo^bece at any 
point is the same as at the earth's surlace ; gravity being 
constant. 

Since the compressing force varies as the density, and 
also varies as ^e tieight irf ea homogeneous atmosphere and ^ 
its density joind; ; 

and Hoc i. 
K K 
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470. If the distances above the surface of the earth in- 
crease in arithmetical progression, the corresponding densities 
of the air will decrease in geometrical progression ; the force 
of gravity being invariable. 

Let a regular vertical column of atmosphere be intersected 
by an indefinite number of equidistant planes, parallel to each 
other and to the horizon, so that the density of the air may 
be uniform throughout the same lamina. Let the weight of 
the whole column = a, that of the column incumbent on the 
first lamina = b, on the second = c, &c. then are b, c, d, 8cc. 
the forces respectively compressing the first, second, third, &c. 
lamins, and therefore proportional to the densities in those 
lamins (455). But since the force of gravity is supposed 
invariable, W <x. Q oc D, nince M is given. Hence the 
densities are as a — b, b — c, c — d, he. 

And .'. a — b : b — c :: b : c, 
whence a : b :: b : c. 

In same manner it may be shewn that b : c :: c : d, and so 
on. Hence b, c, d. Sec. and therefore the densities are in a 
geometrical progression ; which is decreasing, since a w 
greater than b, and therefore b than c, Sic. And the thickness 
of each lamina being the same, the altitudes of the several 
lamiuK above the surface increase in arithmeUcal progression. 

47 1. Cor. 1. If the first density = D, and from each 

he taken its Nth part, there will remain its I )th par^ 

and the series of densities vrill be 

the common ratio of the series being , 
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4fi. Co&. 2. If AB be drawn perpen> 
dicular to the radiiu of the earth CA pro- 
duced, and taken to represent the density of 
the air at the surface; and at any other al- 
titudes perpendiculars be drawn, representing 
the corresponding densities; the locus of their 
extremides will be a logarithmic curve. 

473. Cob. 3. The height of the houK^eneous at- 
mosphere m\l be equal to the subtangent of the curve. 

For let AH=sthe height of the homogeneous atmosphere; 
then AH x AB will represent the whole pressure (468). But 
this will also be represented by the area ABDZ, which 
is =AB X PT; FT being the subtangent; 
whence AH=PT. 

' 474. Cor. 4. Different altitudes above the earth's 
surface are as the l<^aritbms. of the densities at those alti- 
tudes. 

4f5. To determine the figure of the atmosphere. 

The atmosphere, on the supposition of the earth's being 
a perfect sphere, and in a state of rest, would assume the 
same figure; since every point in the surface of a fluid at 
rest must be equally distant from the common centre of at- 
traction. But the earth and the ambient atmosphere having 
a diurnal motion round a common axis, the centrifugal force 
thence arising will cause the atmosphere to assume the figure 
of an oblate spheroid, the minor axis of whidi is the axis of 
rotation. 

476. To determine the density of the air at any altitude> 
supposing the force of gravity to vary inversely as any power 
(n) of the distance from the earth's centre. 
Let r = the radius of the earth, 

z = any altitude above the surface, 
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j = the density at the surface, 
jr = the density at the altitude i, 
h = the height of an homogeneous atmosphere. 
Since the density varies as tfae compressiilg forcet end tiat 
varies as the quantity of matter and grdvitatioB jointly, 

,'r" —dzdy 



i —hyp. \o^.y\-C. 



A (M- !).(»■ + 2:)"- 
And at the surface z = 0, and y = 3, 
I =hyp log. ^+ C; 



" (n-1). A 

L<et e be the tiumbel- whose hyft. log. = 1, 

_^ frW--.*-' 5 

then €'-»■* f'+T- ±= ~ , 

whence 3f = 5 . --'-' '■ , ' i - ^ . 

4f7. CoH. 1. If w = 8, or the ftwce vary inrersely as 
tfae square of the distance, 



If then r + z increase iti haraioitic pmerestion, ■-"--' «^l 
'r + z 
decrease in arithmetic progression, and y will decrease in 
geometric progt^ssiota. 
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■473. Cor. 3. If the force of gravity be supposed 
constant, or n = 0, 



479. CoK. S. If fiBtO, and the alutudes aboTo the 

■ 1 
•ttfface of the earth increase u anthtnetic progression, t- 

increases in arithmetic progression, and therefore the density 
will decrease in geometiic progression. 

If 2 = A, or the altitude be wjual to diat of an homo- 

s 

geoeous atmosphere, y = - ■ 

480. Cob. 4. When n =-0, -; «hyp. log. - , and if i 
and y be any other altitude and corresponding density, 

^ = hyp.log.p;i 

.-. — t— = hyp. log. y — hyp. lOg. y ; 

that is, the difference of the altitudes is proportional to the 
dififttrence of the hyp. logs, of 4e densities at those altitudes ; 
and therefore is proportional to the difference of the loga- 
rithms of the heighte of Ihe mercury u the barometer, 

since (549) ^ = "«• 

481. CoR. 5. If 5* « the 4enMty of mercury, 

Let m = the modulus of the common system of loga- 
rithms. 
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..»( = J,b,p.log.-)=^xlog.^„ 

H" being the height of the mercury in the bRrometer, at that 
altitude where the density of the air =y* 

482, Cor. 6. If by a trigonometrical observ&doD the 
altitude z has been determined, and the altitude of the mer- 
cury observed, the ratio of the density of the mercury to that 
of the air at the altitude z may be determined, on the same 
supposition; for 



H log. H-log. H" 1' 

483. If the compressing force vary as the (m)th power 
of the density, and the force of gravity inversely as the (n)th 
power of the distance from the earth's centre : to determine 
the law of the density in the atmosphere. 

Let j> = the pressure at the altitude z, the rest as in 
(476), 

then 3" : y" :: A : p; 






-ydz; 



mh^'^dy - r" 



~ydz, 



mhy™~^dy r" 

suppose q . -^ir-^ = j^^-^ X ^ydz, 

where q is some constant quantity. 

. , ^ mhdy . , 

At the surface, q . — j — = — odz; 

and at uie same time —r- .dy=dp= ~~dz; 
■■■ 9 = h 



Mb, Google 



263 

mk __, , r"di 

and consequently, ^;^ Xy- ^dy=- -^p^r^. 

whence 

■»» ,j._, „-,, _ ' (f+«y-'-i^-' 

<m-l).S"-'-''^ "^ >-„-r (,+,)"-' = 

■■■' ~ (»-l).oiJ <»-l).mJ.(r+2)"-" 

and 

,= rs— - '"-"■^'''- + '"-'>-^~''^ \=^. 

■^ A (»-l).»i4 (n-l).m4.(r+z)"-'/ ' 

484. Cob. If m and «, each =2, 

''" ~.«i Si.(r+Z) """ Ji.Cr+z)' 
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Sect. VIII. 



485. The property which bodies possess of espanding, 
nptw the application of heat, nod of returaiog to their wiginal 
dimensions when brought back to the same temperature, 
offers a simple and exact mode of measunng the d^;rees of 
heat to which they are exposed. This has been employed in 
the construction of thermometers or measures of heat. 

486. Strictly speaking, any body may be used for this 
purpose; since all expand by heat, and contract by cold: 
and the quantity of this expansion is uniformly the same in 
the same bodies when exposed to the same temperature. 
But it is found to differ very considerably in different kinds of 
matter, under the same increase or diminution of heat. In 
solid bodies it is least, in liquids greater, and in elasQc fluids 
greatest of all: and in different kinds of solids, liquids, and 
elastic fluids, the difference is considerable. The object in 
request is an instrument which shall be an exact measure of 
temperature, and at the same time most easily, uniformly and 
sensibly indicate the variations. In a solid body, e.g. a bar 
of metal, the expansions and contractions, though equable, 
or very nearly so, are too small to be easily observed: and 
if to render them more visible, recourse be had to wheels 
and levers, considerable errors might be expected. In air 
or gas, the expansion and contraction are so great as to make 
it extremely inconvenient to measure them, when the varia- 
ation of heat is considerable. The variations of magnitude 
in liquids, being greater than in solids, and less than in 
gases, render them a more suitable standard for the measure 
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of heal*: the qualities of mercury are particularly adapted 
to the purpose ; for it supports more heat than any other 
fluid before it boils, except certab oils; and it may without 
freeziog be exposed to such a degree of cold as would render 
all other fluids solidj except some spirits: it is of all liquids 
the most easily freed from air: and the most sensible to heat 
and cold of any fluid, even air not excepted: it is moreover 
a homogeneous fluid, and every portion of it equally dilated 
or contracted by equal vaiiatioDS of heat : and in the ob- 
servations usually made, the variations of its magnitude are 
perfectly regular and proportional to those of solids and 
gases under the same circumstances. 

In order, however, that observations made in different 
places may he compared, care must be taken that the sub- 
stance used be the same, that is, that the mercury be perfectiy 
pure and separated from the metals with which it is often 
found combined; and that the tube in which it is inclosed be 
of uniform diameter. 

487' Def. The common thermometer is a glass tube 
having a bulb atthe lower extremity, which with part of the 
tube is filled with mercury; the remainiug purt being a vacuum, 
and the top hermetically sealed. 

488. To fill a thermometer. 

The bore of the tube being so small that mercury cannot 
b^ poured into it, let the bulb be heated by the flame of a 



* Air is the most expansible fluid : but it n«ther recraves nor 
parts with its beat so quickly as mercury. Alcofaol expands little 
by beat, and when highly rectified, can bear a greater degree of cold 
than any other liquor hitherto employed as a measure of temperature. 
But it is not possiUe to get it always of tfae same strength. The ex- 
panuon of oil is about fifteen times greater than that of alcohol: it 
sustains extreme degrees of heat and cold, but its viscidity renders it 
almost useless; for adheiing to the sides of the tube, it cannot sud- 
denly shew any change of temperature. 
L'l 
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candle or lamp blowD i^ainst it with a blow-pipe. By thia 
means the air contained within it ^11 expand and be expelled: 
if then the orifice be immersed in a vessel of mercury, and 
the bulb cooled, the mercury will ascend from the pressure 
of the external air. 

By heating the tube before the mercury is introduced, 
the small quantity of air and moisture which adheres to the 
glass in the ordinary state of the atmosphere, is expelled; 
and the little impurities which would disturb the motion of 
the mercury along the tube will also be dispersed. 

If upon this operation a sufficient quantity of mercury is 
not introduced; let the bulb and the mercury in it be heated, 
and immersed again; and the operation repeated. In general, 
for common use the tube half filled will be sufficient. 

Particular care must be taken to expel all the air: since 
its expansion and compressibility, which ara different from 
those of mercury, would alter the regularly of its motion. 
The only accurate mode of doing this is to heat the bulb 
till the mercury boils. But this would expel some of the 
mercury, unless when expanding it rises into a bulb on the 
top, and when cool re-enters the tube. When the air b 
completely excluded, let the tube be hermetically sealed. 

489- To graduate the scale of a thermometer. 

If the thermometer be immerged in melting snow, the 
mercury will descend and stop at a certain point; from which 
it will not vary till the snow is entirely melted, even though 
there should be a variation of temperature in the atmosphere: 
and this point remaining the same in eveiy experiment will 
shew the temperature of melting snow. In different sub- 
stances the column of mercury will rest at different points, 
which would thus indicate their several temperatures. But 
these points being, in gen«^, d^erent in different ther- 
mometers; their position depending upon the ratio of the 
capacity of the bulb and tube, and the quantity of 
mercury introduced; the thennnneters so formed would 
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not be capable of comparison: and it becomes consequently 
necessary to find some other fixed temperature, the distance 
of which from that of melting snow maj be divided into 
a certain number of equal parts. The magnitudes of these 
parts are independent of the dimensions of the thermometer, 
as will appear hereafter. 

When the thermometer is plunged into boiling water, the 
mercury rises to a certain point and there remains fixed, 
whatever heat is applied to the vessel ; provided the water be 
not evaporated. This therefore will serve for a second fixed 
point. Let the interval between these two fixed points be 
divided into a certain number of equal parts; and the di- 
visions carried as far above and below them as may be 
wanted. 

490. Thermometers thus constructed, will, when ex- 
posed to the same temperature, shew the same number of 
equal parts. 

Let M and m be the magnitudes of the mercury in two 
ihennometers, 

R and r the interior radii of the tubes, 
X and I the lengths between the two fixed points, 
divided into the same number (n) of equal parts. 

Upon this exposure to the same temperature ((), let X' and 
/be the heights above the point of melting snow; andlete, e' 
be the expansions of a particle of mercury from that point 
respectively to boiling water, and to the temperature f; the 
corresponding expansions of the mercury in the first ther- 
mometer will be Me, Me'i and in the second me, me'\ 
since they are proportional to the magnitudes. But these 
are also measured by cylinders of mercury of known alti- 
tudes ; 



whence JIfe = fl-R'X) 
and me—trr'l ) 



fMe' = xfi'i' 
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Also L beiog divided into n equal parta, V will contain — j^ 
of diem, and the niunber in the second will be -j- . And these 



will be equal; 


for dividing each equation by each. 






L ; 


_f 
V 






.....^ 








vhen exposed to the same 


heat, 


will shew the 


same number of degrees, and therefore 


may 


be compared. 








491. Coi 


„. L' 
K. Smce Y = 


=^.-.r=r.., 





if t = ~ . L - .1, - . l) £cc. (p indicating die number of 

P P P _ 

equal parts or degrees into which the interval between melting 
■now and boiling water is divided) one thermometer will in- 
dicate the temperatures increasing by single degrees. But 

the corresponding values of V will be - .L, - . Z, - . i, 

P P P 

Sic., that is, the divisions will be equal to each other, and 
proportional to the first. Hence, therefore, a thermometer 
made of pure mercury is possessed of Uie same properties as 
any other thermometer made of pure mercury : and their cor- 
respondence does not depend upon the law of their expansion. 

492. lo Fahrenheit's thermometer, which is chiefly used 
in England, the point of melting snow ia marked 32", and ' 
boiling water 212'; the distance therefore between the two 
fixed points is 180". In this 55° answers to temperate, 76" 
to summer heat, and 90*^ to blood heat. 

In Reaumur's, the point of melting snow is marked 0°, 
and bbiling water 80^, which corresponds with 212° of Fah- 
renheit. Any other degrees of temperature in the one may 
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KawAy be coDverted into the corresponding d^rees of the 
other. For the interval between the fixed points in Fahrenheit 

being 180°, and in Reaumnr 80^, each of Fahrenheit's is - 

of one of Reaumur's; and F being anj degree of the former, 
and R the correspondiDg degree in the latter. 



The French make use of the centesimal diviaion, which 

was used by Celsius ; marking their point of faielting snow 0^ 

and boiling wafer 100". Each degree therefore of Fahrenheit's 

. 5 

IS -- of one on this scale ; 



In Newton's thermometer of linseed oil, the point* of 
melting snow is o", and of boiling water 34°. By this he de- 
termined (he degrees of fusion of a great number of sub- 
stances, and found each invariable. 

493- Given the degree of temperature in one ther- 
mometer; to determine generally the corresponding degree in 
another which is differently graduated. 

Let n be the d^ree of temperature in the former, and t 
the required degree in the latter. Then since they must rise 
or fall together, t will be = a + 6n, a and b being constant 
quantities to be determined. Now if x" of the former answer 
to N° of the latter, and y" to N'"; which relation is known 



* Newton first determined the important point on which the ac- 
curacy and the value of the thermometer depends ; having chosen 
as fixed those points at which water freezes and boils; the very 
points which have been determined to be the most fixed 'and con- 
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from knowing the interral in each between melliog bbow 
and boiling water; 

j( = a+6N'; 







■■• '=ia- 










and a 

:. t 


(3(-i).N 

' N'-N = 

-'+ N'-N 


' N' 






494. 


Col. 1. 


Let x=0, and^ = 


= 100, 


as in the 


cente- 


simal thermometer 























which is easily verified. For N' — N being the number of 
degrees between the points of melting snow and boiling water, 
will correspond to 100 in the centesimal thermometer; there- 
fore the number in the latter corresponding to n — N may be 
obtun«d frou the proportion 

N'~N : n-N :: 100 : *. ' 
If the thermometer be Fahrenheit's, JF = 21Z, Ni=Sii 

100.(«-38) 5.(11 — Sfl) . , 

.'. * = ■ = , as before. 

180 9 

49s. Cos. 2. If x = 3i, y = 212, which is the case in 
Fdireaheit's, 



N'-N ' 
If it be Ac ceoteMmal, "S ^0, N'=100; 
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490. It appears from experiment tkat die apparent ex- 
pansion of mercury from the point of melting snow to that of 
boiling water is g of its magnitude at the former of these 
temperatures ; and the eiLpansion for each degree a constant, 
that ii, in the centesimal thennometer is -^^ for erery ^jjgtfa 
partflf the interval. 

This is the apparent expansion. For upon measuring 
the expansion of glass, it is found that the real expansion of 
mercury is ^^^ (rota melting snow to boiling water. This u 
greater diaa the apparent, as it ought to be ; the latter being 
in t»ct the excess of the espsnaion of the mercury abote that 
of glass. 

497- It is important to remark, that the indications of the 
thermometer do not depend upon the absolute quantity of this 
expansion : for if this quantity were double or triple of tbat 
mentioned, provided it followed the same proportion in all 
temperatures, the number of degrees indicated by the thermo- 
meter would be the same under the same circumstances : the 
initial dimensions at die temperature of' melting snow being 
the same, the expansions to the temperature of boiling water 
would in this case be doubled or tripled, and consequently the 
degrees also which are certain parts of that interval. Hence 
thermometers may be compared though they are cooatructed 
of different kinds of glass : for experimeats shew tiat the ei- 
panaions of mercury are exactly proportioml to Ibose of glass 
and other solids which melt only at high temperatures. The 
unequal expansion therefore of the different kinds of glass will 
cause a proportional change in the lengths of the intervals and 
of the intermediate degrees; but yet the same degree in each 
will correspond with the same temperature though the abso- 
lute lengths of the degree in different instruments be different. 

498. Required the dimensions of the bulb of a thermo- 
meter, tlie length of its tube, 'and the quantity of morcnr; 
therein, supposing the graduation to extend from dt^lielew the 
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temperature of melting snow, to A" above that of boiling 
water. 

The apparent espansion of mercury onljf being considered, 
suppose the vessel containing it not to expand. Let the tube 
be divided into any number of equal portions, each of the 
capacity (tn), 1st. To determine the capacity of the bulb. 
Iiet the bulb and a part of the tube be filled with m&rcury ; 
and when plunged in melting snow let it stand at an altitude n 
above the bulb. Then if Nm represent the magnitude of the 
mercury in the bulb, (N+n) . m will = the whole mngnitude 
of the mercury introduced. 

Next observe the altitude A to which the mercury lises 
above the former in boiling water. Then ^m is the apparent 
expansion of this quantity of mercury between the tempera- 
tures of melting snow and boiling water. Now this by expe- 
riment is -ih part of the whole magnitude, and 

{N + n).m . 
•'. = Am; 

.: N=fiJ-n; 
whence Nm may be determined, the capacity of the bulb. 
S. To find the column of mercury to be left in the tube. 
Since the thermometer must shew tC below the tempera- 
ture of melting snow; letx = the length of the mercury to be 
left in the tube above (he bulb, measured at that temperature. 
Then mx = its magnitude, 
and {N-\-x).m = the total magnitude; 

(N+x).m . . ■ , ^ , - 

■ • = Its expansion between the fixed points, 

N+x 
and : = the length of the tube occupied ; 

or if ^ be the number of degrees betweeA the fixed points of 
melting snow and boiling water. 
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N+x 
— will be the length of l" ; 

a. (N+x) 
•'• -7 = the length of a , which by suppoaibon = i, 

whence x = — the length of the column to be left in the 

/Up -a 

tube above the bulb. 

3. To find the length of the tube. 

As the scale is to extend to b° above boiling water, the 

number of degrees above the bulb is a -]- 6 + ; and the 

N 
length of one degree is ; 

.-. the length of the tube L = — X-l— . 

/i^—a 

499- Cor. 1. Hence may be determined the number 
of degrees which a thermometer of given length will shew 
above the temperature of boiling water. 



F.,{ = ^-'^;»-' -(0+, 



500. Cor. 2. If this expression be = 0, the thermometer 
will indicate no higher temperature than that of boiling water: 
if DegativCj it will indicate only 6" below that point. 

50I.C0E. 3. a = ^T T]^ 
L + N 

If this expression be = 0, the mercury will descend in the 
thermometer only to the point of melting snow ; and if nega- 
tive, not so low by a". 

* The numbers a and b should always be taken a little larger than 
the number of degrees which are to be observed on the thermometer : 
as the cylinder will not be exact close to the bulb and to the apper 
extremity where it is hermetically sealed. The observations therefore 
should not be made near to those points, 

M M 
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502. Cor. 4. To determiiie the length of a column of 
mercury- at the temperature of melting snow, to be left in the 

- preceding caseSj in the thermometer whose length ip L, in 
order that it may shew also V above the temperature of 
boiling water, 

aN 
(498.) a:=— , 

n<p—tt 

and (501.) ^ip-a=- rJ-N ' 

. i«0I,-(0 + 6).N ... 
whence x = —i- . -— , . . — , the leneth required. 

503. Cor. 5. If this value of j: be negative, the mer- 
cury at the temperature of melting snow will enter the bulb, 
and leave there a vacuum of the magnitude mx. 

504. To determine the capacity of the bulb, by weigh* 
ing ; without its being plunged into melting snow or boiling 
water. ' ' 

Before the bulb is blown,' let the tube be weighed when 
empty; and alao when a column of mercury which occupies 
X divisions has been introduced ; the difference (w) of these 
weights is the weight of the mercury in the tube whose 
lei^th is \. If .'■ m = the weight of mercury in one 
division, 

w = \a/. 

When the bulb is blown, let it be weighed again; and also 

when the bulb and a certain length n is filled with mercury. 

The difference (W) of these weights is the weight of the 

mercury introduced. Let Nw' = the weight of that in the 

bulb; 

.-. W=(N + n).v/i 

N+» W 
whence — -^ = — ; • 
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whence Nm the captcitjr of tfae biUb may be found ; and the 
other dimeiiiionB as before. 

505. To determioe the coirecdons for the obierved 
points of tneltiDg snow and boiling water, when the bulb only 
is plunged in those temperatures. 

Suppose the temperature of the atmosphere to be f** above 
that of melting snow; and /«tlie length of the mercury in 
the tube not plunged ; which maj therefore be considered of (he 
same temperature with the atmosphere. Let x = the length 
it would have if plunged in the temperature of melting snow. 

Then x by expandiog would become 1. 1 1 H 7 ), 

which is = /, the length it is observed to have ; 

. ^_i . jt_ 

■■' ,+ ' ""*+'• 

m9 
the first term of which is the observed length ; and the second 
the quantity to be subtracted from the observed length, in 
order to have the true pomt of melting snow on die tube. 

Again, suppose the bulb and a part of the cylinder of 
mercury to be plunged in the temperature of boiling 
water; and i'=lhe length of the column which re- 
mains in the air at i!° below that temperature. Let T' = tbe 
length it would have if entirely immersed, and x''=the length 
^ it would have at the temperature of melting snow ; 

thenx".f 1 +-v') = x'> 

and y".(l + ^^~/^ ') = r, 
\ M0 '' 

since y expanding to (0 — t'f become^ /' ; 
whente 



^ •v"'"/«0/ ^ (^ + 1).^ /' ^ ^ 



I't' 



. + ^' 



ii.<p 
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the secoDd ttna of which will express the <]uaiititjF to be added 
to /', in order to have the re&l point which indicates the tem- 
perature of boiling water.* 

906, CoK. If ^ — 0, the second term vanishes, and 
3^ — 1', the mercury bebg at the temperature 0. 



" In all casts of accuracy these corrections are necessary ; and most 
probably the Uttle attention vhich has been paid to them has been the 
cause of the variationa in the results of different observations. 
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Sect. IX. 



507. If any homogeneoua body expand by the applica- 
tion of heat; ita cubical expaasion will be triple the linear 
expanaion. 

Ijet Jf be the magnitude of the body, and M' its mag- 
nitude when heated ; and let I and /' be its lengths similarly 
measured in the two cases. 

Since the body will preserve a similar form, 
M : M' ::{' : H^; 
.-. M: M'-M:. f : ^-P. 

Hence — ^^:_=_^= ^ .(?-/) 



^^•('+^)+-:.(,_oif^.,^,, 



p 

= S . — — nearly, 

since in bodies at temperatures distant from fusion, x is small 
compared with L 

But — — — will represent that part of tht whole quanUty 
by which the body has increased, or its cubical expansion ; 
and — — the linear expansion. Hence the cubical is triple 
ihe linear expansion. 

508. Cox. I. Hence 

JM' = Jlf.{l-l-3.^l = ilf.{l+3\t, 
if X be assumed — — j — . 
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509> CoB. S. In solid bodies, whilst the temperature is 
between that of melting snow ( = i") and boiling water, the 

linear expansion — r— is/ound to be proportional to the num- 
ber of degrees on the thermometer, reckoned from z. When 
the thermometer is at z, let ilf =the magnitude of the body; 
and t* die altitude of the thermometer when the magnitude of 
the bodj (Jlf ) is required : then if tiie linear expansion for 
1' be represented by e, that for f will be = et. 

Hence M' = M.{l + 3et\'=M.{l-hEt\. 

5 10. Cos. 3. If M' and 3f are the magnitudes of the 
body when the temperature is t' and (", . 

■ M'=M.{l+E/\, and M" = M.\\ + Et'\. 
supposing M the m^nitude when the thermometer is at z; 

■■ " — i+Ef -" ■v + ^+wri- 

and since the cubical expansion is small, Et' may be n^Iected 
in the approximatioo, 

whence M'' = M' .{l + E .{t"- t')], 
that is, precisely the same result is obtained as if the expan- 
sion had been calculated from the temperature t' and magnitude 
'M' I dways with the same coefGcient E. 

511. Cor. 4. If the expansion be considerable, the 
approximations deduced above will not be sufficiently accurate. 

M'-M f+n+f - „., , 

But smce ^ — = ^ .((—*) 'f Ihe expansion be 

supposed uniform ; let — - — = et, where e represents the 

linear expanaioo for the increase of 1'^ of temperature ; then 
r = l.{\+et}; 
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Hence M' = MAl + Et + ^ +T^}' 

the two first terms of which are the same with those deduced 
above. In solid bodies there are no cases in which the two 
others are sensible. In considering the expansion of fluids, 
they may perhaps be necessary, E being greater than in the 
case of solids. 

512. If an elastic fluid be inclosed in a regular gra- 
duated vesselj and confined by a piston placed horizontally, or 
a small quantity of mercury ; and the temperature of the fluid 
and vessel be changed ; to find its cubical espausion, cor- 
rected for the expansion of the vessel. 

Let M be the number of divisions occupied, which will 
therefore measure its m^nitude ; and suppose the temperature 
to become t"; and let ar represent the cubical expansion of the 
fluid from z to t", 

its magnitude becomes M. {l +x}. 

Let M' represeut the number of diviuons it now occupies 
in the vessel. But as the vessel itself expands, each of diese 
divisions has a capacity difiierent from what it had at the 
initial temperature. Let therefore E represent the cubical 
expansion of the substance of which the vessel is composed, 
for 1** of the thermometer; then M" divisions at the tempera- 
ture t will be equivalent to M' . {l + £^| primitive divisions; 
this therefore will represent the new magnitude of the fluid, 
expressed in parts of the primitive divisions; that is, 
M.{l+x}=M'.{l + Et}; 

M'-M M'Et 

whence x = — 37 — -i :rzr- ; 

m M 

where the first term represents the cubical expansion of the 
fluid supposing the vessel not to expand ; and the second the 
correction to be applied for its expansion. 

513. Cor. 1. The proof will be similar for any fluid. 
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514. Cor. 2. The proposition has beeo proved od the 
suppoHidoo that the pressure of the atmosphere remained the 
same. Supposing that not to be the case, let p represent the 
pressure when the fluid occupied M divisions ; if this be re- 
duced to its magnitude under a constant pressure a (451) JIf 

Mp 
will become ; and supposing' p the pressure of the 

atmosphere, when the fluid is at the temperature t", M' will 
M'p 

become in the same manner . Let these values therefore 

a 

be substituted in the preceding equation, and 

_ M'p'-Mp M'p'Et 

^~ Mp ^ Mp • 

515. Cor. S. When x is determined for t", it msj be 
continued for it, St, &c. : and by a comparison of the values 
it will be seen whether (he expansion is uniform or not. If 
it be uniform, the expansion will be ix, 3x, &c. proportional 
to the difference of temperature, 

516. By this mode the following conclusions have been 
deduced : 

1. All the permanent gases exposed to equal tempera- 
tures, under the same pressure, expand exactly by the same 
quantity. 

2. The extent of their common expansion from the tem- 
perature of melting snow to that of boiling water is = 0.375 
of their primitive magnitude ; the pressure being constant. 

3. Between these two limits the expansion of gas is ex- 
actly proportional to the expansion of mercury. Whence it 
follows that for every degree of the thermometer, whose 
scale b »°, and under, the same pressure, all the gasses ex- 
pand by a quantity = - (0.375) of (he m^putude which they 
had at the temperature of melting snow. 



idbyGOOglf 



51^. If a fluid be weighed at iaitial temperature, and 
^ain at any other temperature ; its expanskm may be de- 
termined. 

Let M be the coutent of the veesel in which the fluid ■> 
weighed, at initial temperature ; and fV = the weight of the 
fluid which it holds when fiiU, at that temperature. 

When the temperature is changed to t'^, the quantity of the 
fluid which the vessel will contain, ii changed ; let therefore 
W =its weight; then the space which this would occupy 

.... MW 

at mitial temperature = ■ i^ ; which is what now occu- 
pies the whole vessel. 

Let X represent its expanaion between the two tempera- 
tures; (his should have changed into ~-^- •(! +*)■ 

Also the capacity of the vessel becomes M . { 1 + S,t\ ; 
and as the fluid fills the vessel, —^-.{\-\-x) = M.\\+Et]; 
W~ W fVEt 



' W W ' 

which is similar to the former expression. 

518. To determine the expansion of a fluid, from weigh- 
ing a given solid body in it at diflferent temperatures. 

A body imnaersed in a fluid loses a weight equal to the 
weight of the fluid displaced (HO); and this will be greater 
or less according to the temperature. 

Suppose then M=tbe magnitude of the body at initial 
temperature, and W= the loss of weight which it would 
sustain at that temperature, and therefore equal to the weight 
of the magnitude M of the fluid : and let W = the loss of 
weight sustained by the body when the temperature is t, and 
therefore equal to the weight of a quantity of the fluid of the 
same magnitude with the body. 

N N 



id by Google 



But the magnitude of the body becomeK M . {l +E(}, 
which therefore is the magnitude of the portion of fluid whose 
weight is IV'. Hence the original mass whose weight was W 

occupies a space = -^T- .{ 1 -i- Et\. And if x be die 

cubical expansion of the fluid between the two temperatures, 
M has chaoged to M . ( 1 +x) ; 

MW 
■■.M.H+x)='-^.{l+Et]; 

W- W WEt 

and^=-^^ + -^, 

which is similar to the preceding. 

519- In ^pp'yiig these different methods to ascertain 
the expansion of water, we arrive at a remarkable result, that 
in cooling it does not contract in an equable manner. Its 
contraction diminishes for every degree, as the thermometer 
descends to about 40". But beyond that limit, if the thermo- 
meter descends, the magnitnde remains some time invariable, 
atter which it expands instead of contracting. 

520. Having observed the apparent weight of distilled 
water contained in an expansive vessel, under known circum- 
stances ; to determine the capacity of the vessel, at the tem- 
perature z. 

Let M' be the number of cubical inches at max. con- 
densation, which when the thermometer rises to f, would 
fill the vessel. Its content = M' ; (1 -|-x), if x represent the 
expansion of water from max. condensation to ^. 

Let X be its magnitnde at the temperature z, 

at the temperature t" it becomes X . \\ ■\-Et\. 

But the vessel is now filled with M' .(1 +x); 

.-. X.\\-\-Et\^M'.{\+x), 

^ Jlf'.(l-l-i) 
or A = — = — . 

If then M' was known, X would be determined. To deter- 
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mine M', let the vessel be weighed full of air and open ; and 
again full of water; and let M be the difference of the observed 
weights ; it wilt be (he difference between the weight of 
water it contains at the temperature t, and an equal quantity 
of air. Let the specific gravities of the water and air be 
as 1 : a, 

then M'.H~a) = M, 

and .". M' = ; 



whence X ^ - 



"(l-a).(l+EO' 

531. Cor. The second member of the equation, con- 
taining only quantities which are given from observation, may 
be reduced to a form more easy of application, by remarking 
that a, X, and £f are small fractions in those circumstances 
under which experiments are usually made ; and therefore X 
will not differ much from M, which may therefore be separated 
from the small corrections, under the form 

- = ^+^'+ (l-a).(.+£0 ■ 

532. If <( represent the real expansion of an unit of mag- 
nitude reckoned from z to t" of the mercurial thermometer, 
and e, the apparent expansion; and Elhe cubical expansion 
of the substance of the vessel in which the fluid is observed, 

e, = e,-Et. 
Suppose when t = 0, the fluid occupies M divisions of the 
vessel; and at t" the number to be X; this will be the 
apparent magnitude. But (5)1) the real magnitude will be 

= -{'+--^}- 

And this by the supposition is = M. {l + 6,}. 
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and X - M = ^-^ , 1^ „ — ^, 

l + EI+j^-E*!" 

. . „ Jlf. j.,-£l-i£"l'l 

°' ''~ ! + £( + !£'('■ 
,Now in the moat exact observations on the expansions of 
fluids in glass between the temperatures of 5" and 212^' of 
Fahrenheit, the terms affected vriih ^^ will be insensible; 

" ' l+Et~ ' ' 
neglecting £^ and Esi. 

523. Hence may be measured the difference of the ex- 
pansion of solids. 

Observe the apparent expansion of e fluid in vessels made 
of the substances, which it is wished to try ; and let the obser- 
vations be made between constant temperatures ; and let Ey E 
be the cubical expansions. 

Since €(=-■ „ ; 
l+Et 

.-. et.O+Et) = et-Eti 

and (l+et).Et = ef~e„ 

the difference between the real and apparent expansions. 

Let now a vessel of a different substance, but containing 

the same fluid, be exposed to the same temperaturesj 

then (l+/,).£'( = et-e',; 

whence (I -i-^,) . E't—{\+et) . El = et~e'„ 

(Ct-t',).(l +Et) 



and .-. ^=£-1-- 



t.{i + /;) 



Now the expansions of metals are sufficiently known, to allow 
their being used to calculate the small correction dependent 
upon E in the second member of the equation. Substituting 
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therefore for e,, tl,, snd t, their observed values, E — E will 
be known. 

5S4. Cob. i. To determine the expansion of solid 
bodies; that of one iluid between two fixed temperatures 
being given. 

Expose a vessel filled with the fluid to those two tempera- 
tures; and let (" = their difference, the apparent expatisioo 
e, may be observed; and the real one €< is given; 

hence E= - 



t.{l + e,) 

If Si is not known, it ma; be determined from the apparent 
expansion, of the fluid observed between the .same limits in a 
vessel of glass or metal exactly graduated. For the absolute 
expansions of glass aqd the greater part of metals have been 
observed, and determined with so much care that they may be 
considered as exactly known. 

525. To find the specific gravity of a fluid by means of 
the hydrometer. 

Let W be die absolute weight of the instrument i» vacuo, 
that is, corrected for the weight of the atmosphere which it 
displaces (115). Suppose it plunged in water at the max. 
condensation, and to sink to a given point, marked on the 
stem. Then since the weight of a floating body is equal to 
the weight of a quantity of fluid of the same magnitude with 
the pert immersed (101), the weight of a quantity of wat^r 
equal in magnitude to the part immersed will be W. I^et its 
magnitude be M, which will be known, and therefore the mag- 
nitude of the portion of the instrument immersed. Suppose 
M' to represent the magnitude of the game portion at the 
temperature z; and r the temperature of max. condensation; 
then (509), 

at that temperature its magnitude is = JIf' .(1 +Et); 
.'. M=M' .{1 + Et). 

Determining thus for the tepiperature z, the magnitude of 
the portion constantly immersed, we find the magnitude of the 
same portion for any other temperature f, = M'.(I + Et). 
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Suppose it now plunged in a fluid whose specific gravity s 
»t the temperature 2 is required, that is, in one, a. cubic foot 
of which weighs s ounces at the temperature z, and whose ex- 
pansion from that point to ^ = e; a cubic foot of the fluid 



as the instrument displaces M' .(,1 + El) of these feet, the 

whole weight of the fluid displaced will be ■ 

Now this weight is given by observation = fV+ W; W btiva% 
the primitive and absolute weight of the instrument, and W 
the weight to he added to make it sink to the given point ; 

(>r+H'').(l+,) 

'"'''" J(f.a+E« ■ 

526. To determine the specific gravities of fluids. 

Let W be the apparent weight of the fluid which fills the 
vessel at the temperature f ; a the weight of the air prenously 
contained in the vessel at the same temperature; .'. J^+a^the 
absolute weight of the fluid in vacuo {\\5). 

In order to determine the absolute Weight of that portion 
«f the fluid which would fill the vessel at the temperature 2 ; 
let W represent it; then the weight of this fluid at any 

, . , W".(]+EO ., 
temperature ( is equal to ; — , 11 e represent the 

expansion of the fluid from z to f. 
But this is= W+o; 



. and W = 



1+6 

ifV + a).0+€) 
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Divide this hy M the capacity of the vessel at the temperature - 
z, and the specific gravity will be 

M.(l+Et) ' 

527. If the specific gravity (s) of a fluid for the tempera- 
ture X be known, its specific gravity for any other temperature 
may be found. 

Let e = the expansion of the fluid reckoned from Z'^ to t", 
and e = the expansion of water from max. condensatioD (of**. 

Then the weieht of a cubic foot of fluid = , 

1 
and of water = — ■ , ; 

/, the measure of the ratio of the first to the second is 

'-^, (8). 
1+e 

528. Cob. In the case of mercury, the expansion is 



measure of the ratio of the weights will be — . But 

1 + 

9742 

at max. condensation e' = 0, and let \ be the value of i; 

s \s 

.-. the specific gravity of mercury = X~~*~074i' 



529, To determine the specific gravity of a splid body. 

Let the solid be weighed in air, and in a known fluid at 
the temperature t ; and let M = the magnitude of that solid in 
cubic f^et; s = the absolute weight of one cubic foot at the 
temperature z; £ its expansion for one degree of the, ther- 
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mometer. The weight of a cubical foot of this body at the 

temperature t, is p-, the expansion of solida between the 

temperatures of melting snow and boiling water being con- 
sidered uniform. The whole weight therefore will be — — . 

In the same way <t being the weight of a cubical foot of 
water at the temperature z, and c' the expansion of water from 
z to f', the weight of the magnitude M. at the temperature C 

will be , , and the weight of an equal magnitude of air 

will be - ■ - f . if a represent the measure of the ratio of the 
weight of air to that of water under the circumstances of the 
experiment. And - will be the weight of the same mag- 
nitude of any fluid, the expansion of which from z to ^ is e, 
and a cubic foot of which would weigh a ounces at the tem- 
perature z. 

Now these different weights are what the solid body has 
lost when it has been weighed successively in air and in the 
fluid (110); so that in subtracting tbem from the absolute 

weight ' p ■, we obtain the apparent weights, which call 
S and y. 

Mi Mva 

, Ms M<t' „, 
and = ; — = S ; 



, .. .J. . 1 + Et 
and dividing the two equations 



l + Et l+e' 
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l + Et S~S' 

which is the weight of a cubical foot of the body at the teni' 



'■ + ->-[l^-ff7] 



S-S' 
the weight of a cubical foot of the body at the temperature z. 

530. Cob. 1. If the body is weighed successively in 

water aud air of the same temperature; J = a, e = e', and 

. . , Cl + EO.ff.(S-S'a) ■ 

the expression becomes s = - - ■ ■■ , > ■ '■. — ■ 

531. Cor. 3. If we neglect these corrections, as well 

those which arise from the expansion of the fluid and the solid, 

as the weight of the air displaced; E,e',a, become=0; 

(7S s S 

whence, =^_^,. or- =-^-^,; 

the first of which expressions gives the weight of a cubic foot 
of the fluid; the second its specific gravity compared with 
that of water. This is the common approximation. 

532. Cor. 3. In general^ when a very accurate value of . 
s is obtained ; divide it by tr the we^ht of a cubical foot of 

water at the temperature z, and the quotient - will express 

the ratio of the weights of equal magnitudes of the body and 
water at that temperature. If we wish to refer their specific 
gravity to the temperature r of max. condensation of water, 
it nill only be necessary to reduce the weight s to that tem- 
perature by dividing it by 1 + JEr; then -- will be the 
specific gravity of the fluid. 

Oo 
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533. Cor. 4. If we nrake use of a jar full of a knowo 
fluid, in wbich a solid body is introduced after being weighed 
in air, the formula becomes a little different, according to the 
manner in which the Operation is performed. Suppose there- 
foie we weigh 

1. The solid body, 

2. Tbe jar Med with the fluid, 

3. The jar filled with the solid and fluid. 

Selainti^ the same notation, and callii^ M' tbe capacitif of 
the vessel at the temperature at which the operation is per- 
formed, W' the apparent weight of the fluid in the second 
operation, and S the sum of the wei^Ca of the fluid and solid 
in die third) 



1. 


Ml 

1+Bt 




= S, 




2. 




ifV. 

1+.' 


= w. 




3. 


(Jf'-JfiV 
1+e 


M, 

! + £) 


1+^ 


ting 


ll>e second 


equalion 


from the third, 




Ms 


M,' 


= S- 


W. 



Us jtf<r« „ 
But ——^ r-7 = S, 

which ai« simUar to those in the propoaition (529^ < 
'%—Wm. the i^ace of 5'. Hence 

Li +6 1+e' J 



Mb, Google 



634, Cos. S. If the ftuid in wUcb the bwty i* inmcncA 
be pvre witer, 9^<T, e a e', 

^ . . ^ . * s 

uid neglecting the corrections - =-5 — ^ . 

535. Cor. 6- Suppose the body to be weighed in air : 
thf n fill tbe vessel with distilled water at a known temperature; 
place the body with the vessel thus filled in one of the scales 
of a balance, and weigh the whole. Then immerse the solid 
in the vessel, whereby a quantity of water will be expelled, 
and let the vessel be properly closed so that no air be left 
within. As it is now lighter by the quantity of water expelled, 
determine that weight by restoring the equilibrium. Hence 
three equations will be determined for ascertaining Uie specific 
gravity. Lei S' = the weight of the system in the second esse; 
then 

1. When the body is weighed in air, 

Afs M<Ta ^ 

T+Et ~ T+7 ~ ' . 

2. When the body is weighed with the vessel firil of fluid, 
Ms Mtra , M'a' M'<ja ^ 



When the vessel is filled with the fluid and solid, 
iM'~M).a Ms ilfffa _ 





1+. ' !+£( l+e' 


He-ce ,^^. 


- , = 2' - S, and subtracting this from 


Ihe third 






Ms Ma' 



Mb, Google 



nhictt is the sune witt the first (53S) as before, vith 2' — <$ 
in the place of fF'; and theae wiU correspond with -the 
equations of the propositioa (529) hy chaog^g S" into 
S - 2' + S. 

536. Cob. 7. If the corrections be neglected, the 

specific gravity which was -^ — will have become 

S S 

S^^-^Sf-S °' 2'-2' 
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Sect. X. 



537- Def. The Common Barometer ia a cj'lindrical 
glasstube, about 31 inches long, exhausted ofair and filled with 
mercury, hermetically sealed at one end, and immersed ver- 
tically at the other into a basin of mercm'y when the mercury 
in the tube is found to subside to a certain height, leavmg a 
vacuum at the upper end. 

638. Def. The altitude, at which the mercury is sus- 
tained in the tube, above the surface of that in the basin, is 
called the standard altitude. 

5S9. Dbf. This altitude is always between 28 and SI 
inches ; the difference between these altitudes is called the 
scale of variation. 

540. The mercury is supported in the tube by the action 
of the air. 

For let the barometer be placed in the receiver of an air- 
pmnpj and the air be exhausted ; the mercury will gradually 
descend to a level widi that in the basin: and if the airbere- 
admitted, it will rise again in the tube. 

541. This effect is produced by the air's pressure. 

For it is evident that the pressure upon every portion of 
the surface of the mercury in the vessel is the weight of the 
incumbent column of atmosphere ; and the fluid being at rest, 
action and re-action are equal and opposite ; therefore the 
pressure upwards against every portion is such as will support 
the weight of the corresponding column of atmosphere. And 
consequently the pressure upwards against that portion which 
is immediately below the surface of the barometer is such as 
would support a column of atmosphere whose base is equal 
fo the orifice of the tube : which pressure must be counter- 
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acted by the weight of the mercury in the barometer ; since 
in this case only will the pressures upon equal portions of 
the surface of the mercury be equal, 

542. Cob. 1. Since the weight of the column of mer- 
cury cat. par. ia as its lenglk; the weight of the air is 
proportional to the altitude of the mercury in the barometer. 

543. Cob. 2. The standard altitude will be the «ame 
at tlie same place in all tubes, whatever be the magnitude or 
figure of the section perpendicular to the axis, or whatever 
their position, provided the tube be not no slender as to espose 
the mercury to a sensible alteration from the tlapillary attrac- 
tion; and the mercury be supposed not to expand. 

544. Cob. 3. Since mercury expands by heat, the 
dimensiooa of a given quantify of it will be variable unless the 
temperature of the air remain the same; and its ahitude in the 
barometer wHI cease to be ft correct measure of the itfeight of 
the atmosphere. Iltese atlitodes therefore must be reduced 
to what they would be under the same temperatm^. 

Let f=etbe akitude of a eolaun observed at die tea^era- 
ture t. Suppose the temperature to be reduced to that of 
ndting imw, the weaght of th« atmoapbeie remaining the 
Mne;, littn the colncin will be contracted; snppose the 
height to become t*. Then i and t represent the nngnitades 
of two cylinders of meitnry ol equal weights and bases; 



.-. i=r 



(•+;>^ 



It 

a-\-t' 



* Tbetnbe willalsebecoDtnicMd; but this will bavc bo inflti«Boe 
ea tbe keighl of the mercury sustained by (he sit'a. pFessitri!. 

t The TslBe of a ra Fabreahnt's thenDooieter in 9743 ; in the 
centigram 541S. 
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the aecooi term cxpreasing the coircctioD to be api^ied to 
tbe heigbt I in order to obtain that which would be of>Berved 
under ibe swne preasure at tbe temperature of melting snow. 

545. Cor, 4. In the temperatures in which observations 
are commonly made, t is small compared with a, and the 
second tenn of the denominator may be neglected ; in which 
case 



546. Cob. 5. If the diameters of the tube* be different, 
the heights of tbe mercurial columns in barometers equ^y 
well constructed, will be different at the same pbce. This 
however is not very sensible beyond a certain diameter, and 
may be counterbalanced by having the barometer in die form 
of an inverted syphon. 

64/. Cor. 6. ' The pressure on each point of die earth's 
surftce b^g equal to the weight of a column of mercury, 
the mean height of which is known ; the weight of the mass 
of sir which surrounds die earth may foe determined. 

Let £ = the radius of the earthj and r = the height of the 
mercury, s = its specific gravity ; 

the weight required = j . I ■ 1 

= 4s7r.(K*r + fir'+|-r') 

= 4iirR^r, nearly, 
which Cotes calculated to be eqnal to tbe weight of a globe 
of lead 60 m^es in diameter. 

548. Cos. 7. The altitude of the mercury in the baro- 
meter at any height above the earth's surface is less than the 
standard altitude at the earth's surface. 
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The suspension of mercury in the barometer being caused 
by the pressure or weight of the atmosphere, if part of that 
weight be removed, the altitude of the mercury will be dimi- 
nished. Now wheu the barometer is above the earth's sur- 
face, the air beneath it has no effect in supporting the 
piercury; the pressure therefore beiog diminished, the altitude 
of the mercury is diminished by the length of a column whose 
weight is equal to that of the air between the barometer and 
the surface of the earth. 

549. Cor. 8. Hence also, the altitude of the mercury 
in the barometer will be a measure of the air's pressure and 
elastic force at different heights above the earth's surface. 

550. If a barometer be suspended from Uie extremity of 
a balance ; the weight necessary to counterpoise it, exclusive 
of the tube, is equal to the weight of the mercury contained 
in the barometer. 

For when the tube is empty, the air presses equally on ^e 
top internally and externally. But when filled with merctu?, 
the pressure on the top externally remains, whilst a vacuum 
is within. Hence the pressure of the atmosphere on the top 
of the tube esternally will be the same as on the correspond- 
ing horizontal section at the surface of the mercury in the 
reservoir, that is, it will be equal to the weight of the mercury 
in the tube. 

551. The common construction is liable to an imper- 
fection, which prevents the altitudes of the columns of 
mercury indicated by the scale, from being exactly propor* 
tional to the different pressures of the air; for as that column 
ascends or descends, it causes a small portion of the mer- 
cury contained in the basin, to pass into or out of the tube, 
and changes the place of its upper surface from that which it 
would occupy were it constantly to correspond to the zero of 
the scale. This imperfection is the less perceptible, aa the 
basin has more breadth about the pl^ce of the line of level. 

552. Different methods have been contrived to remedy 
this imperfection. In some barometers the scale is rendered 
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moveable in the dtreGtbo of it« beigfali in.sttch a naqner, 
that with the. aid of a micrometer-qcrew, the line of level can 
always be brought exactly opposite the zero of the scale. In 
such a case there is substituted for the basin a portion of the 
tube, which is turned up again at its lower part, whence the 
sensible variation of the level which results may always be 
-corrected by the motion of the scale. 

In other cases, the basin of the barometer is entirely im- 
mersed in a cistern of mercury. When an observation is to 
be made, the barometer with its basin is elevated above the 
surroundmg mercury; and the basin being always found full^ 
the line of level given by the upper surface of the mercury 
retains a fixed position with respect to the graduation. 

553. When the mercury in the tube of a barometer 
sinks, and the surface of that in the basin rises; to determine 
the correction. 

Let a = the section of the lube, and b = that of the basin, 
supposed cylindrical. Let the mercury descend through a 
space X in the tube, and ascend through a space y in the 
basin; 

.'. ax=y .(4— a), 

and y = ~ . 

■^ — o 

Aai the real diminution of the height of the mercury, or the 
whole difference of the altitudes 

hx 
b-a 

therefore the apparent diminution of height : the real dimi- 
nudoii :: b—a : b. 

554. CoR. Hence x — — 7— . z. Suppose 2 = one 
inch, and the area of the basin ten times that of the tube ; 

.'. X = — 7— inches sjj inch. 
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Hence the bBrometrical inch mint be j^ths of a real inch, in 
order that the graduation on tlie acale may show the real de- 
pression. 

555. The variations in an inclined barometer are greater 
than the corresponding variations id an upright one. 

Since the pressure of fluids is proportional to their depths, 
ihe perpendicular altitudes of the columns in the two baro- 
meters will be equal. Suppose L and H to be the length and 
altitude of the column in the inclined barometer; and in con- 
sequence of some change in the atmosphere, to become / and 
h] then since the incUnation remains the same 
L : H :: I :,i; 
whence L — l : if— A :: I, : ff :: 1 : sin 6, 
if d = the inclination ; that is, the variations are in the ratio of 
1 : sin d ; and therefore greater in the inclined than in the 
upright barometer. 

55o. , The advantage of this barometer is that the scale 
of variation may be made of any magnitude : the disadvantage, 
that owing to the increased triciion of the mercury upon ifae 
glass, tlie height does not vary with any slight change of the 
air. The column of mercury moreover is apt to break in the 
tuhe, or part of it to be left behind upon any considerable 
descent. 

557. The fVheel Barometer is a 
compound tube ABCD open at D, and 
closed at the upper part; the diameter of 
the. upper part AEB being much greater 
than that of the tube.' It is tilled with 
mercury from D to jIB ; the portion AEB 
being a vacuum. Upon the .surface of the 
mercury in the bent leg is an iron ball D 
connected, with, another F rather lighter, 
by a string passing over a pulley P. Ab 
the ball at D rises and falls with the m»- 
£ury, the string turns the pulley, and an 
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index GH fixed to it, which points to the different parts of a 

graduated circle- 
It is evident, thai by increasing the diameter of the cirde, 

this contrivance will shew the minutest variations of the air. 

But unless it be made with the greatest accuracy, the friction 

will render it useless. 

Tlie string is also affected by the variation of the humidity 

of the air. 

558. The heights of mountains may be determined by 
means of the barometer and thermometer. 

It is found' by experiment (hat under the same pressure 
air expands uniformly between the temperatures of melting 
snow and boiling water. Let e = the expansion for each de- 
gree of the thermometer, e = the ratio of the elasticity of 
air to its density at the temperature of melting snow ; then 
the bulk at the temperature x will be increased, and therefore 
the density diminished in the ratio of 1 +ex : 1 ; 
.*. e-{\ 4- ex) = the ratio of the elasticity to the density at the 
temperature x. 

Now let p = the elasticity, ) , 

, , , , > at the earth s surface, 

g = the torce ot gravity, J 

P = the elasticity, -jat the altitude 

X> = the density at temperature x, \ ■ z above the 
G = the force of gravity, J earth ; 

P 
then — = e.(l +€x). 

Since P — dP = the pressure at the altitude (x + dz), 
and P = that at the altitude z ; 

.". — dP = the difference of pressure3 = Z)Grfz = — - — -j-, 

if + z) 
if r = the radius of the earth ; 

dP gf' dz 

■'■ P ~ c.d+ei) *^(f+z)*'' 
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_gf. x-^ + C. 

Me.(l +ex) r + t 
fi being = 2.30S5g ; 

aiidlbg.p = f — — -.- + C; 

... iog.P= g'-' Yi !_) 



fue.il+ex) r + z 
It appears also from experiment that mercury contracts uoi- 
formlj as its temperature decreases. 

Let H= the heiisht of the barometer, 1 

„ , , . , / at the earth's sur- 

Jll = the density or mercury, > , 

and !r= the temperature of mercury,^ 
and H\ M', T" the same ijuantities respectively at tjie dtitude 
2; and ^ = the condensation of mercury 'for one degree of 
the thermometer; 

and P = Jtf'GH'=-^,.3f .A + ^^).H', 
(r + zr V p / 

and p=gMHi 
Equating this with the preceding vahie of log. -^j 
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in which expreision the quantity sought is od both sides of Ae 
equation ; but z being small compared with r, ~ may be neg- 
lected, and tbus a first approximate value of 2 obtained, 
which being aubstitnted for x on the i^jht hand side of the 
eqoatitn, a nearer value of z will be <^>tBined. 

5&9- Cob. The temperature x has here been supposed 
to remain the same throughout the whole column Z, whereas 
in fact it varies, and the law of its variation is subject to many 
irregularities. But for small heights, if altitudes be taken in 
ari^melic progressionj it i^ a very slowly decreasing arithmetic 
progression. If therefore t and t' be the temperatures at the 
earth's surface and at the altitude z above it, the result will 
be nearly accurate, if we assume x = i .{t + t'). This sup- ' 
position increases the temperature of the upper strata whilst 
it diminishes that in the lower, and thus produces a kind of 
compensation which for small heights is not far from the triith. 
The formula thus becomes 

,=f^.(i+}.(i+0).{iog. — " T-r-. 



+2iog. (. + :)}. (.+:). 



560. If the tube of a barometer be perfectly cylindrical, 
and i> part only filled with neivury, and then its open end 
be immersed in a basin of the same fluid, the mercur? will 
sink below the standard altitude : and the stnderd altitude 
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will be to the depression below that altitude as the space 
occupied by the air after immersion is to the space occupied 
before. 

Let ab be equal to the space occupied by the 
air before the tube is immersed, or when the air is 
in its natural state, ac being the whole length of the 
tube. On immersion let the mercury sink to d, and 
the air occupy the space ad. Since (457) the 
elasticity varies inversely as the space occupied by 
the same quantity, 
the elasticity (E) of the lur in ab : that in ad (If) :: ad : ai. 
Let ce be the standard altitude. Then the elasticity of the 
air in ab {538) is such as would support a column of mercury 
ce; and the elasUcity in ad is such as would support a 
column of mercury de; for it depresses the mercury to <d; 
.-. E : £f :: ec : ed; 
whence ec ; ed :: ad : ab. 
561. CoE. 1. Let the standard altitude = £, ac =s l, 
cd^x, ab=i/; 

then A : h — x :: l—x : y, 
or X* "—{h + l) . X = h . (^ ~ I), 
and x = -^ . ih + l± »J *h .(.y - t) + {h + lf) 
in which y cannot be greater than /; its limits are o and /. 

Lety = o; .*. x = k or I. The former is the case of a 
perfect barometer: the latter inadmissible, unless I bt not 
greater than k ; since (be mercury cannot rise higher than tn 
a perfect barometer. 

Lety = /; ■*. x = h + l, oro; the former of which is im- 
possible, if / is not = o, in which case there is no barometer. 
In the second case the mercury does not rise in the tube. 

If y be assumed between the values of and I, the quantity 
under the radical being real, if the upper sign be used, x wiU 
be greater than h, which is impossible. The value therefore 
of JT is 

i(A + /)-Jx/'<A + 0'-4A.(/-y). 
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5o2. In the applicatioo of Algebra to physical problems, 
it frequently happens that the algebraic enunciation is com- 
mon to the problem proposed, ant) to others which are Dot 
in view. In the present instance, we have the solution of 
another problem, in which it is supposed that there is a tube 
closed at the bottom, open at the top, and of an altitude = i. 
There is besides supposed to be at the bottom of the tube a 
column of mercury whose height = k, and above this a column 
of air which under the pressure of the atmosphere would oc- 
cupy the space y, and above this latter a new column of 
mercury which fills the rest of the tube. The tube is con- 
sidered as placed under an e^ihausted receiver: the air included 
in the tube will then expand, and expel a portion of the 
column of mercury which presses upon it, until its elastic 
force is in equilibrio with the remainder of that superincumbent 
column. In this case x will be the distance between the 
bottom of the tube and that of the superior column of mer- 
cury after the expansion of the air. 

563. Cor. 2. If any three of the four quantities Aj/,x,y 
foe given, the fourth may be found. 

Ex. If the three first be given, the quantity of air left 
in before immersion is determined from the equation 

If A = 30, / = 36, and the mercury be depressed 10 inches, 
wx-iO, 

y = J . 16 = 5-g- inches. 

Prob. a given barometer containing some air is put 
under the receiver of an air-pump which contains n Umes as 
much as its barrel. Before the air is exhausted the mercury 
stands at an aldtude a, and after m turns at an altitude b. 
Find the sUndard altitude, and the quantity of air in the tube 
at first. 

Liet X = die standard altitude at first; 
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' .'. s. ( — ' ) = the standard altitude after m turns (61 !)• 

V2n+l/ 

Let^=the space occupied b]/ the air before immersion, 

/ = the length of the tube ; 

then X : x — a :: l-a : y (560), 

• . whence 3iy=(i — fl).(/ — o). 

^ gain,' the elasticity (e) of the air occupying the space y 
is such as would support a column x of mercury, and the 
elasticity (/) of the air occupying / — fr is such as would sup- 

port a columo x . ( — -— y — 6 of mercury ; 

wbeoce xy = \x . (■ ■— )"—*[• {i~ *1 J 
' from which two equations x and y may be found. 

Prob. Two barometers of the same given length are im- 
perfectly filled ; and the height of the mercury in each on 
two different days is observed. To determine the quanti^ of 
air contained in each. 

Let / be the length of each tube, 
a and a' = the heights of the mercury in the first barometer on 
the two days respectivelyj 
a and a' = the heights in the second. 

Let X = the length of the portion of the first tube occupied 
\y the ak ori^nally, 

and y — that of the second ; 
and m and n the pressures of the atmosphere on the two days 
respectively measured by the altitudes of a perfect barometer ; 
then (560) the depression below the standard altitude in the 

first on the first day will be=^ , 
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whence 

In a similar manner 

. Also 

and 



I — a J 

nx "s 



;- 



, ay <^x 
whence a-a = jf~, - j^ (3) ; 

and irom (l) and (2), 

and from equations (3) and (4), x and y may be determined. 
■ Peob. If two harometers, whose lengths are a and a' 
inches, contain b and b' inches of air respectivel^j and 
on acconnt of some change in the weather, the former baro- 
meter faJls'one inch ; to determine the depression in the latter, 
supposing a perfect barometer to stand at 30 inches before 
the depression. 

Let X and x' be the altitudes after immeruon when the 
standard altitude = 30 ; and when x becomes j; - 1, let xf 
become ^ —y', and A be the new standard altitude; 

then (560) SO:30-Jr::ffl-x:6, 
whence x may be found. 

Again, 30 : A — (a: — l) :: elasticity of the air occupying 
b : elastici^ of the air occupying a — x + 1 > 

:: a-x+\ : b, 
whence A may be found. 

Qa 
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Similarly, in tbe other barometer x' ms; be found from 
the proportion 

30 : 30-/ ;: a~x' : b', 
and y tbe depression required from 

30 : A — 3f-\-y' :: a'—x'+y : b'. 

564. If the atmosphere consisted of particles repelling 
each other with forces varying inversely as any power of the 
distance between their centres, and the barometer be not en- 
tirely clear of air, an equation may be invesdgated for deter- 
mining the height of the mercury after immersion. 



compressing force oc X) > . But tbe compressing force varies 
as tbe elasticity, and the density varies inversely as the space 
occupied ; hence the elasticity varies inversely as the 

I I power of the space occupied j 

hence E : If :: ad ^ : ab ' (figure Art. 56O); 
.'. ec : ed :: ad * : ab , 
or h : h—x :: (/— x) ' = y ^ • 



hy' = (h-x).{l~xT; 
whence x may be determined. 

565. The altitude of a column of any other fluid of uni- 
form density sustained by the air's pressure, is to the altitude 
of the mercury in tbe barometer as the specific gravity of 
mercury is to that of the other fluid. 

For suppose two columns, one of mercury and the other 
of some other fluid supported by the air's pressure in two 
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cjlindrical tubes of equal diameters : their weights being 
equal to the weight of a coluniD of air of the same base will 



same, M oc the length ; 

.'. the altitude of the fluid : that of the mercury :: the specific 

gravity of mercury : that of the fluid. 

566. CoH. 1. Heace the altitude at which water will 
be supported, may be ascertained. 

Jr the mercury in the barometer be supposed to stand at 
30 inches, and the specific gravities of water and mercury be 
as 1 : 13.568, the altitude of the water will = 34 feet very 
nearly. 

To determine the height with accuracy in this and the fol- 
lowing case, the specific gravity of the mercury in the baro- 
meter at the time of observation should be properly corrected, 

567. Cob. 2. The height of an homogeneous atmo- 
sphere may also be determined. 

If its specific gravity and that of mercury be in the ratio of 
1 : 12000, and the barometer stand at 30 inches, the height 
required = 12000 x 30 inches = 10000 yards = 5| miles nearly. 

568. If when the barometer and thermometer stand at 
given altitudes a and a, the weight of a cubical foot of air 
be W; to determine what will be the weight of a cubical 
foot when they stand at the altitudes a and a'; supposing that 
whilst a increases one degree, nFT is the quantity by which 
W is diminished. 

Let 1f' = tbe weight required. Since in ascending 1**, If 
decreases by the quantity nW; therefore in ascending from 
a to a, there will be a corresponding loss of weight repre- 
sented by nW .{tJ — a"). Hence a cubic foot of air which at 
the temperature a had a weight W, will, at the temperature a, 
have a weightasJF— n W.(a' — a), the height of the baro- 
meter being ad. - Hence Wand W ~.nW .{a ~- a) are the 
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weights of the same magaitude of air at the same temperature 
a', the heights of the barometer being a and a, And since for 
the same temperature the weights of a cubic foot of air are in 
the direct ratio of the pressures, 

W' : W-nW.ia~a) :: a : a; 

569- r>EF. A Syphon is a bent tube open at each end, 
having one of its legs longer than the other. 

570. To explain the action of the syphoti. 

If the syphon abche exhausted of 
air, and its shorter leg ba be immersed 
JD a vessel of fluid ACB, the fluid will 
ascend through a b, and descend through 
the longer leg be, till the surface of the 
fluid in the vessel is in the same horizontal plane with the 
end a. 

The pressure of the atmosphere on the point JD being 
unsupported, and the height of Db less than the standard 
altitude, the fluid rises into the tube, and having reached the 
highest point b, afterwards descends by its own weight through 
the leg be and fills the tube. Now it is evident that the fluid 
in each leg will endeavour by its weight to descend ; and this 
effort will be greater in 6c than in ba; and as the pressure 
upwards of a-column of atmosphere against the orifices c and 
a is the same, the effort pf the fluid in the longer leg will 
prevail ; or the fluid will continue to ascend through ab and 
descend through be, till the surface of the fluid in ABC is 
depressed to a. 

57K CoK. The form of tlie tube is indifferent: «nce 
the pressures of fluids depend upon the perpendicular alti- 
tudes only. 

572. The syphon will cease to be eflectual, if the altitude 
ff ab he not considerably less than 34 feet in the case of 
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water, or than 30 inches in that of mercury ; for the air cod- 
taiaed in the fluid will have a tendency to excape and fill the 
vacuum in the syphon, and prevent the ascent of the fluid. 

573. . Def. a Reciprocating Spring is one which alter- 
nately flows and ceases to flow : or which discharges a 
greater quanti^ of water at one time than at another, after 
regular intervals. 

574. On the principle of the syphon, the phenomena of 
reciprocating springs may be explained. 

Let ABCD represent a cavern 
into which water is brought by the 
subterraneous passage EF; and 
suppose it to have an outlet 
BNfF^ of a crooked form, whose 
highest point JV is considerably 
above the bottom of the cavern, and thence sloping down- 
wards into lower ground, and terminating in an open well at 
W, the dimensions of the canal BN being such as would 
dischai^e more water in a given time than is supplied by EF. 
This will produce a reciprocating spiing at ff; for when the 
cavern is filled higher than the point N, the canal BNfV will 
act as a syphon, and by the supposition will dischai^e the 
water faster than EF supplies it ; it will therefore rue dry, 
and the well at W will cease to furnish water. After some 
time the cavern will again be filled to the height N, and the 
water will begin to flow at W. 

If besides this supply, the well W receive water from a 
constant source, (he spring will be reciprocating. 

The situation and dimensions of diis syphon-canal, and the 
supply of the feeder may be such that the efSux at W will be 
constant. But if the supply increase in a certain degree, a 
reciprocation will be produced at W with very short intervals : 
if the supply diminishes considerably, there will be another 
kind of reciprocation with great intervals, and great differ- 
ences, of water. 
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If the cavern have another simple outlet K, new varieties 
will be [HYiduced in the spring W, and K will afford a spring. 
If the entrance into the canal K be lower than N, and the 
supply through EF be no greater than X can discharge, 
there will be a constant spring from K, and W will have no 
water. But if the main feeder increases, jet not so much as 
to supply both K and W, the cavern will fill till the water 
rises above N, and K will continue running; but after ^has 
begun to flow, and the water sinks below K, the stream from 
K will cease ; and the cavern will be emptied by the syphon- 
canal, when fTwill cease flowing. The cavern will then begin 
to fill, and when the water is above K, K will flow ; and soon 
after fV^ after which K will cease as before. 

57^- -^ '^y^'fg* consists of a barrel, furnished with a 
sucker made air-tight, and moveable by a rod. 

Suppose the lower end of the syringe immersed in a fluid, 
and the sucker at its greatest depression ; then will the air 
within the syringe between the lower extremity and the sucker 
be in its natural state. But when the sucker is elevated, the 
air betow it occupying a greater space, its density, and there- 
fore its elasticity, will be diminished (4£7)- Whence the 
pressure of the external air being less counteracted will raise 
the fluid into the syringe; and by the subsequent depression 
of the sucker this fluid will be expelled. 

576. Dbf. The term Pump is generally applied to a 
machine for raising water by means of the air's pressure. 

577- 1^^ Common Suction-Pump consists of 
two hollow cylinders, which have the same axis 
and are joined in AC. The lower is partly 
immersed, perpendicularly in a spring or reser- 
voir, and is called the Suction-Tube; the upper 
the body of the pump. At AC'u ^ fixed sucker 
containing a valve which opens upwards, and is 
less than 34 feet from the surface of the water. 
In the body of the pump is a piston D made i 
air-tight, moveable by a rod and handle, and ^ 
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contaimng a valve opening upwards. And a spout G is placed 
at a small distance above the greatest elevation of D. 

5fS. To explain tbe action of this pump. 

Suppose the moveable piston D at its lowest depression^ 
the cylinders free from water, and the air in its natural state. 
On raisiog this piston, the pressure of the air above it keeping 
its valve closed, the air in the lower cylinder AE forces open 
the valve at AC, and occupies a larger space, viz., between 
E the surface of the water and D; its elastic force therefore 
being diminished, and no longer able to sustain the pressure 
of the external air, this latter forces up a portion of the water 
into the cylinder AE to restore the equilibrium. This con- 
tinues till the piston has reached its greatest elevation, when 
the valve at AC closes. In its subsequent descent, the air 
below D becoming condensed, keeps the valve at AC closed, 
and escapes by forcing open that at D, till the piston has 
reached its greatest depression. In tbe following turns a 
similar effect is produced, till at length the water rising in the 
cylinder forces open the valve at jiC, and enters the body of 
the pump ; when by the descent of D, the valve in j4C is 
kept closed, and the water rises through that in D, which on 
re-ascending carries it forward, and throws it out at the spout G- 

579- Cob. 1. The greatest height to which the water 
can be raised in the common pump by a single sucker is when 
the column is in equiltbrio with the weight of the atmosphere, 
that is, between 32 and 36 feet. 

580. Cos. 2. The quantity of water dischai^ed in a 
given time is determined by considering that at each stroke of 

,the pistcm a quantity is dischai^ed equal to a cylinder whose 
bdse is a section of the pump, and altitude the play of the 
piston. 

581. To determine the force necessary to overcome the 
resistance experienced by the piston in ascending. 
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Let h=the height HF of the suiface of 
the vater in the body of the pump above EF 
the level of the reservoir; and a' = the area of j 
the section MN. Let A' = the height of the : 
column of water equivalent lo the pressure of A^d^ 
the atmosphere ; and suppose the pbton in \ / 
ascending to arrive at any position ran which 
corresponds to the height IF. 

It is evident that the piston is acted upon 
downwards by the pressure of the atmo- 
sphere = a*A', and by the pressure of the column 
Bm = a'x HI; therefore the whole tendency of the |Hston 
to descend = a' . (h' + HI). 

But the piston is acted upon upwards by the pressure of 
the air on the external surface EF of the reservoir =a'A'; 
part of which is destroyed by the weight of the column of 
water having for its base mn, and height FI; 
.'. the whole action upwards = o* x (V — f/) ; 

whence jF=a'.(A' + H/")-a*.(V~ FT) 
= a\FH=a^h, 
that is, the piston throughout its ascent is opposed by a force 
equal to the we^ht of a column of water having the same base 
as the piston, and an altitude equal to that of the surface of 
the water in the body of the pump above that in the reser- 
voir. In order therefore to produce the upward motion of 
the piston, a force must be employed equal to that determined 
Jibove, together with the weight of the piston and rod, and 
the resistance which the piston may experience in consequence 
of the friction against the inner surface of the tube. 

When the piston begins to descend, it will descend by its 
own weight; the only resistance it meets with being friction 
and a slight impact against the water. 

582. Cor. 1. If the water has not reached the piston, 
let its level be in vz. The under surface of the piston will be 
pressed by the internal rarefied air. But this air, together 
with the column of water Ev, is in equUibrio with the pressure 
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of the atmosphere a*A'; and ,". its preaaure^a'.(h'—Ev). 
Aai the pressure downwards^ a h ; 

Hence the force requisite to keep the pistoD in equilibrio iu- 
creases as the water rises, and becomes constant and = a & as 
soon as the water reaches the constant level BH. 

583. Cor. 2. If the weight of the piston be taken into 
the account, let this weight be equal to that of a column of 
water whose base is mn and height p, = a'p; 

.-.F^^a^iEv+p). 

584. To determine the height to which the water will 
rise after one motion of . the piston; the fixed sucker being 
placed at the junction of the suction-tube and body of the 
pump ; supposing tbat after every elevation of the piston 
there is an equilibrium between the pressure of the atmo- 
sphere on the surface of the water in the reservoir, and the 
elastic force of the rarefied air between the piston and surface 
of the column of water in the tube, togetlier with the weight 
of that column. 

I>et a A be the surface of the water in the 
suction-tube, after the first stroke of the piston : 
if the piston were for an instant stationary at D, 
the pressure of the atmosphere will balance Eb, 
and the elastic force of the air in Na. 

Let AE the height of the snction-tube = a, 

DR the play of the piston = b, 

A=the height of a column of water equivalent to 

the pressure of the atmosphere, 
y = the height of a column equivalent to the pressure of the 

air in Na, 
x = Ea, 

and R and r = the radii of body and the suction-tube, 
ft R 
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and tf = A . :r;- = A . — ^. =— ^ r 



I, J. '"'-■ 

whence A = j + 



B*6 + r''a- r*i' 

or jr*— (A-1 — r .6 + o).a:'= —A. -^,6, 
and j:* — j)x= - Am' A, 
if nt be = — ^, and ji = A + mA+a; 



and y = -|-. {2A— p + \/p* — 4A»»AJ, 
only one of which values will be applicable, viz. that which 
annwers to the lower sign ; since x and y must be less than A ; 
and if the upper sign be used, x will be found greater than A. 
585. Having given the height of the water raised, and that 
due to the pressure of the air in the pump after the first 
ascent of the piston ; to determine them for the second, third, 
&c. ascents. 

Let £a' represent the height of the water after the second 
ascent, and let it = r,, 

and let ^, = the height due to the elastic force of the air; 
then x^+y, = A; 

and yi = s- -juvTf since the air which occupied Ca now occupies Na'; 
^ yr'.(a-j:) ^ if.ja-x) 
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and .■. Ji = i . {p~ ^p'-4hmb — 4T.{h+a-x)], 

and^ = i.{2A-p + ^p'-4AffiA — 4x.(A+a- j) }. 
From tbtiae are deduced values of t,, y,, x,, y^, &c. 

y, = ^.{2A-p + v'/ — 4Affl6-4j,.cA+o-ii)}, 
and so on. Whence if x, be taken to represent the height of 
the water after (n+ 1) ascents, 

and y, = i . { 2 A - p + .^p" -<*hmb-'ix„.,.(h+a-i„_i) ! ■ 

58d. Cor. 1. Hence may be determined the height to 
which the water can rise after any given number of ascents 
of the piston, and the elastic force of the air in the suction- 
tube. 

587> CoR. 3. Knowing the elevation due to each parti- 
cular stroke, the differences of those elevations, and the 
successive differences in the elasdc force of the remaining air, 
may be known. 

588. Cor. 3. If the weight of the valve c be not 
considered, it is evideqt that after a certain number of 
strokes a vacuum will be produced in the suction-tube, pro- 
vided it be equal to, or not greater than the height due to the 
pressure of the atmosphere, that is, if a be not greater than A. 

For in this case, a;, = x„_,, 
and .'.x„., = i{p-'yp' — 4hmb--4x„_i.(h + a-x,_j), 
whence x„_i =A, the greatest height of the column of water 
in the tube. If therefore the length of the suction-tube do 
not exceed the height due to the pressure of the atmosphere, 
the water will continue to ascend in it after every stroke of the 
piston, till at length it will pass into the body of the pump. 

But if the altitude of AF be greater than k, the water will 
continue to ascend without ever reaching its maximum height. 
For in this case, an actual vacuum cannot be produced ; and 
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as x„+y„ = Aj and if„ can never become = 0; .'. x„ can 
never = A*; But the successive values of y continually de- 
creasingj the corresponding values of x will continually increase. 

589- Cob. 4. If the weight of the valv« c be taken into 
the account, a column of water must be added equal to the 
additional pressure to be overcome. Let / = the height of 
of this column, then 

and .*. x+y = h~ l = k'. 
If therefore this value of h' be substituted for k, the preceding 
equations are applicable. 

5Q0. Cor. 5. In the preceding cases, the moveable 
piston has been supposed to descend to AC. If it does not, 
it may happen that the water may not reach AC, though jiC 
be less than 34 feet from the surface of (he water in the 
reservoir. 

After the first elevation of the moveable piston to its 
greatest altitude, c being closed, the elastic force of the air 
between DN and j^C is (A — z), and its magnitude irbR^. 
If in descending, the piston describes a space b' less than b, so 
as to stop at a distance 6— fr from AC, this magnitude becomes 

(6 — AO-tJJ*; .•. the elastic force i8(A-x).^ — jj. Now 

in order that the pressure upwards may open the valve, this 
must exceed the elastic force of the atmosphere ; 

.•.(A-.).^>*, 

or (k'x).b > A. («-&'); 



* Hence it appears that it is not ttrictty true, that water nUi 
ascend in the suctioo-tube to a height equal that of a column equi- 
valent to the pressure of the atmosphere. This is a limit to which it 
approximates, but does not reach in a finite time. 
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, bx < hb\ 



If .'. — be less than -, (he valve DN will not open; 

there will therefore be the same quantity of air between JC 
and the sucker : which, when the piston has reached its 
highest elevation, will have the same elastic force as that be- 
tween AC and a'b'; and therefore c being equally . pressed on 
both aides, will remain unmoved, and the water will not 
ascend. 

591' If the fix^d sucker be placed at the surface of the 
water; to determine the ascent of the water in the suction- 
tube. 

Let Ea, Ea' be the successive heights to which the 
water rises; then after the first ascent of the piston, 

and y = — ri ; 

■' mb + a — x 

whence x = ^ ,{p — typ* — ihmb], 

mdy = ^.{2h~p + ^p*~4,kmb], 

which equations are the same as were determined for the first 

ascent of the piston (584). 

Now at the beginning of the second ascent, the air ia Ab 
is in its natural state, which after the second ascent, being 
diffused through the space Db', the height due to its elastic 
force will be 

Ab _ A . (o — 3;) 
'D^ '~ mb + a-x' 
and Xi+i/i = A, 
whence Xf=^ , \p— ^p' — 4hmb~4hx], 
and i/i=-j.{i/i~p + ,^p' — 4hmb — 4kx}. 



yi=h.-. 
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la the same manner t^ = ^- {p — v J"* — 4Am4 — 4Ai, }, 



and y^ = i.{2h-p + ^p'~4kmb-4hxi\i 

y, = i.{2A-p + ^/;>''-4/m6-4Aj:._i}' 

593. Cob. 1. If the water be supposed to stop after 
(n+ l) ascents of the piston, then x. = ^,_ii 

and .". *,_, =i. {p — :^p* — 4A»iA-4Aj:_^,}, 
whence J«_i = i. [a+mb + „/(a + ml>)'~4hmb}. 
Hence therefore there are two altitudes at which the water 
may stop in its ascent, if {a +mb^ is equal to or greater than 
4A»i^. In the former case the two, values of x,,, are equal, 
that is, there will be only one altitude = i.(a-f-in&), at which 
the Water will stop. In the latter case there are two which 
may be ascertained. 

If4AinAbe greater than (_a+mbf, the water will not 
stop. 

Ex. 1. If A = 3« feet, a = 20, J = 4, and m=l or the 
suction-tube and body of the pump be of the same diameter, 

*— i = 4-{«0+*±-s/<«*)'-4-l-3«.4 = i.i24 + v^i 
= 16 or 8. 

Ex 2. If A = 32 feet, o = 25, 6 = 2, and «i = 4, 
*— 1=4 -i^S + SlN/t^S)*- 4. 32.4. a = i. {33 + ^/65}. 

593. Cor. 2. If »i= 1, or the tubes have the same 
diameter, 

x,^j=i.{a + b±^{a + bf-4hb}, 
which is imaginary, if (a -+■£)* is less than 4 A A, or 6 greater 

In order therefore "that this piimp may produce its effect, 
the play of die piston must be greater than the square of its 
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greatest altitude above the surface of the water in the reser- 
voir divided by four timeB the height due to the preasure of 
the atmosphere. 

594. The JJfihig-Pump con- 
sists of a hollow cylinder, the body 
of which is immersed in the reseri 
voir whose surface is EF. It is fur- 
nished with & moveable piston Z), 
which entering below lifts the water 
up, and is moveable by means of a 
frame BIHG which is made to 
ascend and descend by a handle. 
The piston is furnished with a valve 
opening upwards. A little below 
the surface of the water is a fixed 

sucker AC with a valve opening upwards. At AC is inserted 
the ascending tube AK, into which the water ta raised. 

595. To explain the action of this pump. 

Suppose the piston D at its lowest point, the body of die 
pump filled with water to the level of the reservoir, and the 
valves closed. As D ascends, its valve will be kept closed, 
and the pressure of the ascending water will open that at AC, 
and pass into the tube ACK. During this ascent, the water 
in the reservoir will ascend into the tube after D, there being 
no force to counteract it, and the tube will become filled. 
When the piston has reached its greatest elevation, the valve 
at jIC will close by its own gravity ■ and upon the descent 
of D will be kept closed by the incumbent water, whilst the 
pressure of that below D will open its valve, and pass into 
the space between D and ^C ; when £> having reached its 
lowest pomt, its valve closes; and upon the subsequent ascent 
of the sucker, the water will be raised through AC into the 
ascending tube: and by repeating the operation may be 
raised to the required altitude. 

596. To determine the force necessary to overcome the 
resistance experienced by the piston in its ascent. 
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The pressure upon the piston is equal to the weight of a 
column of water whose base is equal to that of the piston, and 
attitude the disUnce of the surface of the water in the ascend- 
■ ing tube from (hat in the reservoir. To this must be added 
the wei^t of the rod and frame,' and the resistance arising 
from the friction of the sucker in the barrel. 

In returning, it would descend by its own weight ; but will 
be retarded by friction and a ^ight impact against the water. 

597. The Forcing-Pump consists of 
of a suction-tube AEFC partly immersed 
in the reservoir, and of the body of the 
pump ABGC.aad of the ascending tube 
HM. The body is furnished with a 
moveable solid sucker D, made air-tight. 
And at AC and H are fixed suckers wiUi 
valves opening upwards. 

&9S- '^o explain the action of this 
pump. 

Suppose the sucker D at its greatest depression; the 
valves closed, and the air in its natural state. Upon the 
ascent of D, the air in ACD occupying a greater space, 
its elasticity will be diminished, and consequently the greater 
elasticity of the air in AF will open the valve at AC, whilst 
that at H is kept closed by the elasticity of the external air: 
water therefore will rise in the suction-tube. On the descent 
of D from its greatest elevation, the elasticity of the air in 
the body of the pump will keep the valve AC closed, and 
open that at H, whence air will escape. By subsequent 
ascents of the piston, (he air will be expelled, and water rise 
into the body. The descending piston will then press the 
water through the valve at H, which will close, and prevent 
its return into the body of the pump.. D therefore ascending, 
again, the space leA: void will be filled by water pressing 
through the valve AC : and this upon the next ascent of X) is. 




id by Google 



Forced into the ascending tube; and tlius by the ascents und 
descents of D, water may be raised to the required height. 

599- Cor. In this pump, D must not ascend higher 
than about 32 feet from the surface of the water in the r* 




600. To determine the force necessary to overcome die 
resistance experienced by the piston. 

Let A = lhe height of a column of water 
equivalent to the pressure of the atmosphere, 
and EB the height to which the water is 
forced. Let MN be any position of the. 
piston D whose area = A, and the weight 
of the piston and its appendages = P. Let 
A^=the force necessary to push the piston 
upwards during the suction, friction not 
being considered, and 1= that employed to 
force it down. 

When the piston ascends, and H is closed 
X=P + Jk-A.ih-ME) 
= P + A.ME. 
Let the sucker be in the same position in its descent, and 
therefore AC closed, and H open, 

Y=Ak + J,MB'(,Ah + P) 
= A.MB~-P. 

Hence X+ Y=A .EB; or the whole force exerted, in 
the case of equilibrium is equal to the weight of a column of 
water wljose base is equal to that of the piston, and altitude . 
the distance between the surface of the water and the point 
to which it is to be raised. 

601. Cor. I. In this pump the effort is divided into 
two harts, one opposed to the suction, and the other to the 
fo^eiug ; whereby !in advauiHge is gained over the other pumps 
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where the whole force is exerted at once whilst tlie water is 
raised. 

602. Cor. 2. {n order to have the force applied uni- 
form, let X=Y; 

.-. P + A.ME = A.MB~P; 
.'. P = iA.{MB~ME). 

The piston therefore must play in such a manner that MB 
may be greater than ME, 

603. CoK. 3. In the common forcing- 
pump, the stream is intermitting; for there is 
no force impelling it during the return of the 
sucker. 

One mode of remedying this, is by making ^J 
an interruption in the ascending tube, which i 
surrounded by an air-vessel T ; in which, w'en the water 
has rizen above Z, the air above it is compressed, and by its 
elasticity forces the water up through Z; the orifice of which 
is narrower than that of the tube, and therefore the quantity of 
water introduced during the descent of the piston will supply 
its discbarge for the whole time of the stroke, producing a 
continued stream. 

604. The Fire-&igiiK con- 
sists of a large receiver ABCD, 
called the Air-Vessel, into which 
water is driven by two forcing-pumps 
EF, GH, (whose pistons are Q and 
R), communicating with its lower ex- 
tremities at / and K, through two 
valves opening inwards. From the receiver proceeds a tube 
ML through which the water is thrown, and directed to any 
point by means of a pipe moveable about the extremity L. 
The pumps are vjorked by a lever, so that whilst one piston 
descends the other ascends. The pumps communicate with a 
reservoir of water at N. 
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605. To enplain ihe action of this engine. 

The tube N being immersed in the reservoir, and the 
piston R dr&wn up, the pump GH becomes filled; and the 
desceot of the pistcm R will as in the forcing-pump (598) 
keep Ihe valve H close, and cause Ihe water to pass into the 
' air-vessel b; the valve /, whilst by the weight of the water 
in the air-vessel, the valve K will be kept shut. In the same 
manner, when R ascends, Q descending will force the water 
through K into the air-vessel. By this means die air above 
the surface of the water becoming greatly compressed will by 
its elasticity force the water to ascend through ML, and to 
issue with a great veloci^ front tlie pipe. 

606. The Air-Pump consists of a 
glass vessel A, called the receiver, 
closely fitted to a horizontal table BC, 
and coromnnicatiDg by means of a ver- 
tical pipe D£, branching at its lower 
extremity E in oppoute directicms EF, 
EGy with two cylindrical brass vessels 
HI, KL, called barrels. Each barrel 
is furnished, I. with a valve as a or £ 
placed at its lower extremity and open- 
ing outwards; 8. with a sucker c or d, 
air-tight and moveable by a rod and 
rack-work, in such a manner that whilst 
one is elevated, the other is depressed ; 3. with an orifice as 
f or G near its upper extremity, by which it communicates 
with the r 



607. To explain the action of the air-pump. 

Suppose it filled with common air, the valves closed, and 
one sucker d at its greatest elevation. Upon the descent of 
d below the orifice of communication, the air in db occupy- 
ing a less space than before, its elasticity will be increased, 
and will therefore open the valve b ; and by the whole descent 
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of d a barrel full of air will be espelled. Next suppose ij 
having reached its greatest depressiou to ascend ; tbe valve at 
b (previously closed by a spring) will be kept closed by the 
pressure of the external air, that in bd being considerably ex- 
hausted ; and upon tbe ascent of d above G, the barrel will be 
replenished out of the receiver. In thid manner the operation 
is continued, c ascending whilst d descends, and vice versi. 
And a barrel full of air being exhausted by each turn of the 
handle, by repeated turns tbe air may be exhausted at pleasure. 

60s, The quantities of air remaining in the machine 
after successive turns decrease in geometrical progression. 
Let A = the capacity of the receiver and pipes, 
B ~ the capacity of either barrel ; 
.'. 2f+2£ = the capacity of the machine. 
Now Q-oc Mx D; and if D be given, Q oc M; hence 
A-\-iB :' A + B :: the quantity in the machine before any 
turn : the quantity remaining after that turn. Let therefore 
P, Q, R, S, he. represent the quantities of air in the 
machine before the first, second, third, 8lc. turns respectively; 
.■. J + 2B : A + B :: P : Q, 
and A+iB : A + B :: Q : R, Sac. 
whence P : Q :: Q : R :: R : S, he. or P, Q, R, S, 8tc. 
are in geometrical prc^ression ; and it is a decreasing one, 
since A+2B is greater than A + B. 

009- Cor. Hence the air can never be wholly ex- 
hausted . 

For no assignable term of a geometrical progression is' 
evanescent. 

610. The quantities of air exhausted by successive turns 
decrease in geometrical progression. 

Retaining the same notation, it may be proved as before 
that P : Q :: Q : fi; 

.: P : Q :: P~Q: Q- R. 
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In (he same manner it may be shewn that 

Q : R :: Q- R : R- S. 
And aince the first ratios are equal, 

P-Q : Q^R :: Q-ft : R-S. 
In the same manner, Q.-R : R-S :: R-S : S-T. 
Now P-Q, Q-R, R—S, S-T, 8tc. are the quantities 
exhausted by the first, second, third, &c. turns; which are 
therefore in geometrical progression ; and this is a decreasing 
one, since (608) P is greater than Q. 

6ll. To determine the quantity of air remaining in the 
machine after any number of turns. 

It has been shewn (608) that A + 2B : A + B :: P : Q, 
and A + 2B : A + B :: Q : R, 
and so ou for n turns ; whence compounding the proportions, 
{A+^BT : (A + By^ :: P : quantity after n turns, 

rA+B^ 



which .*. is = P. (—■ ;; 1 • 

\A+iB/ 



6l'2. Cor. To determine the quantity exhausted by any 
number of turns. 

The quantity at first being = P, and the quantity remain- 

mg after « turns = P. (j-^^;; 

.'. the quantity, eshausted = P— P. f— ^1 

^ (A+^BT-jA + Br 
U+iBT 

6l3. To find the density of the air in the machine after 
any number of turns. 

Since Q oc J) when M is given, and the quantities at first 
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and after fi turns are in the ratio of (A + HBf : iA + Bfi 
if D and (2 = the densities at first and after n turns; 

.-. (4 + 2 J5)" : {A + E)" :: D : d, 



--•(:^)- 



614. Cor. ]. The densiij of the air in the machine 
after successive turns decreases in geometrical progression. 

For D oc Q when M is given ; and die quantity remaining 
decreases in geometrical progression. 

615. Cob. 2. To determine the number of turns, by 
which the air will be reduced to a given density. 

Since d=D.Cji±4V; 

.'. log.rf-Iog. D = n. {log. (4 + jB)-log.(A+2B)}, 

,„j — log. «f-log--D 



Iog.U + B)-log.U + 2£) 

log- d 

"log.(A+B)-Iog.U+aB)' 



if the original density = 1. 



number repreaentiog the rarefaction ; 

.', log. fi = — log. d, 

log. R 



and n = 



\og.U + iB)~\og.(A + B)' 

A + B \_ log, d- log. D 



6l6. Cor. 3. Since log. ( J-^) = 



when the number of turns, and the densities are given, the 
ratio of A + ^B : j4 + B; and therefore of j1 : B may be 
determined. 

Pros. A body when placed under the receiver of a given 
air-pnnip weighs a ounces, and after a turns weighs b ounces. 
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Required the weight of ^e bod; in vicuo ; and supposing 
the specific gravity of the body known, detenniae the d^iNty 
of the air in the receiver at first. 
Let (F=the weight in vacuo, 

S^the specific gravity of the solid, 
and i (e the density of the air at first; 
and j> : 1 =theratioofthecapacitiesof thebarrelandreceirer; 

,'. the density after « turns= (- — --— ) • s = >«», 



i(»b.put=(^^). 
Now the weight lost = — . W^ (110); 



W-i.W=a 



and IV-m.^.ir=b; 



S l-m 



1— ffl 
. ,.^ b~ma (2p + D" . 6 - (p + 0". a 

'"" '*^=-n:^ = (2p+ir-(p+i)- • 

Also the weight lo8t = ; 

° I —m 

b — a b — ma „ 

' ' I — m 1 — m 



.-..=«.'-" 



Ii-ma ■(2p+l)-6-(p+l)».ri' 
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6l7- The Gage of an air-pump is a vertical glass tube 
communicatiiig willi the receiver by meaiu of a horizontal tube 
into which its upper end is fixed, the lower being immersed 
in a baain of mercury ; and from the point of immersion it is 
graduated up to 31 inches. 

61 8. As the air is exhausted the mercury will rise in the 
gage; and its defects from the standard altitude after each 
successive turn decrease in geometrical progression. 

For the density of, the air within the receiver and gage 
and therefore its compressing force on the mercury decreasing 
at every turn, and the compressing force of the external air 
upon the mercury in the basin remaining the same ; the mer- 
cury will rise in the gage, till its weight together with the 
remaining elasticity of the air in the receiver is in equilibrio 
with the whole pressure of the atmosphere. If then all the 
air were exhausted, the mercury would rise to the standard 
altitude. Now since the compressing force of the air in the 
receiver prevents the mercury from rising to the standard alti- 
tude, it must equal the weight of a column of mercury which 
is equal to the defect; and therefore the defect being as the 
compressing force must vary as the density (455), and there- 
fore decrease in geometrical progression (6l4). 

619- Cor. 1. Hence the expansion of the air in the 
. receiver may be determined. 

Let M =the magnitude of the receiver, 

k = the height to which the mercury rises in the gage, 
in consequence of the rarefaction, 

H=:the height of the mercury in the barometer. 
Then if the air in the receiver were pressed by the force H, 
its magnitude would be diminished ; let it = «n; and suppose 
M=n . m; n will be the measure of the expansion of the air. 

Now its elasticforcein this slate ofexpansion = ^.-r>= — ; 
M H 
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aiid the pressure of the atmosphere H=h-i ; 

H 

630. CoE. 2. The weight of the mercury in the gage is 
the excess of the weight of the atmosphere above the elasticity 
of the included air. 

621. Cob. 3. If the tube of a common barometer be 
placed under a receiver of sufficient length, and the air be 
exhausted, the mercury in the tube will descend, whilst that 
in the gage will rise ; and the sum of their heights will be 
always the same, viz. the standard altitude: the height of the 
mercury in the receiver being the effect of the elasticity of 
the remaining air, and (he height of that in the gage the un- 
balanced pressure of the atmosphere. 

d23. Cob. 4. Hie ascents of the mercury in the gage at 
each successive turn decrease in geometrical progression. 

Since the defects of the mercury from the standard alti- 
tude decrease In geometrical progression, and the differences 
of these defects are the successive ascents; these ascents 
therefore decrease in geometrical progression. 

Pros, Given the altitude of the mercury in the gage of 
an air-pump ( = A) after n ascents of the piston ; the standard 
altitudes H; to compare the capacities of the receiver and 
barrel. 

The defect from (he sUndard altitudes^— A; 
.'. H '. H—h:: density at first : density at last 
:: {A■^^^Bf : {J + Bfi 
andfl- : (//-A)^:: A + iB : A + B; 

..*. H'-{H-hf -.i-iH-kf-H- :: B : A. 
Tt 
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623. The Condenser consists of a vessel 
jIB, into the upper surface of which is in- 
serted a stop-cock a communicating with 9 
cylindrical barrel DE, which is furnished with 
a solid sucker c, air-tight, and moveable by a 
rod and handle ; and with an aperture d^ "at a 
small distance below the greatest elevation of 
the sucker. At b is a valve opening down- 
wards, which is closed by a spring. 

634. To explain the action of the condenser. 

Suppose the sucker at its greatest elevation, the valve b 
closed, and the air in every part of the machine in its natural 
State. When the sucker descends below d. the air in cb oc- 
cupying a less space than before, its elasticity will be increased, 
and therefore being greater than that in the receiver, will 
open the valve b; thus by die continued descent of the 
sucker a barrel full of commoit air will be impelled into the 
receiver. When the sucker has reached its greatest depression, 
the air below it being reduced to the same density, the valve 
b will be closed by the spring; and upon the ascent of the 
sucker, the quantity of air in cb being inconsiderable, it will 
be kept closed by the pressure of the air in the receiver. 
When c rises above the orifice d, the barrel will be replenished 
with common air. Thus the operation may be continued. 

626. Cor. 1. The quantities of air introduced by each 
descent are equal. 

626. CoK. 2. The elastic force of the air in the receiver 
being increased by every stroke, it is manifest that the descent 
of the sucker after each turn must be increased before the 
elasticity of the air above the valve b be safficimt to force it ' 
open. 

637- Cor. 3. The quantities of air in the receiver after 
successive descents are in arithmetiG progression. 

For if A = the quantity in the receiver at first, and 
B the quantity contained in the barrel ; A+B, J + 2B, 
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A+SB, &c. are the quantities after the first, second, third, 
&c. descents. 

o28. Cob. 4. The quantity in the receiver after n 
descents = A + m B. 

629. Cop. 5. Since Qoc/J when M is given; if 
D and d = thf densities at first and after n descents, 
A : J + nB :: D : d;- 

J + nB ^ /, nB\ 



...^-=..(,.«J?). 



630. Cor. 6. The density increases in arithmetic pro- 
gression. 

pKOB. Given the capacity of the barrel, neck and re- 
ceiver of a condenser; to determine bow many descents of 
the sucker will be necessary to make the density of the air 
in the receiver a max. 

Let b, n, r represent the capacities of the barrel, neck, 
and receiver respectively, and \etb+n=a, and tt + r = a. 



density after the first descent (620). 

And (ax l+r, — ^ ) . — = -;+- . — j- = the density 
after the second. 

+ -71. — 7— ™the density after the third. 
a a 

^~J ^ 1 ' '^~' "^ ""( "*■ ~ ■ — ~~ '''<='^'^"*"y''f'fi'"thc fourth. 
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Hence the density after the x'** deicent 

=-.{,+r+4+ +^+2^1.1+!: 

a K a a a j a' a 



a 
a 


^1) - 




G)' 


-' a + f 
" a' ■ 




But the ultimate dennty 


_4+» 


line Sk 


M' 


»+>■■ 


n 


+ 


+ »+<■ 


(£^y 





\ «4-r « J Vn-fr/ 

which can only happen when the number of descents of the 



Prob. a receiver whose magnitude is c, has two barrels 
coDDected with it; one of which, whose magnitude is a, con- 
denses; the other whose magnitude is b, exhausts; and they 
take their strokes alternately ; to determine the effect after 
an infinite number of strokes. 

Let » = the dea»ty of the atmosphere, and »*, /', s*", &c. 
the densities after the first, second, third, &c. strokes; 
.'. c : c + d :: s : s ; 
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_ , ,„ /c + a ax 

In the same manner s™ = s . i — - -t — I ; 

Vc + o c^ 

'V (c + i)' c+ft/' 

• _ j' c.(c + a) eg a-\ _ 

' ^A(c + i)* ''" c + b "•" c/' 

„_ y c*.{c + a) ca a -v 

' -'-Vcc + fi/ "*"((+«' "^ c + i.'' 

It is tfaerefore evident ihst after an infinite number of strokes, 

h working the, last, that the density will be 

/a ca c*a w^ 

= ' ■ I r + TTi + ■: — r^Ti + *c. tt\ tnf. I, 

\c+b ^ (c + W io+by ^ ^ /' 

since the last tenn . ' ,^.j. i will be =0, when n is infinite. 

(c+6)"* 

Hence the density=«. -. 

But if a work the last, the ultimate density will be 
6 + c 



(0 , a\ 6 + c 



Pbob. The barrels of an air-pump communicate with the 
receiver of a condenser which is of the same m^nitude as 
that of the pump. The density of air in the condenser is 
(;> + ]) times that in the pump, which is in its natural state ; 
and a barometer -tube having the basin of mercury in the 
condenser, has its upper end, which is open, in the pump. 
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A piston of the same diameter as the tube, and whose weight 
is equal to the weight of a column of mercury of the standard 
altitude, is placed in the tube and suffered to descend. Find 
its place, when at rest at first, and after » tunis ; the ratio of 
either receiver to a barrel being r — 1 : 1 . 

Let ma = the length of the tube, 
a = the standard altitude. 
Before the piston is inserted, the mercury stands at an alti- 
tude 71 a; and when it is at rest at first, the pressure on the 
air between it and the mercury being doubled, the space occu- 
pied is halved, ot'h j .{m—p).a; and the elasticity being in 
consequence doubled, the mercury sinks through a space a. 
Hence the altitude at which the piston rests at tirst is 
(}.(™-p) + p-l).o=jJ.(»,+p)-l1.o. 

After H turns the diminution of density in the pump is 

I — ( -J , if 1 represent the density of the air at first. 

And the increase of density in the condenser is 



■-(;tt)I 



r+1 
therefore the increase of the altitude of the mercury from both 
cause8 = a.^.{l-(^) }■ 

Also if s = the space occupied by the air between the 
mercury and piston, 
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of apace occupied by the air 

=j ("-?)•"■ — . i 

■ •+(?T-.) 

therefore the ascent of the piston upon the whole is 

,„.f^+ ic-f' . !.(,_ c^)-}. 

r' -c-fT)r ^'^'^^ 

631. The Gage of a condenser is a cyliodrical glaas 
tube consisting of two branches, one of which is hermetically 
sealed, and the other open. The extremity of the sealed 
branch is txcupied by a certain quantity of dry air, which is 
confined by a portion of mercury. 

It is evident that as the air is condensed in the receiver, its 
pressure on the surface of the mercury in the tube will make 
it advance in the sealed branch, and that this will be opposed 
by the elasticity of the air in that branch. As the same 
quantity of air therefore will occupy successively less and less 
spaces which may be measured, the ratio between the den- 
sities of the air in the receiver at first and after any given 
number of turns may be compared. 

632. To determine the density of the air in the n 
Suppose at the commencement of an expe- 
riment the mercury stood at A in the sealed 
branch, and at a in the open one, so that the 
excess of the height of the first column above 
that of the second = A. l.et H = the he^;ht 
of the mercury in the barometer ; then . the 
elastic force of the air in .48= H—k. Let M represent its 
magnitude determined by the number of divisions on the 
scale. 

After a number uf descents of the suclCer, let the mercury 
rise to A' in the senled brunch, and descend to a' in the other ; 
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and let the difference of the levels of A' and a=H. Let M' 
be the space occupied b; the air, measured as before. Its 

elastic force = (H— A). -^77 . To this let h' be added, the 

M 
difference of the heights of the two columns of mercury ; and 
the pressure of the air in the receiver on the mercuiy 

= *'+(H-».f, 

Let S^the space which the condensed air in the receiver 
would have occupied, if pressed only by the atmosphere, and 
5' s: its actual magnitude; then (458) 



A' H~k M 
which will determine the condensation of the a 
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Sect. XI. 



633. To find the velocity with which air is impelled by 
the weight of the atmoaphere into an exhausted receiver. 

Let h = the height of a column of water in equilibrio with 
the weight of the atmosphere, and s and ^ = the specific gra- 
vities of watei' and air respectively. The height of a column 
of air in equilibrio with the weight of the atmosphere, and of 

the same denaity wtth the air at the earth's surfaces -j. A. 

And since the elastic force of the air is equal to the force of 
compression ; air thus compressed will move with a velocity 

equal to that acquired in falling down -j . k feetj or to ah uni- 
form velocity = \/ 2g - j ■ A feet in one second. 

TtuB however only expresses the iottial velocity : for the 
air expanding in the space which at first was supposed a 
vacuum, will oppose a resistance to the issuing air ; and at 
length becoming of the same density with the pressing column, 
the motion will cease. 

634. Cor. 1. If a body moves with a greater velocity 
than this, the space deserted by it must for some time be a 
vacuum. 

635. Cor. 2. The velocity with which air issues into an 
exhausted receiver cannot be increased by any artificial 
pressure. 

For the den^ty of the air will be increased in the same 
proportion as the pressure; and therefore the velocity which 
U V 
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depends on the pressure and the mass moved will be the 
same. 

636. To determine the velocity with which the atmo- 
spheric air will rush into a vessel containiDg rarer air. 

Let t = the density of the atmosphere, and >' = that of the 
rarer air : P = the pressure of the atmosphere ; therefore 

Ps' 
the force impelling the rarer air into a vacuum= ; 

Pj 

.'. the moving force = P— — . 

Let V — the velocity of air rushing into a vacuum, 
and V = the velocity with which it will rush into ifae rarer air ; 
then since the pressures are as the squares of the velocities of 
efflux I 

P : P-— :: V : ^■, 



The resistance is not here considered, .which the atmo- 
spheric air will meet with from the inertia of that in the vessel, 
which it must dbplace in its motion. 

Ex. If the density of the rarer air be to that of the atmo- 
sphere :: 1 : 4; the velocity with which atmospheric air will 

rush into the vessel = — \/S. 
2 ^ 

63j^. Cob. ]. When the air ceases to flow into the 
vessel, the density of the air within it is equal to that of the 
atmosphere. 

For if ti = 0, s = s'. 

638. Cor. 3. The velocity with which the air rushes 
into the vessel, continually decreases. 
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For as the vessel fills, *' iDcreases ; ,'. s - s' decreases. 

639. To determine the time in which the air of the atmo< 
sphere will flow into a given vessel before the air in the 
vessel attains a given density. 

Let s and s' represent the densities as before, and H= the 
height of a homogeneous atmosphere, or the height through 
which a body must fall to acquire the velocity F, Let M= the 
capacity of the vessel, and il =the area of the orifice. The 
quantity of air which would fill the vessel oc content of the 
vessel and density of the air jointly, and may therefore be re- 
presented by Ms when it is common air, and by M/ when it 
is^ of the denai^ a. 

Now when t becomes (( + dt), let »' liecome (j' + ds*); 
therefore the quantity of air admitted in the time dt 
= Jtf . (i' + d jO - Ms = Md^. 

But when the air in the vessel has the density s, the velo- 
city with which air rushes in =s F V = V ^gH ; 

therefore the quantity admitted in the time dt 

= V.y-^:-.sAdt= sJZgH.. 
which = Mds; 

.: dt = - 



1 which the vessel 




i .^/sAdt; 



whence 1 


■~4v^2iH^ 


-X2V*' 


since f=:0 when s' = 0. 


.(Vr-. 


640. Cos. 
will be filled. 


To determine 


the time 



D,„t,i.db, Google 



340 
Here s and i must be equal ; 

■■■ '~Ajipr,'^'~ A^igH' 

Ex. To determiae the time in which the density of the 
air in the vessel would he to that of the atmosphere :: S : 4. 
in M 

o41. If the «ir in a regiJar veawl be compressed by a 
weight afrtbig oo the cover, wfakh ia moveable down the veaael ; 
to detentiine the velocity with which the air is expelled 
through an aperture. 

Let i be Uie density of the esternal air, and P its pressure ; 

and let jib the additional pressure, and i the density of the 

air in the vessel whea compressed by the action of the weight. 

Then P : P +p :: s : s'; 

.'. P : p :: s : s' — s. 

Now the quantities of motion being as the forces which 
similarly produce them ; 

.-. P : P.'-^^:: M'V i m'v, 

s 

where M' and m' Vepreseut the quantities of matter expelled, 
V the velocity with which air rushes into a vacuum, and v 
the velocity requu^. But syice ihe quantities issuing from 
the same orifice in a small given time are as the densities 
and velocities jointly ; 

.*. sV* : I'v* :: M'V : m'v 
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642. Cor. Since P : P+p r. s : s'; 

.'. p ; P+p :: s' — s : s , 

whence v^V .S/ -=— — . 
■r+P 

643. In the preceding Propositions the motioa of (he 
air has been considered as produced by its weight only. In 
the following the effects of its elasticity are considered. 

644. To determine the velocity of air issuing from a 
small orifice, supposing it to pass into a vacuum. 

Let P =:the pressure of the atmosphere ; it will be equal 
to the expelling force at first, since it will counterbalance the 
initial elasticity. Let^s and i be the density at first, and at 
the end of ^'; V and v the velocity at first, and at the end of 
i' ; M' and m' the quantities issuing in equal times in the 
two cases. 

py 
The elastic force of the air at the end of t s> —. 
i 

And the moving forces varying as the quantities of motion 
produced in equal times, 



whence V—v, 
or the air in the vessel will always issue into a vacuum with 
the same velocity. 

645. Given the initial density (s) of the air issuing into a 
vacuum; to determine the time in which it will have any 
other density (s). 

Let H = the height due to the constant velocity F. 

then ^ZgH.As' .dt = lhe quantity discharged in the time dt, 
when the density is s'. 
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If therefore M=tbe capacity of the vessel, Ms ma; repre- 
sent the quantity of air at first, and Ms the quandty at the 
end oft' ; therefore the quantity issued = Ms — Ms, 

and the quantity issuing in the time dt^^ —Mdi, 
whence i^igH. As' .dt=— Mdd\ 
^^_ M d^ 

A^2gH' s ' 
M , M , 



646. Cor. If s' = 0, byp. I(^..~7 becomes infinite; 

that is, the time would be infinite in which the vessel would 
empty itself into a vacuum. 

64f. To determine the velocity with which condensed air 
would issue from a small orifice in a vessel into a circumam- 
bient air of less density but of infinite extent and continuing 
of the same density. 

Let s=the density of the circumambient air, and fsits 
elastic •force ; s' = the density of the air in the vessel ; and 

.'. — = its initial elastic force; (r = the density after t", and 



before (644). 

jFs* s' -s 
The initial expelling forces F=F. , 



and the force after (" is = J" . . 

s 

But these forces ar« as the quantities of motion generated in 
equal times ; 
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s*s 



V 



«^.(o--i) 
or the air c 



648. Cor. 1. If (r=ai 

froin the vessel. 

649- Cob. 2. If s' = J, the initial expelling forcesO; 
/. V=0, and the air will not issue from the vessel. 

650.' Given the density (1') of the air condensed in a 
vessel ; to determine the time in which its density will become 
<r, when it issues through a small orifice into a medium of less 
density but of infinite extent. 

Let H=the he^ht due to the initial velocity V. 

Since the heights due to the velocities are as the squares 
of those velocities, the height due to the velocity v is 

.'.(IT-.) 

Hence the quantity of air issuing in the time dt 

But it also = — Mdc, 
M.JJ^s -d<T 




- — so-' 







If (T = s, the air ceases to issue ; 
Ms/s'~.i _. , s'-4i+^ 



! hyp. log. 
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652. If two cylinders contain airs of different den^ties, 
and communicate by a small orifice, to detennine the velocity 
with which the air will flow from one to the other. 

Let ABCD contain the denser' air, F| '—^ 

which therefore will flow into FCHG. 

Let s = the density of the atmospher 

and f =its elastic force ; 

s' = the density of the air in ABCD 

at first, and .',F.- = its elude 

force, 
s" = the density after t ', and .*. F.— — its elastic force. 

<r = the density of the air in FCHG at first, and .'.i^.-=its 

elastic force. 

ff'=lhe density after t", and .*. F.— = the elastic force. 

F=the velocity at first, and v = velocity after I*. 

Atfirstthe expelling force of the air in ABCD = i''.^ -), 

Vs j/ 

and after (*", it = F. ^- — ); 

s' — er «" — ff' 



--v^'- 



653. CoK. I. l(s" = <r', the air will cease to flow from 
one vessel into the other. 

654. Cor. S. Tlie whole quantity of air in the two 
vessels continuing the same, let A = the capacity of A BCD, 
and B of FCIIG ; then 
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, A.(/-»")+B<f 



rV35 



(/-<r)-^. («'-<•)) 



Bs'.iy-i!) 

655. Cor. S. To determine the time in which the 
density becomes 3". 

„ t/U»'+ -Bi').» "-U»' + Bt).'' 
SmcetJ=F.V t; — : : — s ■ 

Let ^j'+Bj' = m, As' + B(r = », B(s'-<r) = r; 

.-. v/ijH. 0/ . if \/ """'ii°' = - -Mi.", 



M7r df 




656. In the preceding Propositions, the air baa been sup- 
posed to continue df the same temperature, and its elasticity 
dependent upon the density only : whereas heat is found to 
have a considerable influence on its elastic force. When a 
given quantity has acquired an increase of heat, it will acquire 
a greater elastic force, and therefore expand or esert a greater 
pressure upon whatever may prevent its expansion. This 
increase of elastic force, however, being of the same nature 
with that which would be caused by a greater condensation of 
air which continues of the same temperature, the effects pro- 
duced in the two cases'may be compared. Hence the action 
of any elastic fluid may be compared with that of condensed 
Xx 
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air ; as for instance, the elastic force of cupdensed air id the 
Air-Gun, with that of the fluid produced by the inflammation 
of gunpowder ; though the intenaity of the one vastly esceeds 
that of the other. 

657. If a sphere be placed in a horizontal cylinder of the 
same diameter, without fricdon, and be driven by the action 
of condensed air, or the elastic fluid generated by the inflatn- 
niation of gunpowder ; to determine the velocity of the sphere 
in any position. 

Let PM be the position 
of the ball, and AEFD the 
space occupied by the air at 
first ; and let s'=:it9 density, s 
being = (hat of ihe atmosphere, and F = the elastic force ; 

therefore the elastic force of the air in AEFD = F. -. 

i 

Let r = lhe radius of the sphere or cylinder, AE = h, 
AP=x, and the velocity at P = ». 

When the sphere has moved from E to P, the air which 
occupied AEFD, now occupies APMD, and therefore its 
. . „ s trt^b Fs'b 

elastic force is F.-x — 5— = ■ 

s ira X sx 

Hence the force impelling the sphere towards B is 



•(^■)- 



.,ir: /'■» u.... ,..',, i_.a 



■and 1^ = ^ • {"-^.hyp. log. ^+(6-x)|. 



658. CoE. 1. If I = ^B = /, 
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659* Cor. 2. If- beknowo, or the ratio of the densities 

of the air in AEFD and atmoapheric air, or the ratio of the 
initial elastic force of the fluid and atmospheric air, F m«j be 
determined, or the converse. 

660. Cor. 5. To determine the length 1, which will 
give the velocity of a ball issuing from the mouth of a cannon, 



s'6 , 



.hyp. log. - +(6 — /) = max. 



and I = 



s'b 



Thb is a little greater than what would result from expe- 
riment. But it may be observed that the elastic force of the 
fluid has been supposed to be inversely as the space occupied, 
which may not be <)uite correct. Neither is the fluid arising 
from the inflammation of the gunpowder homt^eneous ; nor is 
it all inflamed at once ; and some will escape between the ball 
and sides of the cannon. The longer also the cannon is, the 
longer will the resbtance continue which is caused by friction. 

661. If in a closed vertical cylinder, the upper part of 
which is exhausted, a quantity of air be compressed by a weight 
acting upon its lid, which is moveable, without friction, and 
air-tight ; and an additional weight be placed upon the former; 
to determine the velocity with which it will descend. 

Let ABCD be the cylinder, the upper 
part AEFD of which is exhausted, and the 
air kept in EBCF by a weight W acting upon 
the lid EF. Let P be the additional weight, 
and GH the position of the lid at the end of 
t". Let EB = a,. EG =x, and w = the velo- 
city of P-+ W. 



E ^ 

G— - 

I 
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Hien since the sir in EBCF is kept there b; the wei^t 
W, its elastic force=g W-j 

.-. the elastic force of GBCH=gW.~-^, 
a — x 

and the absolute force causing P+ TTto descend 

Hence.d.=g.{l-^.^-f^|.<., 

and t^ = ?g.{^ + pq^.hyp.log. (^)}- 

QS2. Cob. 1. Since whilst x increases from 0, the first 
tenn of the value of v increases whilst the second decreases; 

.'. V will become = 0, when x + ■ ■ ■ . hyp. log. = 0, 

orj:.(P+ W) = Bir.h)'p. log.~-^. 

When therefore the lid baa descended to a certain distance, 

determined from this equation, which suppose = £/, it will 

' ascend ^ain to its first position, and then descend ; and so out 

663. If the cylinder be open at the top and communi- 
cate wiUi the atmosphere, and the lower part contaiu air in its 
natural state, the elastic force of which is equal to the pres^ 
sure of the atmosphere upon the lid ; and a weight W be 
placed on the lid ; to determine iti velocity at any point, th? 
lid descending parallel. 

Let £B = 4, 1^0 = X, and V the velocity of the descend- 
ing body. 

Let g W represent the pressure of the atmosphere on the 
lid, or the elastic force of the air in EBCF. When the lid 
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and the force impelling the lid is gW+gW-gW , 
and this communicating motion to W, 

w+ w w 



vdv = g 



= 2g 



'{ W 



1 + 



-jjp--hyp.log.- 



664. CoK. 1. Proceeding as in the Cor. to the pre- 
ceding Prop, it appears that the lid will descend and ascend 
alternately,, as before. 

665. Cob. 8. The elasticity of the air being dimi- 
nished by cold, and increased by heat, it is evident if by any 
mechanical contrivance the air in EBCF can be cooled and 
then again heated, and so on alternately, that the lid will 
descend and ascend alternately without the aid of the 
weight W. A machine therefore may be constructed, whose 
motion may be produced and continued by the action of air or 
an elastic fluid, cooled and heated alternately. And such is 
the principle of the Steam-En^ne. 

QQQ. If ihe vertical cylinder be 
always open a^ the top, and contain 
air in its natural state in the lower 
part, and Ihe lid be raised by means 
of a weight attached to a string 
sapt>osed without we^ht; to de- 
termine the velocity of the weight in any position of the lid. 

Let EB = a, EG = x, and v = the velocity of the descend- 
ing weight P. Let the pressure of the atmosphere on EF, 
or the elastic force of the air EBCF be represented by g W, 
Then when the air occupies GBCH, its elastic force is 



D 
K 
H 

F 



n 



.'. the moving ioice=gP + gW . 
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.•..^ = 2g.,{' 



'■V + p-t+.-t}-"- 

^.h„Aoe.(-^) — J-. 



G6^, Cos. I. If fF be greater than P, as x iacreases, 
both terms in the value of v increase, and therefore v de- 
creases. After ascending therefore to a certain height, as 
El, the lid will descend, and so on alternately. 

668. Cob. 2. If instead of using the weight P, the 
air in EBCF was to become faeated and theu cooled, and so 
on alternatelj' ; the alternate motions of ascent and descent 
would be caused. 
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669. Def. a tube of glass whose diameter is consl- 
(ierable is called a Capillary Tubt. 

The internal diameter may vary from ^th to |gth of an inch< 

670. There is an attraction of cohesion between glass 
and water. 

For if a smooth plate of glass be brought into contact 
with water, and withdrawn gently from its surface, a portion 
of the flnid will adhere to the glass, and remain suspended on 
its lower surface when placed in k hoiizontal position. An 
attraction therefore must exist, and be such at least as is suffi- 
cient to sustain the gravity of the water. 

Also, if a plateof glass, suspended horizontally from one 
of the scales of a balance, be kept in equilibrio by a weight in 
the opposite scale, and then brought iuto contact with tite 
surface of water, the force of cohesion between them is found 
sufficient to sustain an additional weight in the other scale. 
This cohesion is not produced by the air's pressure; for the 
same effect takes place m vacuo. Hence an attraction must 
nist between the particles of the fluid and solid. 

671- The constituent particles of water have an attrac- 
tion towards each other. 

For in the preceding eiperiroent, when the plate is 'with- 
drawn, a thin stratum of fluid adheres to it. And it is found 
diat the force employed to detach this from the rest 6f the 
fluid is far greater than its weight. An attraction therefore 
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necessarily exists which would keep the thin stratum united 
to the rest of the fluid, independently of its weight, . or the 
particles haVe an attraction ton~ards each other. 

673- l^c particles of mercury have a strong attraction 
towards each other. 

This appears from the spherical form which a small por- 
tion of that fluid assumes, and from the resistance which it 
opposes to any separation of its parts. 

Also if a quantity of mercuiy be separated into a number 
of small parts, all these will be spherical ; and if any two of 
them be brought into contact, they will instantly rush together, 
and make a single drop of the same form. 

673 ■ The attraction between glass and water is imper- 
ceptible unless the dbtance between them be very small. 

For whatever be the thickness of the plate, cat. par. the 
force employed to detach it from the water is the same. 
Hence any new laminae of matter that may be added to the 
plate exert no action on the fiuid; whence it is inferred, that 
the indefinitely thin lamina of water attached to the sur- 
face of the plate interposes between the plate and the rest of 
the fluid a distance sufficiently great to prevent any sensible 
effect from their mutual attraction, and that the force neces- 
sary to detach all laminae of fluid of the same dimensions is 
equal; 1>eing that \i'hich is sufficient to separate the fluid 
from itself. 

Also water, if its temperature be the same, is found to rise 
to the same height in capillary glass tubes of tfae same inter- 
na) diameter, whatever be their thickness. The laminw 
therefore of the glass tubes, however small their distance from 
the interior surface, do not contribute to the ascent of the 
water. 

When the interior surface of a capillary tube is lined with 
a very thin coating of an unctuous substance, (he water will 
ao longer ascend' Now if the attraction of a glass lube 
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Vrere umilar to the attraction oS gnmty, it woald act through 
media of all kipds, and in this case cause the fluid In. which 
it is immersed,, to rise. But ax the intervention of a thin 
lamina of grease destrojis c^illary action, we hare reason to 
infer .that it does not extend to sensible distances. 

674. From the precedii^ and similar facts, it is inferred 
that the attraction of a capillary tube, when it exceeds the attrac- 
tion of the fluid on itself, exerts its influence only in raising 
the water immediately in contact with itj which b^ng thus 
raised, and forming an interior tube through its own atta«cdon 
on the water, raises and supports what is next in contact with 
itself. 

675. Hie inclination or direction of the first elements of 
the fluid, that is, those in contact with the solid, where dieir 
mutual affinity is sensibly exerted, depends upon the respective 
natures of the fluid and solid. When diese are the same, it 
is found to be invariable whatever be the form of the attractmg 
surface of the solid, whether, for instance, it be a tube or a 
plane. Bnt beyond these first elements, and out of the sphere of 
sensible activity of the solid body, the direction of the other 
elements and the form of the surface are solely determined 
by die action of the fluid on itself. 

6^6. From experiments and micrometrical measurements 
it has been inferred that when the water moves freely in a 
capillary tube,, the surface will be a hemisphere nearly touch- 
ing the interior surface of the tube. And when it rises between 
two i^anes, it .has a circular fonn, and is a tangent to the 
planes. 

> 677. To determine the force by which water is rused in 
the tube. 

Let HT be a vertical cylindrical tube 
of glass, having its base, which is hori- 
zontal, immersed in water. Imagme the 
tube produced to ■ T', thdi carried hori- 
zontally to T", and vertically to H", and 
et the fluid rise to S. Thia imaginary 
Y Y 
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tube HTT"H" beii^ supposed to bave no thickness, wffl 
neitber attract dor repel the flnid paiticteSt and therefore 
oof alter the circunislanc«3 of the problem. The flaid n 
the tnbe ST"F"H" being in equtUbrio, ^e column 8T 
balances the colntnn H"T", and therefore the sum of the 
vertical forces acting on ihfe column ST' is equal to di6 sum 
of those acting on H"T", In estimating them we maj 
neglect the attractions of the fluid in either coluom ST' or 
H"T" on itself, because the attractions are equal imd 
opposite. 

The forces acting on the fluid in HT' are gravity, the 
attraction of the exterior fluid surrounding the imaginary 
tube, and the attraction of the glass b the real tube. The 
' two former of these forces are balanced by equal forces 
acting on the fluid in H"T" ; there remains therefore flie 
attraction of the glass which raises the fluid in HT'. Call 
this force F. 

The forces acting on the fluid in HS are gravity, tiie 
attraction of the exterior fliud surrounding the imaginary tube 
HT", and the attraction of the glass. The last arises from 
that part only of the tube which is above the column HS; 
for if the column HS be supposed divided into an indeflnite ' 
■umber of vertical columns, and tbrou^ the upper extremity 
of each of these a horizontal plane be drawn, it is evident 
Aat the part of the tube between dib plane and the anrfocs 
HH" will produce equal and oppo^te vertical forces on die 
column. The vertical force therefore on the column HS 
viiea from the glass above S, and is die same with the 
force of the whole real tube on the column HT" which is 
of the same diameter as HS, and sinularly situated in the 
imaginary tube. This force therefore will be F. Let F' 
= the attraction on HS arising from the exterior flnid sur- 
rounding the imaginary tube; then iF— F" —ths gravi^ of 
HS will represent the sum of die vertical forces on the 
column HS, independent of those which are balanced by 
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the forcea on H"T". Hense 9.F-F'=igDMi if grepre- 
sent the force of gravity, M the niDgiutude of the column, 
and D the density. 

678' Cob. 1. M will always have the aame sign with 
2F- F; and as tlus <iu8Dtity is positive, no^ng, or nega- 
tive, the interior level will be higher, equal witb^ or lower 
than the exterior. 

679' <CoB. i. If the attractions of matter of different 
kinds be expressed by ihe same function of die distance, 
without any other modification than a constant coefficient 
p, (>' which may serve to measure their intensity; the attrac- 
tions of two particles equally distant from the saipe attracted 
particle would be proportional to p, p' ; and this proportion- 
ality would still hold for massea of similar figures attracting a 
particle similarly placed. In this case -\- F and — F" would 
be proportional to the intenaities of Hit attractions exerted 
by the tube on the fluid and the fluid on itself. Now the 
attracling forces being sensJlde only at imperceptible di^ 
tances, the material tube HT will act sensibly only on thf 
columns extremely near, llie consideration therefore of the 
Oirvalure may be neglected, and the inifer surface be supposed 
to ^e developed on a plane. F therefore will be proporr 
tional to the width of this plane pr inner circumference of 
die tube (C); 

.-. F=pC, 

p representing the intensity of attraction of the matter 
of the tube. In the same manner F" = p'C, p' repre- 
senting the intensity of attraction of the fluid on itself. 
Hence 

gVM={Qp- p'y.c. 

680. To delermme the elevation of water in cylindrical 
capillary tubes, the column being terminated by a hemi- 
sphere. 



id by Google 



356 

Let f =:the radius of the innner iiuface, 
A = the height of the column HS ; 
.*. 9lirr=thecircuiiiferenceof theiimer surface^- 
and irt*h = ihe magnitude of the cylinder from Hto S. 

Id order to have the whole masB, we must add the menis- 
cus which tenninates the column, and which is equal to the 
difference between a cylinder of the some base and altitude r^ 
and a hemisphere whose radius is r ; that is, it 

= IT r' — jwr* = ■§■ JT r' ; 

whence M=irr*h + ^irr*, 

and gD.irr*.{h+^r) = <fip~ p'y.ivr; 



-H-.^.^ 



which is applicable to all cylindrical hibes where the fluid 
is terminated by a hemisphere. 

681. Cob. 1. If we compare any tubes, of the same 
nature, plunged into the same fluid, at a - constant tem- 
perature ; p, p', g, D will be the same for each, and 

.*. g . - " — ^ is invariable : letthis=jl; 

682, Cob. i. If a = the mean altitude, or that at 
which the fluid would stand if formed into a cylinder, 

.*. irr'a — trr'h + ^irr^, 
or (i = A+^r; 
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that in, the mean he^ht is equal to the height of the lowest 
point of the concavity of die meniscus, mcreased bj -j of 
the radius of the tube. 

683. Cob. 3.' Hence the mean height varies inversely 
as the radius of the tube, which agrees nearly with- ob- 
servation. 

684, To detennine the elevation of a fluid between two 
plane laminEe of considerable extent, whose distance = b. 

When the planes are of a nature to be wetted by the 
fluid, the fluid prism may be considered as terminated by 
a horizontal cylinder whose diameter = 6, and whose lengA 
is equal to that of the planes, which call a. Here indeed 
4he curvature of the fluid at the two extremities of' the 
cylinder is neglected ; which may be done, if the planes be 
suf^sed to be indefinitely extended, or the formula applied 
only to portions of (he surface su£Scientiy distant from the 
extremities of the plane lo be sensibly cylindricaL 

Trom' Hto S is a rectangular parallelopiped whose 
horizontal circumference C = 2a + 24, the surface of its 
base = ai, and its magnitude = a&A. 



The meniscus is equal to die difi'ereuce' between: ar small 
rectangular prism (whose base is = ab, and altitudes §^ 
and a circular semi-cylinder whose lei^th is = a and 
radius =§6; thatis,itis = ^aA'— |-.flrai' = jafi*.(l— ^-tt); 

.'. gD.{a4ft + ia6'.(l-i«-)}=2.(2p-p').(a + ft), 

685. Coa. 1.. If the extent of the planer be-indefiT 
b 
nitely great, - may be considered as evanescent; 
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m 
.•.*.l»+j».(i-i.)i=«-:to5 = ^. 

and A+|4.(l-^*) = -7-. 



086. Cob. 2. If a' be the mean altitude, or that at 
which the fluid would stand if formed into a paraUelopiped^ 

whence as before, a'=A+J6.{l— ■yx). 

|6S7* Cqb. S. Heaee the ntevi altitude varies isverie^ 
as ilhe i&tMices between tfae planes. 

J. 
668. Cos. 4. Since the mean al^de is tteariyj=— ; 



and in caj:dHary tubes it is = 



, where ^tf is (be same iot 



the planes and the tubes, if th^ ace of the same uator^ 
it is evident that the mean height of the fluid between two 
j^nes wfioae distance « i, is the swne as in a cTliadrical ■ 
tube wbose Ta(^s ^ £. 

689> If the angle, at which two planes meet^ be very 
maH ; die %iue of tbe water b coataot with >^er plane 
«KiB be a somBum hypobola. 

I*t the planes HAV, HAW, in- 
clined at a very stnall ai^le, be im- 
metied ^8Q that their rcommon section 
HA may be perpendicular to the sur- 
face K>r the «uid WAV. 

Ldt HETGV, iff^gfT represent 
the figures of the water in contact with 
either |J«ie. 'Take any noraiber of points S, C, D in the 
line^T; and in the plane ^ilf draw BE^CJ^DG per- 
pendicular to Af, and therefore parallel to HA, and perpen- 
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dicular also to the plane VA W (Euc- XI. 8). Also from 
the same points and in the plane fAW irxw Bb, Cc, Hd 
perpendicular to Af^, atii therefore parallel to each other. 
And from b,c,d, in the plane HAW draw fte> ef, dg 
perpendicular to AW, and therefore parallel to Aif and 
perpendicular to the plane VAW^ hence tfaey vill be 
paraUel to EB, CF, DG. Since therefore the angle VAW 
is small, the fluid in each section may be considered as 
raised by parallel planesj and therefore the altitude Taxies 
inveraely as tlie distance (687), or 

BE : CF :: Cc : Bb :: JC : AB, 

since Bb is parallel to Cc; 

and this is the property of the common hyperbola whose 
asymptotes are A V, AH. 
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ERRATA. 

44 line II, far {a"_a***}' read {b«-c"*»}*. 
73 3 from the bottom, for MD read MS. 

80 3 from the bottom, for bodies read body. 

87 II, for ns/n—l, read %/«-!. 
105 20,| j„^« rtad mim + n). 

198 last line,; . ^ . y— .' 

r-£j:_ read J*;^.^ > 

19, iatedhg read ciAg. 
5 from the bottom for EGF read 3(5f. 



i^S utst line, J 



151 


,S,for-,i.^.^read -^.tf.^K 


156 


1, /or |.(2r)' r««(|r.(2r)*. 


173 


19, far. -,Wa-J« read -J^-3f6. 


185 


15, <fcte f. * ' * * 


230 


18. add =0. 


244 


2 from the bottom, read J ^^^^^—^^ . 


247 


21, (uU invenelj. 


249 


15, after cube, a(U jwnUy. 


306 


19. /or 1 «arf i-. 


351 
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